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Abstract 

We propose a nearly optimal algorithm that uses 
2n - 2 random parameters, O(n) memory space and 
O((nlog2n)loglogn) operations in a fixed arbitrary 
field in order to compute the rank and a basis for the 
null space of a structured n x n matrix X represented 
with O(n) parameters of its short generator, as well as 
to solve a linear system Xy = b or to determine its in- 
consistency. If rank X = n, the algorithm also computes 
det X and a short generator of X -I. The cost bounds 
cover correctness verification for the output but not the 
cost of the generation of random parameters. The al- 
gorithm gives a unified t reatment  of various classes of 
structured matrices including ones of Toeplitz, Hankel, 
Vandermonde and Cauchy types. 

1 I n t r o d u c t i o n  

1.1 C o m p u t a t i o n s  w i t h  s t r u c t u r e d  m a t r i c e s  
Computations with structured matrices is a classical 
subject with long history and is a major subject of com- 
puter  algebra and applied linear algebra (cf. [4], [11], 
[17]-[19]). Such matrices are omnipresent in signal and 
image processing, sciences and engineering. The next 
table displays some best known structured matrices. 

Table 1 

T o e p l i t z  m a t r i c e s :  

T n-1 = ( t ~ _ j ) ~ j =  o 

Vandermonde 
matrices: 

(Sign--1 V ----- ~ i ;i,j=o 

Hankel matrices: 

H ,,-1 = (h,+~)i,~_-0 

Canchy matrices: 

( 1 ~rt--1 C =  ~ J i j = 0  

The most celebrated are Tocplitz and Hankel matrices, 
but  Vandermonde and Cauchy matrices are well rec- 

ognized too, in particular for their applications to ce- 
lestial mechanics and algebraic decoding and their cor- 
relation to polynomial and rational interpolation and 
multipoint evaluation (see [3], [30], [33], [29], [23]- 
[25], and bibliography therein). The four more general 
classes of Toeplitz-like, Hankel-like, Vandermonde-like 
and Cauchy-likc matrices cover also many other impor- 
tant  classes of structured matrices (such as Bezoutians, 
Loewner, Pick, Sylvester and subresultant matrices) 
and can be defined in terms of the associated linear op- 
erators of displacement and scaling. Equivalently, such 
an n x n matrix X can be expressed as a bilinear or tri- 
linear combination of a few diagonal, Toeplitz, Hankel, 
Vandermonde and/or  Cauchy matrices and represented 
by a pair of n x I matrices for I = O(1), called a gen- 
erator of X of length l. One may operate with O(n) 
entries of the generator instead of n 2 entries of the ma- 
trix [14], [51, [261, [31, [10]. This opens door to dramatic 
saving of memory space and computer t ime though may 
require nontrivial techniques to control the size of the 
generators in the process of the computation. 

1.2 O u r  r e s u l t s  In this paper  we will present 
a unified, working in any field and nearly optimal 
algorithm for all the cited matr ix classes, which also 
allows its immediate extension to various other classes 
of structured matrices X.  The algorithm computes the 
rank, a basis for the null space of an n x n structured 
matr ix  X, and a solution to  a linear system X y  = b 
(or reports its inconsistency). If X is nonsingular, the 
algorithm also outputs  det X and a short generator for 
X -1. The algorithm uses 2n - 2 random parameters, 
O(n) memory words, and O((n log  2 n) loglogn) field 
operations over any field, which decreases to O(n log 2 n) 
if the field supports FFT.  That  is, it uses from O(log 2 n) 
to O((log2n)loglogn) time per input parameter  (see 
Corollary 6.1). The bounds cover the cost of the 
computation of the output  and of testing its correctness 
but  not the cost of the generation of random parameters. 
Hereafter we refer to the field operations as ops. 
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Our results rely on exploiting matrix structure. For 
general n x n matrices the known best algorithms use 
from Cn 2"as (for an immense constant C) to order of 
nlOg2 r = nZS0.., or n a ops [3], sect. 2.2; [9], [20]. 

1.3 C o m p a r i s o n  w i t h  t h e  k n o w n  c o m p l e x i t y  re -  
s u i t s  a n d  o u r  t e c h n i c a l  i m p r o v e m e n t s  So far, the 
nearly linear complexity estimates stated above were 
known only in the Toeplitz-like case [21], [2], [13] and 
Canchy-like case [32]. The algorithm of [21], [2] was 
devised only (for strongly nonsingular matrices) over 
the real or complex fields. The Toeplitz-like algorithm 
of [13] is as fast as ours but  allows failure with double 
probability versus ours and uses order of nlog n random 
parameters. In the Cauchy-like case, restricted both 
to the computations in the field of complex numbers 
and to having Hermitian positive definite input matri- 
ces (such a pair of restrictions excludes singularity of 
the input and any auxiliary matrix), the recent algo- 
rithms of [23] use order of log a n o p s  per input param- 
eter. [32] improves this bound by logarithmic factor by 
reducing the Cauchy-like case to the Toeplitz-like case, 
though in the latter paper some important parts of the 
algorithms (e.g., projection of the generators of a ma- 
trix into the generators of its blocks, reduction of the 
length of a generator, and/or  the treatment of singu- 
larities) were not fully elaborated. For Vandermonde~ 
like matrices, the very recent record of order of n ops 
per i npu t  parameter is due to [25], where it was also 
shown tha t  the computation of a vector from the null 
space of a Vandermonde-like matrix is the bottleneck 
of several highly important problems of algebraic and 
algebraic-geometric decoding. Another important ap- 
plication of Vandermonde-like computations was shown 
in [24], where our present acceleration of the solution of 
a Vandermonde4ike linear system of n equations from 
order of n 2 to n log 2 n was translated into a similar ac- 
celeration of rational interpolation. Besides achieving 
improved and nearly optimal computational cost esti- 
mates, our algorithm has an advantage of treating all 
the cited classes of matrices in a unified way and al- 
lows its immediate extension to various other structured 
matrices, e.g., to the important classes of Toeplitz- 
like-t-Hankel-like and Chebyshev-Vandermonde-like ma- 
trices (cf. Remarks 5.1 and 6.2). 

As a goal, such an extension, assuming computa- 
tions with positive definite input matrices in the com- 
plex field and with no singularities involved was stated 
in [23], where it was proposed to pursue the goal based 
on similar computations for rational interpolation. Al- 
though in [23] this approach has lead to highly impor- 
tant  interpolation applications, in our present work we 
prefer a more direct matrix approach, which enables si- 

multaneously acceleration by factor log n, simplification 
and clarification versus [23] as well as achieving gener- 
ality and universality of the resulting algorithm. 

Technically, we elaborated a nearly optimal algo- 
ri thm for computations with structured matrices with 
many more details and much greater generality than in 
any of the previous works. In particular, this covers 
the extension of the structure of the input matrices (in 
terms of the associated operators and short generators) 
in the process of their multiplication, inversion, projec- 
tion into their block submatrices, and computation of 
the Schur complements, as well as randomizat ion(as  a 
means of t reatment  of singularities) and transformations 
(mappings) among various classes of structured matri- 
ces (as a means of improving the known algorithms). 
In some cases, our extensions and combinations of some 
known patterns revealed their additional power. In par- 
ticular this is the case for the transformation and ran- 
domization techniques of [26] and [13], whose extension 
in this paper enabled an improvement of the time com- 
plexity estimate of [23], from order of log 3 n per point 
to roughly O(log 2 n), in addition to removing the strong 
restriction on the input required in [23]. Our version of 
the latter techniques as well as our techniques of manip- 
ulation with short generators of structured matrices, in- 
chiding the generator compression techniques, are of in- 
dependent general interest for computations with struc- 
tured matrices, and our elaboration of a unified nearly 
optimal algorithm should be practically valuable. 

Due to the restriction on the size of this paper, we 
compress our presentation (see more details in  [28]). 

2 A d i v i d e - a n d - c o n q u e r  a l g o r i t h m  for  genera l  
m a t r i c e s  

Hereafter, F is a fixed field. I is the identity matrix, W T 
is the transpose of a matrix W. W (k) is the k x k leading 
principal (northwestern) submatrix of W. A matrix W 
of rank p has generic rank profile if det W (k) ~ 0 for 
k = 1 , . . . ,  p. Such a matrix is strongly nonsingular 
if it is nonsingular. By applying block Gauss-Jordan 
elimination to the 2 x 2 nonsingular block matrix 

we factorize X and X -1 as follows: 

 )( 011 X~IX12 ) 
I 

(2.3) 
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5 ~ = S ( X l l  , X )  = X 2 2  - X 2 1 X ~ l l X 1 2  

is called the Sehur complement of X t l  in X .  

PROPOSITION 2.1. det  X = (det Xl l )de t  S. 

PROPOSITION 2.2. [9]. I f  X is strongly nonsingular, 
then so are B and S too. 

PROPOSITION 2.3. [3]. l f  X and X l l  are nonsingular, 
S -1 forms the southeastern block of X -1. 

PROPOSITION 2.4. [3], [9]. Let S = S ( X ( k ) , X )  and 
S1 = S ( s ( h ) , S )  be defined, that is, let X(k) and S (h) be 
nonsingular. Then $1 = S ( X  (k+h), X ) .  

Due to Proposition 2.2, we may extend factorization 
(2.2), (2.3) to X l l  and S and recursively continue such 
a descending process until we arrive at 1 × 1 matrices 
(cf. [35], [1]). In actual computation, we apply lifting 
process that  begins with the inversion of the 1 × 1 matrix 
X (1) and finally outputs  the C R F  (complete recursive 
faetorization) of X.  The  CRF is balanced if the depth 
of the recursion from X E F ~×'~ equals [logn]. 
Algorithm 2.1. Computation of the CRF and the 
inversion of a strongly nonsingular matrix. 
Input: a field F and a strongly nonsingular n × n  matrix 
X of (2.1), X e F ~xn. 
Output: balanced CRF  of X,  including X -1. 
Computat ion:  

1. Apply Algorithm 2.1 to the matrix X l l  to 
compute the balanced CRF of Xl l ,  including X ~  1. 
Compute X ~  1 via a single division if Xl l  is a 1 x 
1 matrix o r  based on the extension of (2.3) to the 
factorization of X ~  1. 

2. Compute S = X22 - X21X~lX12.  
3. Apply Algorithm 2.1 to the matrix S to compute 

the balanced CRF of S (including S-1).  
4. Compute X -1 from (2.3). 
By extending Algorithm 2.1, we may compute the 

solution y = X - l b  to a linear system X y  = b and det 
X (successively compute  det  Xl l ,  det S, and det X at 
stages 1, 3, and 4 (see Proposition 2.1)). 

In the extension to  the case where the matrix X can 
be singular but  has generic rank profile, generalized 
Algorithm 2.1 counts the number of divisions (that  
is, the inversions of 1 x 1 matrices involved). Whenever 
division by 0 occurs, we have p =rank X in the counter, 
and then continue the computations until we compute 
the CRF of X (p). Let  us also compute an n x (n - p) 
matrix N whose columns N form a basis for the null 
space of X (see, e.g., [3], p. 110). That  is, recall (2.1) 
with Xl l  = X (p), write 

and verify easily tha t  X N  = 0 and N has full rank. 
Furthermore, the substitution of  y = F z  reduces 

the solution of a linear system X y  = b (or the 
determination of its inconsistency) to  the case of the 
system ( X F ) z  = b, for which the problem is simple 
because X N  = 0 and we already know X ~  1. 

DEFINITION 2.1. The output  set of generalized Algo- 
rithm ~.1 consists of the rank p of X ,  a largest nonsin- 
gular submatrix of X ,  its inverse, a basis for the null 
space of X ,  a solution y to the linear system X y  = b 
for a given vector b (or the determination of its incon- 
sistency), and i f  p = n, then also X -1 and det X .  

3 Structured matrices and their generators 
(de f in i t i ons  and some bas ic  p r o p e r t i e s )  

f t . . ~ - 1  E F  ~×~ DEFINITION 3.1. (Cf. Table 1.} T = ~ ~aJid=0 
is a Toeplitz matr ix / f t , + l  j + l  = t~,j, i , j  = 0 , . . .  , n -  

[ h  i .~n-1  Fnxn 2. H = k ",~/i,j=0 E is a Hankel matrix i f  
h i + l j - 1  = hi,j, i = 0 , . . . , n - 2 ;  j = 1 , . . . , n -  1. 

• t j -n-1  Fn×n V(t)  = ( ih,j---0 E is a Vandermonde matrix , 

and C( s , t )  = (1-A--I n-1 E F nxn is a Cauchy matrix, 
si--t~ / i,j=O 

n--1 [t  .~n--1 for any pair of vectors s = (s~)i=0 , t = ~ 3~:=o where 
si ~ t j  for every pair ( i , j ) .  (Many authors use the 
name "Vandermonde matrix" for v T ( t ) . )  

DEFINITION 3.2. el is the i-th coordinate vector. 
. . . . .  (viei)i=0 E /s a di- D(v)  diag(v0, , Vn_l ) n--1 F n x n  

agonal matrix. J 0 = (ei)i=~_ 1 is the reflection matrix. 
¢v An-1 and an integer k. v k = (vki)n--o 1, for v = ,  ,,,=0 

DEFINITION 3.3. C! = ( e l , . . . ,  en-1,  leo)  e F nxn (for 
a scalar f )  is the unit  f-circulant  matrix. ( C l v  = 

(V ~n--1 } ( f v n _ l , V O ,  . . . , V n _ 2 )  for v = , iJi-~O "1 C f ( v )  = 

~-~i=0n-1 viCn I" is an f-circulant matrix.  Cl(V) is a cir- 
culant matrix,  and C0(v) is a lower triangular Toeplitz 
matrix. (In this paper, we only need to use f = O, :t=l.) 

FACT 3.1. j2  = I ,  C~ = 0, C)  -1 = C T for  f 1/! 
O, 3 C / 3  = C~I for any f .  J D ( v ) J  = D ( J v )  for any v. 

FACT 3.2. T 3  and J T  are Hankel matrices i f  T is a 
Toeplitz matrix, and v~ce versa, H 3  and 3 H  are Toeplitz 
matrices i f  H is a Hankel matrix. 

The next  definition (el. also Theorem 3.1) intro- 
duces four natural  extensions of the four structured ma- 
trix classes defined above. 

DEFINITION 3.4. Given two scalars e and f ,  e f  ~ 1, 
two vectors s, t E F nxl, urith f t ~  +1 ~ tl, s~ ~ t j  for 

l all i, j ,  and a pair of n x £ matrices G = (gi)i=t, M = 
t F n × ~  ' (mi)i=l E we write T I  = Ty(G, M) ,  
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= (fCf(Tf ) + - -  

(3.1) 

f o r / #  0, 

t 

1 E C I ( g k ) C T ( m ~ ) ) C ~ I  
1 - - e f  k=l 

(3.2) To = Co(Toeo) + Z C°(g~)CT° (C°mk)' 
k= l 

l 

Vi(t, G, M) ---- D(( t  - f t "+ l )  -1) E D(gk )V( t )C f (mk) ,  
k = l  

(3.3) 

t 

(3.4) C ( s , t , G , M )  = E D ( g k ) C ( s , t ) D ( m k ) :  
k~--I 

The matrix pair (G, M) is called a ( K, L)-generator (or 
just a generator) of length £ for a matrix X where 
K = - L  = C I for X = T I and for any scalar f ;  
g = -CT/, L = D - l ( t )  f o r X  = VI ( t ,G ,M) ,  a n d g  = 
-D( t ) ,  L = D(s) for X = C(s, t, G, M).  For a fixed 
(K, L), the minimum £ in all ( K, L)-generators of X is 
called the (K, L)'-rank or a generator rank of X and 
is denoted by rK,L(X).  The operator X --* X K  + L X  
is called a basic operator for X,  and the pair (K, L) is 
called a basic matrix pair for X.  

Clearly, the matrices T, H, V(t), and C(s, t) 
have short (K, L)-generators: r c , , - c ,  (T) < 
2, rc, ,_o~ (JT)  < 2, rc~,_c, (T J) <_ 

2,r_oT,D-,( t ) (V(t ) )  <_ 1 for all f ,  and 
r_D(t),D(s)(C(s,t)) < 1. If £ = O(1), we call the 
matrices T! of (3.1), (3.2) Toeplitz-like, J T  I and T I J  
Hankel-like, V/it  , G, H) of (3.3) Vandermonde-like, for 
all scalars f ,  and C(s, t, G, H) of (3.4) Cauchy-like (cf. 
Tables 2-4). 

For a fixed 4-tuple (X ,K ,L , I ) ,  (3.1)-(3.4) give 
nonunique compressed representations of matrix X via 
the 2In entries of its (K, L)-generator (G, M) (and in 
the case of (3.1), (3.2), in addition, the n entries of 
the first column of X). The number of terms, £, in the 
summations of (3.1)-(3.4) may exceed rK,c(X), but this 
can be repaired by applying the generator compression 
techniques: 

FACT 3.3. (See Proposition A.6 of [27] or Problem 
2.L11b of [3].) Let X stand for TI, V I ( t , G , M  ) or 
C ( s , t , G , M )  of (3.1)-(3.~). Let a (g,L)-generator 
(v,  M) of a  ngth l for a matri  X and the (g,  n)- 
rank of X ,  r = rK,L(X),  be given as an input, together 

with f and Tleo , f and t, or s and t, respectively. Then 
it is sufficient to use 0(£2n) ops in order to compute a 
(K, L)-generator of length r for X .  

The next result enables equivalent definition of 
matrix structure in terms of the associated operators 
of scaling and displacement [14], [5], [3], [18]. 

THEOREM 3.1. A matrix X satisfies Sylvester's matrix 
equation 
(3.5) X K  T L X  = G M  T 

if  (G, M)  is a (K,L)-generator of X for the triples 
(X, K, L) defined above, that is, if  

a) TIC ! - CITy = G M  T under (3.1), (3.2), 
b) ( JT I )C  f - C ~ f ( J T I )  = ( J G ) M  T, (Tfg)C~f - 

C I ( T I J  ) = G M T J ,  under (3.1), (3.2), 
c) D - l ( t ) V l ( t ,  G, M)  - VI(t  , G, M)C~I = GM T 

under (3.3), and 
d) D(s)C(s, t, G, M) - C(s, t, G, M)D(t)  = GM r 

under (3.~). 
Furthermore, rK, L(X)  = rank ( X K  + LX )  in all cases. 

Proof. Parts a), c), and d) of Theorem 3.1 follow from 
Theorems 1.1, 2.1, and 3.1 of [10] and Theorem 2.11.3a) 
of [3]. Part b) follows from part a) and Fact 3.1. 

REMARK 3.1. [3], [10]. There exists a unique so- 
lution to Sylvester's matrix equation (3.5) for any 
fixed generator (G ,M)  and each basic pair (K,L)  
of (3.3), (3.~). In the Toeplitz/Hankel-like case of 
(3.1), (3.2), there exists a unique solution if and 
only if ~']~=lVi(g~)Cl/l(m~) T = 0 for f ~ 0 or 

1 T 1 j ~-~k=l C! (gk)mk = ~-~k=t Cf( m~)g~ = 0 for f = O. 

REMARK 3.2. Because rank(C I - C e )  -- 1 for e y£ f ,  we 
have close  orrelation between the classes {T/(C, M)} 
and {Te(G,M)} ,  as well as between the classes 
( V f ( t , G , M ) }  and {V~(t ,G,M)},  and we may easily 
define a (C/ , -C/)-generator  for  T f ,  a 

generator/or JT , and a (CTo, - C  / )-generator /or J. 

Matrix equation (3.5) can be varied'by the transpo- 
sition of the matrices on its both sides, by its multipli- 
cation by a scalar, e.g., by -1,  and/or (cf. [8]) by any 
similarity transformation of the matrices K and L: 

(3.6) X T L  T ÷ K T x  T = HG T, 

(3.7) X/~ + L)~ = ~/:/T, 

where ,~ = U X W ,  fi[ = W - 1 K W ,  L = ULU -1, 
= UG, f I  = H T w ,  U and W are nonsingular 

matrices. In particular, for U = W = J, we obtain 

(3.8) ( J X J ) ( J K J )  + ( J L J ) ( J X J )  = JGHT j. 
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We may immediately extend the representations (3.1)- 
(3.4) of a matrix X to the matrices X T, .~ and f(T.  

Tables 2-4 summarize some particular classes of 
structured matrices (cf. Theorem 3.1, equations (3.6) 
and (3.8) and Fact 3.2). Some other variations and 
extensions can be found in [3], pp. 187-188, and [?]. 

Table  2, Toeplitz/HankeMike matrices 
X T l ~ f  J T  1 T i J  
g C! -C~' C l C}" 
L -e l c}" - C ' f  -e l 

Tab le  3, Vandermonde-like matrices 
V! = Vl ( t, G, M ), V f  , J-VI Z and J~I  J 

X V l VTI , J V I J  J V ] ' J  
K -C~/ D - t ( t )  - C !  D-X(J t )  
L D -1(t)  - C !  D - l ( S t  ") -C}" 

Table  4, Cauchy-like matrices 
X C(s, t, G ,H)  C'r(s, t, G, H) 
g - D ( t )  D(s) 
L D(s) - D ( t )  

4 O p e r a t i o n s  wi th  mat r ices  r e p r e s e n t e d  by  
the i r  s h o r t  (K, L)-genera tors  

We will accelerate the computations with structured 
(versus general) matrices by relying on their compact 
representation via their short (K, L)-generators and on 
the following well-known estimates. 

THEOREM 4.1. Over a field F, n x n f-circulant, 
Toeplitz, Hankel, Vandermonde, transposed Vander- 
monde, and Cauchy matrices can be multiplied by a vec- 
tor by using CL , (n  ) = O(n log n), T,(n)  = H, (n)  = 
O(n log n), V~(n) = Y~f(n) - O(n log2n), and 
C~(n) = O(n log2n) ops, respectively, i fF  supports dis- 
crete Fourier transform at 2 [l°g~ n] points; with an extra 
factor O(log log n), all bounds apply over any field F. 

Proof. VT(n)  = V~(n) by Tellegen's theorem (see [31]). 
For other estimates, see, e.g., [3], [10]. 

COROLLARY 4.1. The matrices Tl, To, Vl( t ,  G, M)  
and C ( s , t , G , M )  of (3.1)-(3.4) can be multiplied by a 
vector by using lC~,,(n)T(lT1)Cl.~(n)+(l+2)n+ l , (2l+ 
1)Co,, +nl, ( C l , , (n)+ V~(n)+ 2n)l, and C~(n)l+( 31-1)n 
ops, respectively. 

Applying Algorithm 2.1 to stuctured matrices, we 
will rely on the next five propositions, which specify ba- 
sic matrix pairs and short generators for linear combi- 
nations, products, inverses, blocks, and Schur comple- 
ments of matrices. Proposition 4.2 also enables map- 
pings among various classes of structured matrices. 

PROPOSITION 4.1. Let X K  + L X  = G x M ~ ,  Y K  + 
L Y  = GyM~y. Then ( X  + a Y ) K  + L ( X  + aY) = 

(Gx,  aGy)) ( M x  ) , for a scalar a. 

PROPOSITION 4.2. (See [26] and Table 5.) Let - X W +  
Q X  = GxM T, Y U  + W Y  = GyM~y. Then ( X Y ) U  + 

( Y 
Q ( X Y )  = (Gx,  X G y )  ~, M~y ,]" 

Proof. ( X Y ) U  + Q ( X Y )  = X ( Y U  + W-Y) + ( - X W  + 
Q X ) Y .  

Table 5, Basic matrix pair for the matrix product 
X Y X Y  

K - W  U U 
L Q w Q 

PROPOSITION 4.3. Let X K  + L X  = G x M  T and 
let det X # 0 in F. Then X - 1 L  + K X  -1 = 
(X-~Cx)(M~xX- ' ) .  

Proof. Pre- and post-multiply the matrix equation 
X K  + L X  = G x M ~  by X -1. 

PROPOSITION 4.4. Let n = 2m be even. Let us 

write g = k K21 K22 J L2t L 2 2 '  X = 

( X l l  XI2 ~ C, (m) fU ~ C -- ( ~1 

L~,~, X~a, a .Z  Ddv) ,  for  i , j  = 1,2, as well as Co (m) 
and U are m x m matrices; Gi, M~ 6 F mx~ for 
i = 1,2; U = t0"~(m)r°(m)~m-lJ~T is a rank-1 matrix; e (m), 

e(m~)l are unit coordinate vectors. Let (3.1) hold. Then 
x ~ - ~ z  + L-~,X~j = C ,M T + R~,j, i, j = 1, 2, where 

a) R n  = ( f X n  - X n ) U  + fU(X2 t  - X n ) ,  RI2 = 
f ( X n  - X n ) U  + fU(X22 - Xt2), R21 = (fX~4 - 
X22)V -I- g ( X l t  - fX21), R22 = f(X22 - X21)V -~ 
U ( X n  - fX22), if X = TI, g = Cl ,  n = - C I ,  
g--~j = Kjj  + f U  = -L-~, = - L , ,  - f g  = C~ m), 

b) R n  = I(X12 - X n ) U  T, R12 = ( X n  - fX ,9)U T, 
R2I = I(X22 - X21)U T, R22 = (Xga - IX22)U T, 
if X = D ( t , C , H ) ,  K = - C ' f ,  L = D - l ( t ) ,  

-Kii = Kjj  - f U  T = --(C('~))T,-Li, = Lii = Ddt) ,  

c) R n  = R12 = R2t = R22 = O, i f  X = C(s, t, G, H), 
g = - D ( t ) ,  L = D(s), KJi  = Kj j  = -Di ( t ) ,  
L-~i = Lii = Di(s). 
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Similarly, we compute a (CT, -C/ ) -genera to r  of 
length l + 2 for the matrix VT"(s-a)YV(t -1) provided 
that  a matrix Y = C(s, t, G, M) of (3.4) is given with its 
( - D ( t ) ,  D(s))-generator of length I. The computation 
uses (V~ (n) + V~(n) + O(n))l  = O((nllog 2 n)log logn) 
ops. By Theorem 5.1, we may compute the output  
set of generalized Algorithm 2.1 applied to the two 
Hankel-like input matrices X = - V T ( t ) V I ( t , G , M  ) 
and X = v T ( s - a ) C ( s , t , G ,  M)V( t  -1) at the cost (5.1), 
(5.2). Then we may obtain the partial output  sets (cf. 
Definition 2.1) of the same algorithm for the matrices 
V ! ( t , G , M )  and C ( s , t , G , M )  at the cost (5.1), (5.2). 

COROLLARY 6.1. Under the assumptions of Theorem 
5.1, generalized Algorithm 2.1 applied to yield the 
compressed computation of the output set of the ma- 
triz X uses O(ne) memory space and FK,L(n) ops 
/or FK, L(n) = O(nl 2 + ( r21og2 n) log log n) o / (5 .I ) ,  
(5.2), over any field of constants. For e = O(1), 
turns into the space bound O(1) and the time bound 
O((log 2 n) log log n) per an input parameter. 

The above transformations among various classes 
of structured matrices use Vandermonde multipliers, 
as this was proposed in [26]. In the special case 
where s and/or  t are the (scaled) vectors of roots of 
1, the Vandermonde multipliers turn into the matrices 
of (scaled) discrete Fourier transforms. Let us simplify 
the transformations in this special case [28], [8]. 

? i~n--1 DEFINITION 6.1. Write e = ~g Ji=0, f = (M)~=01 
provided that gn = e ,h  ~ = f ;  w = (w)i=o where w 
is a primitive n-th root of 1, w n = 1, w ~ ~ 1 for s = 1, 

(wOrn -1 . . . ,  n -  1; I2 = , Jid=0" (12 denotes the matrix of 
the n-point discrete Fourier transform, DFT. In the 
complex field C, we may choose w = exp(27r~/'L'T/n), 
and we have f~ttf~ = I . )  

PROPOSITION 6.1. [6]. Let f ~ O, h" = f .  Then 

(6.1) c !  = Uy D(gw)U! 

where 
(6.2) Uf --- f /D(!).  

PROPOSITION 6.2. Let J t  = hw,  f = h n ~ O, X = 
JVf( t ,  G, H ) J ,  

(6.3) X C !  - D - I ( J t ) X  = G x H  T 

(cf. Table 3). Then we have (cf. Theorem 3.1a) that 
T IC f - C f T f  ---- GH T, 

(6.4) G ---- U~XGx, H = H x ,  T!  = U~IX,  

for V I of (6.e). 

Proof. Pre-multiply (6.3) by U~ -1 and substitute equa- 
tions (6.1), (6.2), and (6.4). 

PROPOSmON 6.3. [~6], [12], [8]. Let s = gw, t = hw,  
e = g'* # 0, f = h" # 0, Y = C(s, t ,  G, H).  Define Ue 
and us by (6.2). Let 

(6.5) YD(t)  - D(s)Y = e y H  T 

(ef. Table J). Then we have (cf. Theorem 3.1a) that 
TC~ - C I T  = GI t  T where 

(6.6) G = U f l G y ,  H T = H~U~, T = Uf lYUe .  

Proof. Pre-multiply (6.5) by U) -1, post-multiply by Ue, 
and substitute equations (6.1), (6.2), (6.6), and Ue = 
flD(e), which is a variation of (6.2). 

REMARK 6.1. The equation ~ ' C e - C I T  = GH T defines 
a (Ce,-CI)-9enerator (G, H) for 7". Equivalently, we 
have T C !  - C f T "  = ~ f f r  where G = (G,2Pe(°)),/~r = 
(H, ( f  - e)e n -  1). By Theorem 3. la)  for T, G, H replac- 
in# 7"I, G, H, respectively, we conclude that (G, H) is 
a (CI, -Cf)-generator for 7", whose length increases at 
most by 1 versus the ( C~,-C!)-generator (G, H). 

By extending Propositions 6.2 and 6.3, we 
may transform the (K,L)-generators of all the 
Vandermonde-like and Cauchy-like matrices associated 
with basic matrix pairs (K, L) of Tables 3 and 4 (at the 
cost of 1 or 2 diagonal scalings and performing 1 or 2 
DFTs) into generators of the same length for Toeplitz/ 
Hankel-like matrices provided that  K and L are of the 
form =t=C!, q-Gel and/or  =t:D(gw) for two scalars, g and 
f = gn # 0. The first (or last) column or row of every 
resulting matrix can be also computed easily. (All the 
above computations are further simplified slightly in the 
case where g = f = 1, D(t) = I.)  

REMARK 6.2. We may post-multiply (6.3) by UI1 
(cf. (6.2)) and then substitute (6.1) to map the 
Vandermonde-like matrix X of (6.3) into the Cauchy- 
like matrix X U f  1 satisfying the matrix equation 
( x u y l ) D ( g w )  - D - ' ( J t ) ( X U I ' )  = Gx(H~xU;1). 
Similarly, we may map every matrix pair of Table 3 
into one of Table 4 and also any Toeplitz/Hankel-like 
matrix into a closely related matrix from either of Ta- 
bles 3 and 4. [8] uses such maps to improve Toeplitz-like 
matrix, computations with pivoting. Similarly, one may 
apply Discrete Consine Transforms and diagonal scaling 
to transform a real Chebyshev- Vandermonde-like matrix 
into a Cauchy-like matrix (see the definitions and spe- 
cific details in [15]), and this enables immediate exten- 
sion of our results to the important class of Chebyshev- 
Vandermorde-like matrices. 
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7 Transformat ions  o f  general matr ix  into one  
w i t h  generic rank profile and an ex tended  
randonl ized  a lgor i thm 

TI~OR~M 7.1. [7] (cf. also [3~], [36]). Let p(x) = 
p(Xl, 1 2 , ' " ,  xrn) be a nonzero m-variate polynomial of 
total degree d. Let S be a finite set of eardinality [S[. 
Let the values x ~ , . . . ,  x ~  be sampled randomly from S, 
that is, independently of each other under the uniform 
probability distribution on S. Let x* = (x~, z l , . - . ,  x * ) .  
Then probability(p(x*) = 0) < d/ISl. 

LEMMA 7.1. [ee], [~]. An  n × n Cauchy matriz C(s, t)  
is nonsingular (together with every its square submatrix) 
i f  and only i f  all the ~n components of the vectors s and 
t are distinct. 

Next,  we will generalize [16] to define structured 
matrices (preconditioners) A and B such tha t  the matr ix  

(7.1) X = A X B  

has generic rank profile. 

THEOREM 7.2. Let X E F nxn and p, q, u, v,  y = (yj), 
z = (zj) E F nxl ,  where eachpairp,  q and u , v  isfdled 
with 2n distinct scalars, yo = zo = 1, and yj,  zj are 
indeterminates for j > O. Let 1 = ( 1 ) i = o  . Then the 
m a t ~  2 of (7.0 has geneac ,~nk profile if (A,B) = 
(Aa, B~),  {a,  ~} E {1, 2} where A1 = C(p,  q, 1, y) ,  
S l  = C(u ,  v,  7., 1), A2 = C~0 (y),  B2 = C0(z), 

Proof. For an n x n matr ix  M, denote by Mx,j the 
determinant  of the submatrix of M formed by all entries 
lying simultaneously in the rows indexed by the set 
I and in the columns indexed by the set J .  Let 
p = rank X.  For the sets I = { 1 , 2 , . . . , i } ,  J = 
{ j l , j 2 , . . - , J i } ,  g = {kl ,  k 2 , . . . , k i } ,  i = 1 , 2 , . . . , p ,  we 
have from the Cauchy-Binet formula tha t  

.XI,I = E j E K A I , j X  J, KBK.I,  

where the summation is in all sets J and K,  each made 
of i distinct indices. Let  us prove that  

(7.2) X z , r ¢ 0 f o r i = l ,  2, . . . ,  p .  

First let A = A1, B = B1. For a fixed pair of 
J = ~ t , j 2 , . . . , J i ]  and g = [kbk2, . . : ,k i ] ,  we have 
A L j  = ay j~ . . . y j ,  where the monomial Yj~Yj2""YJ~ 
uniquely identifies the set J ,  and by Lemma 7.1, a = 
(C(p,  q ) )LJ ,  a ~ 0. Likewise, B K j  = bzk~...zk~ where 
the monomial zk~. . .z~ identifies the set K and b = 
( C ( s , t ) ) g j  ~ 0. Therefore, for distinct pairs (J, K) ,  
the terms A I , j  XJ, KBK,I cannot cancel each other. 
Consequently, )fx,z ¢ 0 provided that  there exists a 

pair (J, K)  such that  Xj,  K ¢ 0. This is true for all 
i < p since X has rank p, and we arrive at (7.2). 

If A = A2, B = B2, then we define lexicographic 
order for the variables: 1 < Yl < y2 < . . .  < Yn-1 and 
1 < zl < z2 < .. • < zn-1, and observe that  for each set 
J the determinant AI, j  is uniquely defined by its unique 
lowest order monomial. Furthermore, this monomial 
does not  appear  in other determinants A L j  for the same 
I .  Similar property holds for BK,x for all sets K ,  and 
again (7.2) follows. The same arguments apply to all 
other  palm A = Aa, B = B~ where {a,/~} e {1, 2}. 

COROLLARY 7.1. Under the assumptions of Theorem 
7.2, let the values of the 2n - 2 variables, yj and zj, 
j = 1 , . . . ,  n -  1, be randomly sampled from a fixed finite 
set S of cardinality [S I. Then the matrix X = A X B  of 
rank p has generic rank profile with a probabihty at least 
1 - ( p +  x)p/lSl- 

Proof. det ~7(~) is a polynomial in yl, z l , . . . ,  y , - 1 ,  z~- i  
of degree at  most 2k; for k < p it does  not vanish iden- 
tically, by Theorem 7.2. Now, it follows from Theo- 
rem 7.1 that  det ~(k) may vanish with a probabili ty 
at  most 2k/[S I under the random sampling of the vari- 
ables. Therefore, the probability that  for k _< p neither 
of det  )~(k) vanishesunder  the random sampling is at 
least yI~=l(1 - 2 k / I S [ )  > 1 - ( p +  1)p/IS [. 

Coronary 7.1 can be combined with generalized 
Algorithm 2.1 as follows: 
A l g o r i t h m  7.1. Randomized computation of the output 
set for a general matrix. 
I n p u t :  a positive e, a field F,  a pair (a,/3), {a,  j3} E 
{1,2}, an n x n matrix X e F '~×=, and a vector 
b E F "×1. 
Output :  FAILURE (with a probability at most e) or 
the output  set of generalized Algorithm 2.1 applied to 
the matr ix X. 
C o m p u t a t i o n s .  

1. Fix a finite set S of nonzero elements from F or 
from its algebraic extension where 21S ] > (n + 
1)n/e, a n d  randomly sample from S the 2n - 2 
elements Yi, zi, i = 1 , . . . , n -  1, defining two 
matrices, A = An and B = B~ of Theorem 7.2. 

2. Compute the matrix X = A X B .  

3. Apply generalized Algori thm2.1 to the matr ix  ) f ,  
which in particular outputs  p = rank X. 

. Compute the matrices F and N of (2.4) for X 
replaced by )~. Verify whether the matr ix X N  
(formed by the n - p last columns of the matr ix  
X F )  is a null matrix. If "not" ,  output  FAILURE, 
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which indicates that  the randomization failed to 
insure the generic rank profile property for X. 

5. Otherwise compute the matr ix  B N  whose columns 
form a basis for the null space of X. 

6. If the linear system X w  = Ab  has no solution w, 
then also the system X y  = b has no solution y. 
In this case output  INCONSISTENT. Otherwise 
compute the solutions w and y = Bw.  

7. If p = n, compute X -1 = B f f - l A  and det  X = 
(det_~)/((det  A) det S) .  

Correctness of Algorithm 7.1 is easily verified based on 
(2.4) and (7.1). 

The computational cost (in the case of general 
matrix X)  is clearly dominated by the cost of the 
application of generalized Algorithm 2.1 (we ignore the 
cost of generation of random parameters).  

REMARK 7.1. In v applications of the algorithm, the 
probability of outputing v FAILUREs is at most ((p + 
1)p/IS]) ~. 

REMARK 7.2. To increase [S I in a small field F, one 
may routinely shift to an algebraic extension of F 

REMARK 7.3. We may choose A = A3 = G'ef(y), B = 

B3 = C] '(z) ,  for an indeterminate f .  Then, clearly, 
Theorem 7.2 is extended. 

REMARK 7.4. For a nonsingular real or complex matrix 
X ,  apply symmetrization instead of randomization. 

For a singular real or complex input matrix X,  one may 
first apply randomization to obtain a matrix ) (  ---- A X B  
and then apply symmetrization to the resulting matrix 
)( ,  to improve numerical stability of the subsequent 
computations. 

8 T r a n s f o r m a t i o n  o f  a s t r u c t u r e d  m a t r i x  i n t o  a 
m a t r i x  h a v i n g  g e n e r i c  r a n k  prof i l e  

Let us specify the matrices A and B of (7.1) associated 
with some specific matrices from Tables 2-4. (The 
extension to all other matrices of these tables will be 
straightforward.) 

a) For X = T I, X = JTI ,  X = T I J  (eft (3.1), 
(3.2)) and for X = T!  + JT~, we may choose 
A --- A~, B = B~, {a, fl} C {1,2,3} to preserve 
the Toeplitz/Hankel-like structure of X in the 
transition to X (cf. Proposition 4.2 and Tables 2 
and 5). 

b)  For X = C(s, t ,  G, M)  (cf. (3.4) and Tables 4 and 
5), we choose A = Ax, B = B1, q = s, u = t and 
arrive at -~ = C(p ,  v,  G,/15/) for any pair (p, v). 

c) For X = VT(t  , G, M)  (cf. (3.3) and Tables 3 and 
5), we choose A = A2, B = B1, with p = t -1 and 
arrive at a matr ix  X = V / ( - q  -1, G, 117/), for G, 
defined by Proposition 4.2 any choice of q-1.  

For Vandermondeqike and Cauchy-like computa- 
tions over the fields F tha t  support  F F T  at n = 2 h 
points, we may achieve the cost level (5.1), (5.2) in the 
cases b) and c) as a by-product  of randomization, by 
choosing as the vectors p = q-X and v two scaled vec- 
tors of the n-th roots of 1 having a total  of 2n distinct 
components (cf. Remark 6.2 and [28]). 

By Proposition 4.2, the length of the (K,L)-  
generator for X increases by  at  most 2 in the above 
transitions to X,  so tha t  the estimates of Theorem 5.1 
and Corollary 6.1 apply to the randomized computa- 
tional cost of performing Algorithm 7.1 too. 
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