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Chapter 1

Intr oduction

In this dissertationwe investigatethecomputer-automatedmulti-level logic synthesisof combina-

tional circuits.This is a majorstepin thecomputer-aideddesign(CAD) flow of integratedcircuits

andplaysa significantrole in determiningoverall circuit quality. In this chapterwe establishcon-

text for this problem,briefly review previous synthesisefforts, andoutline the remainderof this

dissertation.

1.1 VLSI Circuit Synthesis

Very LargeScaleIntegration(VLSI) technologyhasbeenthekey enablerfor implementingmod-

ern digital systems.Today’s microprocessors,memories,andapplication-specificintegratedcir-

cuits (ASICs) are the beneficiariesof a steadydoubling,over the last thirty years,of transistor

countsevery18months(known asMoore’s law). Thisunprecedentedincreasein integrationlevels

hasled to dramaticreductionsin productioncostsandsignificantincreasesin performanceand

functionality. Thedesignof suchhighly complex systemswasalsocritically dependenton theuse

of CAD tools in all phasesof the designprocess:synthesis,optimization,analysis,andverifica-

tion. This dissertationaddressesoneof the synthesisstepsin this automaticdesignflow, namely

thecreationof a low-level structuraldescriptionof a designfrom a moreabstractform. Themajor

synthesis steps in this design flow are depicted in Figure 1.1.

Thestartingpointof designsynthesisis typically a textual description,in anappropriatehard-

waredescriptionlanguage(HDL), of the desiredfunctionalbehavior. At this level, the designis

specifiedin termsof abstractdatamanipulationoperationswhich areorganizedinto largerblocks
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using control constructs.High-level synthesistransformssucha descriptioninto an appropriate

structuralrepresentationat theregister-transferlevel (RTL). TypicalRTL componentsincludedata

storageelements(registers,memories,etc.), functionalmodules(adders,shifters,etc.),anddata

steeringlogic (busses,multiplexors,etc.).Thenext majorsynthesisstepcreatesmulti-level logic

gate realizationsfor eachof the combinational(i.e. memoryless)partsof the RTL description.

module example (clk, a, b, c, d, e, f, g, h);
input clk, a, b, c, d, e, f;
output g, h; reg g, h;

always @(posedge clk) begin
g = a | b;
if (d) begin

if (e) h= a & ~b;
else h= b;
if (f) g= c; else h= a^ b;
end else

if (c) h= 1;else h= a ^ b;
end

endmodule

Figure 1.1: Major synthesisstepsin the designof digital integrated circuits. This dissertation is con-
cerned with multi-level logic synthesis

High-level behavioral description

Register-transfer level description

Multi-level logic circuit

High-level synthesis

Multi-level logic synthesis

Physical synthesis

Physical layout
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Such multi-level logic synthesisis the primary focusof this dissertation. The primitive building

blocksusedin suchsynthesisaretypically 3- to 4-inputsingle-outputcells from a pre-character-

izedtechnologylibrary. Thefinal synthesisstepgeneratesacompletelayoutof thedesignby plac-

ing and routing its gate-level implementation,and by synthesizinga suitable power/ground

distribution grid and a clock tree.

Eachof theabove synthesissteps(high-level, logic, andphysical) involvesa multiple-objec-

tiveoptimizationthatseeksanappropriatetrade-off amongthedesign’sarea,delay, testability, and

morerecently, power consumption.Area minimizationleadsto increasedchip yields,andhence

lower costs,assmallercircuitscanbemanufacturedmorereliably, andareeasierto fit on a chip;

smallercircuitsalsooftenhave decreaseddelay. Delayminimizationcreatesfastercircuitswhich

areessentialin high-performancecomputingapplications.Improving thetestabilitypropertiesof a

circuit can lead to higher reliability and reducedtestingcosts.Finally, minimizing power con-

sumptionhasbecomecrucialwith theproliferationof hand-heldandportablecomputingdevices,

and is becoming a major issue in high-performance designs as well.

Thesedesignobjectivesinteractin complex ways.Synthesizinga circuit thatoptimizesacross

a setof theseobjectivesis a difficult taskdueto the tremendouslylarge spaceof potentialsolu-

tions.Findinga solutionin this spacethatmeetsthespecifiedobjective(s)may, therefore,becom-

putationallyquite expensive, if not impossible.In the faceof suchcomplexity, most synthesis

approachesresortto a serializationof the designcreationprocessby approximating,or entirely

ignoring,someof thecontributing componentsof thevariousoptimizationobjectives.For exam-

ple, in physicalsynthesis,layoutgenerationis serializedinto thestepsof placement,global rout-

ing, and detailedrouting. Placementis doneby making certainassumptionsabout the routing

requirementsandtheresultingplacementsolutionbecomesaconstraintfor thesubsequentrouting

optimization.In mostcases,this is anacceptablestrategy thatyieldsgoodlayouts.In somecases,

however, theplacementconstraintsprecludethesuccessfulroutingof thedesignor leadto routing

solutionsthatdo not meetthedelayobjectives.In suchcases,it is necessaryto iteratetheplace-

ment/routing steps until an acceptable solution meeting all objectives is found.

This sameserializationparadigmis currentlythepre-dominantway for dealingwith thecom-

plexity of multi-level logic synthesis.Specifically, thesynthesisprocessis split into two phases:a

technology-independentglobal restructuringof theRTL logical specificationsfollowedby a tech-

nology mappingof the resultingstructureto a specifiedcell library. The technology-independent

optimizationswork on logic representationsthat do not directly model, and henceare uncon-



4

strainedby, theparticularprimitivebuilding blocksin this library. Thetechnologymappingphase,

on the otherhand,is constrainedby the structureproducedin the technology-independentphase

andcanonly achieve localoptimizationsasit makeschoicesto producethegate-level implementa-

tion. Iterationbetweenthesetwo phasesmay, therefore,benecessaryto achieve “closure,” i.e. to

satisfy all optimization objectives, especially delay.

Therearetwo fundamentalconceptsinfluencingresearchin multi-level synthesis,aswell as

synthesisin general:derivationof flexibility in theimplementationof a design,andexploiting this

flexibility whenoptimizingtheimplementation.Onesourceof flexibility is theincompletespecifi-

cationof a design,or thepartswithin it. Thus,theimplementationchangesremainconsistentwith

thespecification.Theothersourceof flexibility is invarianttransformationswhich leavethebehav-

ior of the actualimplementationunchanged.Most researchhasbeendoneregarding the second

sourceof flexibility asit perceived to be a moredifficult problemandto have a moresignificant

impact on the design quality.

1.2 Multi-Level Synthesis: A Short Review

Thequestfor theautomaticsynthesisof logic circuitshasa long history. In this sectionwe high-

light thesalientmilestonesfrom thelastfivedecadesof researchanddevelopmentin thisarea.We

divide thepresentationinto threeparts:early theoreticalwork in thefifties andsixties,tool devel-

opmentandwide-spreadadoptionin the seventiesandeighties,andmodernresearchefforts that

address the limitations of existing approaches in the new world of deep submicron (DSM) ICs.

1.2.1 Early work

Early researchin combinationalsynthesiswasprimarily concernedwith finding optimalformsfor

realizinga givenBooleanfunction.

Two-level synthesis. Synthesisalgorithmswerefirst soughtfor thetwo-level logic minimization

problem.Quine[91] proposedthefirst solutionto this problemin the1950s;his methodwassub-

sequentlyimproved by McCluskey [80], andhassincebecomeknown asthe Quine-McCluskey

two-level minimizationprocedure.Theessenceof thisprocedureis asystematicexplorationof the

searchspaceof two-level circuitsseekinga realizationwith minimal area.Theenumerative nature

of suchanapproachmakesit exponentiallycomplex in bothspaceandtime,andlimits its applica-

bility to relatively small functionswith, typically, a dozenor fewer inputs.Theadvantageof two-
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level forms is that they can be directly implementedin VLSI using programmablelogic struc-

tures—PLAsandPALs [45]—whoseareasanddelayscanbeestimatedwith high accuracy. How-

ever, general use of two-level synthesisis hamperedby the computationalinfeasibility of

optimally synthesizinglarge functionsin two levels,andby the practicaltechnologicallimits on

the maximumfan-in and fan-outof logic gates.In addition, it canbe easily shown that certain

multi-level realizationsare both smaller and faster than the correspondingoptimal two-level

forms.Despitetheseshortcomings,exactandapproximatetwo-level synthesisis sometimesused

as a step in multi-level synthesis algorithms.

Multi-le vel synthesis. Researchin multi-level synthesisemergedsoonafter the initial solutions

to thetwo-level minimizationproblemwerestated.Similar in spirit to thoseof thetwo-level prob-

lem, the original multi-level approacheswerebasedon a systematicexplorationof the solution

searchspace.The dominantview at that time wasthat two-level circuits werea specialcaseof

multi-level circuits,andthat thealgorithmicsolutionto the formershouldgeneralizeto solve the

latter.

The fundamentalnotion in multi-level synthesisis that of functionaldecomposition, i.e. the

possibility of expressinga given Booleanfunction in termsof a setof other, perhapssimpler,

functions . Ashenhurst[2] was the first to derive a condition for checkingwhethera

function  has a non-trivial decomposition satisfying the template:

His observationlaid thefoundationfor classicaldecompositiontheory, whichwasshortlygeneral-

izedby Curtis[35], andRothandKarp [92], to handleother, morecomplex, decompositionforms.

Theseworksrepresentthefirst accountsof completemulti-level synthesisalgorithms.Thegeneral

approachwas a searchprocedurethat examinedall possibledecompositionslexicographically,

pruning the searchby somesimple lower boundson circuit cost,and terminatingwhena mini-

mum-cost realization was found.

Several other enumerationtechniquesfor multi-level synthesiswere explored in the 1960s.

Hellerman[58] proposedan algorithm that enumeratedall directedacyclic graphs,and tested

whethereachgeneratedgraphimplementsthedesiredfunction.Theadvancesin two-level minimi-

zationmotivatedLawler [72] to generalizethenotionof two-level prime implicantsto themulti-

level case.His approachshowed how thesemulti-level implicantscanbe usedto obtain “abso-

lutely minimal” factoredforms.Gimpel[50] proposedanoptimalalgorithmfor synthesisof three-

level networks in termsof NAND gates.Gimpel’s approachis similar in spirit to the work of

f

g1 … gk, ,

f

f x1 x2 … xn, , ,( ) h g x1 … xs, ,( ) xs 1+ … xn, , ,( )=
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Lawler: it generalizedthe two-level enumerationapproachto threelevels.Davidsonpresenteda

branch-and-boundalgorithmfor NAND network synthesis[38]. The algorithmconstructsa net-

work realizationby asequenceof localdecisionsstartingfrom theprimaryoutputs,andincremen-

tally introduces new gates.

Most of this early work on multi-level synthesis,while theoreticallysignificant, failed to

achieve theelusive goalof generatingoptimalcircuits.Thecomplexity of exhaustively enumerat-

ing thesolutionspacelimited theapplicabilityof theseapproachesto very smallcircuits,andren-

dered them impractical for general-purpose synthesis.

1.2.2 The advent of practical synthesis

The growing complexity of VLSI in the late seventiesnecessitatednew scalablesynthesistech-

niquesthat soughtapproximate,ratherthanoptimal,multi-level circuit solutions.Most synthesis

toolsin usetodayarebasedon thepremisethatthesearchfor optimalsolutionsis intractable,and

aredesigned,instead,to find acceptablesub-optimalrealizations.Thesetoolstypically operateon

a multi-level representationof thefunctionsbeingsynthesized,continuallytransformingit until a

satisfactorysolutionis found,andcanberoughlyclassifiedinto two broadcategoriesbasedon the

granularityof transformationsused.Local transformationapproachesmodify the current“solu-

tion” incrementallyby making appropriatechangesin its immediateneighborhood.In contrast,

global transformationapproachesseekgoodmulti-level topologiesby makinglarge-scalechanges

to the implementationstructurewhile disregardingtechnologicalconsiderations;a second“map-

ping” phase insures compliance of the resulting multi-level structure with technology constraints.

Local transformation approaches. Original local optimization methods perform rule-based

transformations,which area setof ad hocrulesthatareappliediteratively to patternsfoundin the

network of logic gates.In the local optimizationmethodeachrule introducesa transformationby

replacinga small subgraphof several gatesin the network with anothersubgraphwhich is func-

tionally equivalentbut hasa simplerrealizationaccordingto somecostfunction.Initially thenet-

work consistsof AND, OR,INV gates;decoders,multiplexers,adders,etc.After thesimplification

step theseprimitives are translatedinto an interconnectionof INV to NAND gatesthrough a

sequencesof transformations.Technologyspecifictransformationsarethenappliedasa final step

in the process.Suchtransformationshave limited optimizationcapabilitysincethey are local in

nature,anddonothaveglobalview onthedesign.Examplesof systemsbasedonthisapproachare

LSS [37] and LORES/EX [63].
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In thelateryearsinterestin local transformationshasshiftedto amorerigoroustheoryof don’t

cares[4]. They arisefrom the structuraland external propertiesof a network, and are usedto

describeflexibility requiredto locally optimizeanetwork node.In general,theuseof don’t caresis

adifficult tasksincetheirnumbermaybecomeunmanageablylargeevenfor asmallneighborhood

of anode.Furthermore,it is notalwaysclearfrom whichpartof acircuit thedon’t caresshouldbe

extracted.Variousalgorithmshave beenproposedto extract subsetsof don’t cares(seee.g.,[36,

96]). Optimizationwith don’t careshasa closerelation to otheroptimizationmethods,suchas

transduction[88], redundancy removal [33] andglobal flow analysis[5, 6]; techniquesbasedon

thesemethodshave beensuccessfullyimplementedin BooleDozer[111], a synthesistool from

IBM.

Global transformation approaches. The computationallimitations of the classicaltheory for

functionaldecompositionmotivatedthe developmentof algorithmswhich areeffective in parti-

tioning complex logic functions.Theseideasarebasedon the notion of algebraic factorization

appliedto sum-of-products(SOP)expressions;the techniqueis describedin [14] and[21]. Alge-

braic decompositiontechniqueshave experiencedthe mostsuccessto datein the field of multi-

level synthesis.They arecapableof handlinglargecombinationalblocks,andproducevery good

resultsfor control logic. However, representinglogic of higherlevel abstractionwith SOPforms

makesit difficult to explore thestructuralflexibility of theoriginal description:It canleadto the

lossof a compactdescriptionof theoriginal equations,andalgebraicdecompositionis too restric-

tive to rediscover their structure.Examplesof systemswhich rely on thealgebraictechniquesare

MIS [20], SOCRATES[3], andmorerecentlySIS[103]. In morerecentyearsmuchattentionhas

been also given to AND-XOR decompositions [116, 30, 59, 41].

The advent of binary decisiondiagrams(BDDs) [24] andtheir variantsrekindledinterestin

classicaldecompositiontechniques.In recentyearsresearchershavesuccessfullyappliedRothand

Karp decompositionin FPGA synthesis[28, 71, 87, 99, 121]. Theseapproachesdecomposea

functionrecursively until eachof thegeneratedsubfunctionsmeetsa givenfan-inconstraint,typi-

cally 5. However, sincefan-in count is the only notion of nodecomplexity in theseapproaches,

they do not extendeasilyto a library-specificsynthesis.A numberof approacheshave alsobeen

developedwhich explore thestructureof thedecisiondiagramrepresentationof a given function

[8, 41, 122,124]. ThecloserelationbetweenBDDs andmultiplexer circuitshasalsoleadto sev-

eralapproachesto synthesisof passtransistorlogic (PTL) [7, 12,30,75]; they areprimarily based

on a mapping of (decomposed) BDDs to PTL.
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1.2.3 Addressing “serialization” in synthesis

Most of the currenttools for multi-level synthesissplit the optimizationprocessinto technology

independentandtechnologydependentstages.Thetechnologyindependentphaseinvolvesdecid-

ing how to partition the logic. Thegoal is to createa technologyindependentrepresentationof a

setof Booleanfunctionsin multilevel form. The technologydependentstageis thenresponsible

for implementingeachpartitionof the logic. Theadvantagesof this approachto multi-level syn-

thesisarebasically:1) speed,sinceall computationalstepsarecarefully designedto insurethat

they donothaveworst-caseexponentialrun timebehavior, and2) flexibility , sincenoassumptions

aremadeaboutthe logic specificationsbeingsynthesized.Suchmulti-stageapproachesto com-

plex optimizationproblemsarecommonin electronicdesignautomation(e.g.placementfollowed

by routing), and are usually necessitated by the difficulty of solving these problems conjointly.

This “serialization” also hasseveral shortcomings– the most seriousbeing an inadequate

modelof interconnectat thelogic restructuringstage,andthenon-incrementalnatureof thetopo-

logical/functionaltransformations.Indeed,it implies that decisionsmadein earlier stagesmust

necessarilybebasedon looseestimatesof whatlaterstagescanaccomplish.At thesametime, the

solutionsproducedby early stagesplacelimitations on the degreesof freedomwhenimproving

the final implementationof a design.For two-stagelogic synthesis,decisionsmadeduring the

technology-independentstagesignificantly determinethe structureof a circuit. They are made

with no regardfor thedownstreamtechnology. Whenthetechnologycharacteristicsbecomeavail-

ablein themappingstageit is often too late to augmenttheeffectsof thesedecisionsto improve

circuit quality.

To illustratethe impactof a technology—wiresin particular—oncircuit we conducteda con-

trolled experimentthat comparedthe layoutsof combinationalcircuits that have the sameactive

areasbut differentinterconnectpatterns.(The layoutsweregeneratedusingthe Epoch[43] stan-

dardcell placeandroutetools for a two-layer0.5µm CMOS IC process.)The plot in Figure1.2

shows that thetotal routingarea,aswell asdelayper logic level asfunctionsof averagetopologi-

cal wire length given by

Avg. topological wire length

L n( )
n 1=

# Edges

∑
#Edges

---------------------------=
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where is thenumberof topologicallevelscrossedby wire and#Edgesis thetotal number

of wiresin thecircuit. As thefigureclearlyshows, routingareaincreaseswith increasingtopolog-

ical complexity, andbegins to exceedactive areawhentopologicalcomplexity is around2. Simi-

larly, signal delay per logic level increaseswith increasedtopologicalcomplexity. While these

resultsmay be specificto the particularIC technologyand physical designsystemusedin the

experiment,they neverthelessconfirmthegeneralbelief thatwiring canbea significantcontribu-

tor to areaanddelay. Thiswiring problembecomesmoreimportantwith advancesin CMOStech-

nology sinceinterconnectionsarebecominga major concernin today’s high-performance,high-

density ASIC designs [66].

Theback-annotatedapproaches,which performresynthesisaftertechnologyspecificinforma-

tion is extractedfrom themappedcircuit, compensatepartially for this problem.Givena sign-off

information, theseapproacheswould typically resynthesizethecircuit throughcritical sectioncor-

rection [51, 125, 3, 82, 44, 107]. While this yields improvementin circuit quality, technology-

independentand technology-dependenttransformationsstill remain disconnected.In [74], the

authorsaddressthis problemby dynamicallymodifying the set of AND2/INV decompositions

while deletingothersbasedontheactualcostfunctionusedin technologymapping.It allows tech-

nology-independenttransformationsto bepartof the technologymapping.However, thesetrans-

formations do not exhibit global knowledge about circuit structure and functionality

Realizingtheneedfor synthesisto accountfor the “physical” informationof back-endtools,

Synopsysmakesit possibleto chooseanappropriatewire-loadmodel[70]. Thewire-loadmodels

specifiedin theSynopsystechnologylibrary arebasedon statisticaldatawhich is designandpro-

cess technology-dependent.Thus, inaccuraciesin wire-load models can lead to synthesized
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designswhich are pessimistic,unroutable,or don’t meet tight constraintsafter routing is per-

formed.Thesynthesisprocessin Synopsysalsorelieson themethodologyof technology-indepen-

dent transformations, which is not suited to accounting for the final wire lengths of a design.

1.3 Motivation

It is widely acknowledgedthatcurrentelectronicdesignautomationmustbeevolvedto handlethe

challengesandopportunitiesof finer-featuredfabricationprocesses.Thesemethodologiesarefun-

damentallypremisedon theprincipleof separation of concerns: a complex designflow is serial-

izedinto asequenceof manageablestepsthatarelooselycoupled.In thisscenario,decisionsmade

in the early stagesof designflow becomebinding constraintson later stages.Suchserialization

potentially yields less optimal designsthan a methodologythat simultaneouslyconsidersall

designaspects.This is unavoidable,however, dueto thepracticalinfeasibility of concurrentopti-

mizationof all designparameters,andis deemedacceptableaslong astheconstraintsthatarefed

forwardcanbemet.Themethodologybreaksdown completely, however, whentheseconstraints

becomeunsatisfiable;the typical action in suchcasesis an iteration that revisits earlier design

stagesto changesuspectedproblematicdecisions.Suchiterationhasbecomeparticularlyneces-

sarybetweenthelogicalandphysicalsynthesisstepsdueto theinability of layoutsynthesisto sat-

isfy timing requirements, i.e. achieve timing closure.

Ideally, thetime-wastingiterationbetweenlogic andlayoutsynthesisin today’s designmeth-

odologiescouldbeeliminatedby fusingthesestagesto simultaneouslyoptimizethelogical struc-

ture as well the spatial placementof a circuit. This, however, may be formidable task due to

reasonsof computationalcomplexity. We formulatea more modestobjective: to more directly

relate the functional structure of a logic specificationto the ultimate topological and physical

structures of its physical realization.

We conjecturethatfunctionalspecificationshave globalsemanticattributesthatcanbeprofit-

ablyusedto inducea favorablestructuralimplementation,while reducingtherun time complexity

of the synthesisprocess.Theseattributescan have a profoundeffect on the suitability of one

decompositiontypeover another. They canbe furtherutilized to studyrequirementson the func-

tionality of library primitivesto make a particulardecompositiontypeeffective. Theeffect of the

integration leadsto improved synthesisquality, reflectingthe global functionalpropertiesin the

final circuit structure.
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1.4 Overview

This work containsa studyof anapproachto multi-level synthesis.In Chapter2 we introducethe

essentialnotation,andderive fundamentalconceptsfor this dissertation.The chapterintroduces

the notion of intervals, later used as a basic vehicle for functional decomposition.

Chapter3 describesthe constructivesynthesisapproach,which operateson a network. The

basicidea in this approachis to constructively build the implementationnetwork from primary

inputsto primary outputsby interleaving the logic decompositionandlibrary binding steps.The

advantageof this approachis that it is able to considerthe structuralimplicationsof candidate

decompositions.The chapterdescribesa prototypeimplementationof this approachin the M32

synthesistool. The tool manipulatessum-of-productsexpressions,relying on a form of algebraic

division. Themaingoalof this implementationis to understandthe implicationsof this construc-

tive synthesisflow (e.g. its ability to control implementationstructure)asopposedto fine tuning

individual steps.Theexercisehelpsusto point out thelimitationsof algebraicdivision asdecom-

positiontool sinceit bearsno relationto thenatureof thefunctionsbeingsynthesized.In particu-

lar, themannerin which decompositionis performedandthecontentof thecell library canhave a

profoundimpacton thesolutionquality. UnrestrictedBooleantransformations,on theotherhand,

are infeasible except for small-scale problems.

Theobservationsmadein Chapter3 motivatetheremainderof thisdissertation.Weconjecture

that the inherentcomplexity of theunrestrictedBooleantransformationscanbeaddressedwith a

strategy that ties 1) the semanticpropertiesof the functionsbeingsynthesized,2) the structural

attributesof the implementationnetwork, 3) andcarefully chosendecompositionprimitives.To

realizethis integration,Chapter4 introducesa novel formulationof decomposition.It is designed

with the intent to capturecompletedecompositionflexibility arisingin theconstructive synthesis

flow. Its symbolicformulationmakesthis formulationparticularlysuitedfor theimplementationin

the latest technology of decision diagrams

In Chapter5 we studysemanticstructureof a function in termsof symmetries.The studyin

this chapteris motivatedby our earlierargumentthatwhenguidedby knowledgeof thesemantic

structureof a function,synthesiscanyield more“natural” implementationsof thefunction.Thus,

they arestudiedwith the intentionof establishingthekey relationbetweendesirabledecomposi-

tionsandthe library of primitiveswhich makessuchdecompositionspossible.Specifically, sym-

metriesallow us to definea decompositiontype that restrictsits decompositionfunctionsto a
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small library of pre-characterizedsymmetricprimitives,andyet achievesa constrainedform of

decomposition; this is illustrated in Chapter 6.

We validateour synthesisargumentin Chapter7 which focuseson theimplementationaspect

of thestudiedtechniques.Thechaptershows thattheefficient implementationof thesymbolicfor-

mulationof decompositionis possibleby leveragingrecentadvancesin therepresentationof func-

tions. In particular we describean implementationin the M31 prototype tool, which links

functionalandimplementationstructuresthrougha carefully-planneddecompositionin termsof

pre-computeddecompositionpatterns;thetool is implementedprimarily to capturethesymmetry

structure.Theempiricalevaluationof M31 shows thatrelatingsemanticpropertiesof a functionto

the final implementation is a powerful approach to synthesis.

A perspective on this work and directions for future research are given in Chapter 8.
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Chapter 2

Notation and Preliminaries

This chapterprovidesthenotation,definitions,andtheoreticalfoundationsneededthroughoutthis

dissertation.A quick review of basicset theory is followed by a summaryof the primary tech-

niquesfor representingandmanipulatingBooleanfunctions.We thendiscussthe importanttopic

of partialspecificationof Booleanfunctionsandtheir variousrepresentations.Oneparticularrep-

resentation,theBooleanfunction interval, is treatedin detail becauseof its centralityto many of

the computationaltaskswe describein the restof this thesis.The chapterconcludeswith a brief

summaryof the main datastructuresusedfor the symbolic representationof Booleanfunctions

and digital circuits, namely binary-decision diagrams and Boolean networks.

2.1 Sets, Relations, and Functions

Therearemany excellentbooksproviding comprehensivecoverageof settheory. Amongthoseare

two classicworksby Fraenkel [46] andHalmos[52]; they aresuggestedfor furtherreading,asthis

section provides only the minimum notation and definitions needed to motivate further concepts.

Sets. A setis a collectionof objectscalledelements, or members. If is a memberof set then

we write ; similarly subsetmembershipis denotedwith . Setscanbe manipulatedwith

various operations, the most common being:

union

intersection

complementation

a A

a A∈ ⊆

A B∪ a a A or a B∈∈{ }df=

A B∩ a a A and a B∈∈{ }df=

A a a A∉{ }df=
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Theseoperationscanbe appliedin varioussequencesandto arbitrarynumbersof sets.They are

usuallyappliedto make new setsout of othersets.For example,theoperationsof intersectionand

complement enable us to subtract one set from an other:

difference

We oftenfind ourselvesneedingto imposeanorderingon theelementsof a set.Suchordered

setsaredenotedwith anglebracketsinsteadof braces.For any number of objects , an

orderedset is alsocalledan -tuple. The precisedefinition of an orderedsetis not

really important so long as the following condition is satisfied:

We may alsorefer to an orderedsetasa vector, andencloseits elementsin parentheses.We can

remove oneelementfrom an orderedset to obtainanotherorderedsetof lower cardinality. We

denote this subtraction operation by:

Repeated application of this operation allows for the elimination of more than element.

For any sets , not necessarily distinct, the set of all-tuples

is their Cartesianproduct.Whenthesetsareidentical,theCartesianproductcanbeexpressedin

shorthand as:

Note that  is a set.

Thepower set of a set , written , is the set of subsets of, i.e.

Thenotation servesto remindus that thenumberof elementsin thepower setis , where

 denotes number of elements in.

Relations. Many of the computationalapproacheswe uselater often rely on groupingsetele-

mentsaccordingto certainproperties.This groupingis basedona fundamentalmathematicalcon-

cept known as a relation. Relationsmay exist amongelementswithin a single set, as well as

elements from distinct sets.

A B– A B∩df=

n a1 … an, ,

a1 … an, ,〈 〉 n

a1 … an, ,〈 〉 b1 … bn, ,〈 〉= ai⇔ bi , 1 i≤ n≤=

a1 … an, ,〈 〉 \ai a1 … ai 1– ai 1+ … an, , , , ,〈 〉
df

=

A1 … An, , n

A1
… An×× a1 … an, ,〈 〉 ai Ai , 1 i≤ n≤∈{ }

df
=

A
n

A … A××
n times

df
=

    î

A
n

A 2
A

A

2
A

Ai Ai A⊆{ }
df

=

2
A

2
A

A A
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Giventwo, notnecessarilydistinct,sets and , abinary relation from to is asubset

of their Cartesianproduct . Higher-order, n-ary relationsaresubsetsof -tuplesfrom the

Cartesianproductof sets.In this work, however, we areprimarily concernedwith binary rela-

tions.An importanttypeof binaryrelationis onethatis definedfrom a setontoitself. Sucha rela-

tion is an equivalencerelation on if for any members , and of the

following three conditions are satisfied:

1. reflexivity

2. if  then also symmetry

3. if  and  then transitivity

An equivalencerelationpartitionsasetinto subsets.Formally, subsets form apartition

of set  if the following two conditions are satisfied:

The subsets inducedby an equivalencerelationarecalledits equivalenceclasses. A relation

which is reflexive andsymmetric,but not transitive, is a compatibility relation. If the symmetry

condition in the above definition is replacedwith anti-symmetry— and

implies —thentherelationdefinesa partial order on theset.Whentwo elements and

satisfy the partial order relationwe write . If all pairs in the partial orderarecomparable,

then the order istotal.

Functions. A function from set to set is a mapping,denoted , thatassociates

with eachelementfrom exactly oneelementfrom ; it is a specialbinaryrelation.Thesets

and arecalled,respectively, thedomainandco-domainof . The range of is thesubsetof

that canassume.Unlike an un-restrictedrelation,eachelementfrom the domainof a function

appearsin exactly onepair relatingit to a rangeelement.Whentherangeof a functionis identical

with its co-domain, it is called anonto mapping.

Viewing functionsassetsof orderedpairs,we canmanipulatethemto definenew typesof

relations.Let and befunctionssuchthat . Thecompositionof

 by  is then defined to be the set of ordered pairs:

(2.1)

An alternative notationfor the compositionof by is . Similarly, the restriction of

 to subset  of its domain is defined as the set of pairs:

A B R A B

A B× n

n

R A A×⊆ A a b c A

a a,〈 〉 R∈

a b,〈 〉 R∈ b a,〈 〉 R∈

a b,〈 〉 R∈ b c,〈 〉 R∈ a c,〈 〉 R∈

A1 … Ak, ,

A

i j≠( ) A⇒ i A j∩ ∅ 1 i j, k≤≤,=

Ai
1 i k≤≤
∪ A=

Ai

a b,〈 〉 R∈ b a,〈 〉 R∈

a b= a b

a b≤

f A B f : A B→

A B A

B f f B

f

g : A B→ f : B C→ rangeg( ) B⊆

g f

f°g a f b( ),〈 〉 a A∈ b g a( )=,{ }df=

g f f g ⋅( )( )

f : A B→ C
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(2.2)

Functionscanbealsousedto modelsetmembership.For a subset of set sucha function

is definedasa mapping suchwhich if , and other-

wise. Functionsof this type are commonlyreferredto as characteristic functionsof the corre-

sponding set.

2.2 Boolean Algebra

Booleanalgebraandits propertiesis theprimarymathematicalmodelunderlyinglogic synthesis

algorithms.In this section,we give a brief overview of thealgebraicstructureof Booleanalgebra.

For more detailedtreatments,the readeris referredto the extensive literature on this subject

including [23, 39, 93].

Booleanalgebra is analgebraicstructure( , +, ) in which is a set,calledthecarrier of

thealgebra,symbols ( join or OR)and (meetor AND) arebinaryoperations,andelementsof

 satisfy the following list of postulates:1

1. For all  the following equalities hold

commutativity

2. For all  the following equalities hold

distributivity

3. For the operationthereexistsan identity element , andfor the operation

there exists an identity element  such that

identity

4. For every element  there exists a complement element  such that

existence of complement

Complementationcanalsobeviewedasa unaryoperationthat returnsthecomplementor inverse

of the element it is applied to.

It canbeshown thata Booleanalgebrainducesa partialorderrelation≤ on theelementsof its

carrier . Although the meaningof this relationmay vary dependingon the natureof the con-

structed Boolean algebra, it always remains true that for all  the following holds:

1. This is oneof many possibleaxiomaticdefinitionsof Booleanalgebra.Thisparticular
set of postulates is due to Huntington [62].

f C a f a( ),〈 〉 a C∈ C A⊆,{ }df=

B A

f : A 0 1,{ }→ f a( ) 1= a B∈ f a( ) 0=

B ⋅ B

+ ⋅

B

a b, B∈

a b+ b a+= a b⋅ b a⋅=

a b c, , B∈

a b c⋅( )+ a b+( ) a c+( )⋅= a b c+( )⋅ a b⋅( ) a c⋅( )+=

+ 0 B∈ ⋅

1 B∈

a 0+ a= a 1⋅ a=

a B∈ a B∈

a a+ 1= a a⋅ 0=

B

a b, B∈
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(2.3)

Stoneshowed in [113] that Booleanalgebrashave the samestructureas the set algebraover a

power set for somefinite set . In this algebra,union ∪ andintersection∩ aredirectcounter-

partsto thejoin andmeetoperations,whereastheemptyset∅ and thencorrespondto the0 and

1 elementsof . Without lossof generalitywe canthereforeanalyzecomplex Booleanalgebra

conceptsby visualizingthemassetoperations.Theability to reasonin termsof setsbecomesvery

useful when working with Boolean functions which are described next.

2.3 Boolean Functions

Fundamentally, logic synthesiscanbeviewedastheguidedmanipulationof setsof Booleanfunc-

tions to achieve desirableforms that aresuitablefor circuit realizations.An -variableBoolean

function  is defined as the mapping [23, 93]

whereeach is aninputvariabletakingvaluesfrom . Theinputvariablescanalsobeviewedas

a vector whosedomainis , andarecalledthesupportof . For digital cir-

cuit applications,thecarrieris commonlyrestrictedto be the2-elementset where0

and1 correspondto the low andhigh logic levels,respectively. Functionsof this algebraarealso

referredto asswitching functions.1 A collectionof thesefunctionsmaybeorganizedin an -tuple,

thereby forming a vector of functions:

The vector may also be treatedas a function with a multi-valued

codomain.In thiswork, we referto sucha functionasamultiple-outputfunction, andtreateachof

its components as asingle-output function .

An element in thedomain is anorderedstringof 0sand1s,andis calleda minterm,

or point; containsa totalof minterms.Theweightof amintermis thenumbersof 1sin it. A

-subsetof variablesfrom the supportof specifiesa subdomain . A point in sucha subdo-

maincanbeviewedasa mintermon thesubsetof variables;it is alsoa cubewith respectto the

entire domain.If a variable is not in thesupportof , or if assignmentsto do not affect

thevalueof , then is vacuousin . Recallingthatswitchingfunctionsaremappingsfrom

1. Rudeanu terms functions over 2-element carrierstruth functions[93, p. 29].

a b≤ ab 0 a b+ 1=⇔=⇔

2
A

A

A

B

n

f x1 … xn, ,( )

f : B
n

B→

xi B

x x1 … xn, ,( )
df

= B
n

f

B 0 1,{ }=

l

f f 1 … f l, ,( )
df

=

f f : 0 1,{ } n
0 1,{ } l→

f i

m B
n

n

B
n

2
n

k f B
k

k

B
n

xi f xi

f f xi B
n
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to , the numberof suchfunctions(possiblyvacuousin somevariables)is ; the numberof

functions increases to  in the multiple-output case.

Valuesof a completelyspecifiedmultiple-outputfunctionpartition thefunction’s domaininto

subsets,somepossiblyempty. For a single-outputfunction thepartitionconsistsof theon-set

andoff-set defined as:

Whenthe off-set is empty, the function is the constant ; analogously, an emptyon-setimplies

that thefunctionis theconstant . Observe thata single-outputBooleanfunctionis nothingbut a

characteristic function of its on-set.

2.3.1 Operations on Boolean functions

It is well known thatthesetof -variableBooleanfunctions,aswell asappropriatelyselectedsub-

sets,form Booleanalgebras(seee.g. [23, 54]). In particular, equation(2.3), which is statedin

termsof Booleanvariables,is alsoapplicableto Booleanfunctionsanddefinesa partialorderon

them.Givenfunctions and , indicatesthat precedes in thepar-

tial order. Furthermore,the“lessthanor equal”relationbetween and canbeexpressed

by the following two equivalent forms:

(2.4)

Recallingthatthealgebraof setsis alsoaBooleanalgebra,it is oftenusefulto view operations

on Booleanfunctionsin termsof correspondingsetoperations.Specifically, themeet( ) andjoin

( ) of functions and betweencanbeseen,respectively, astheintersectionandunionof their

on-sets. For each function , its complement  is a function whose on-set is the off-set of .

Asidefrom thebasicBooleanalgebraoperationson -variablefunctions,thereareotheroper-

ationsthatareinstrumentalto many synthesisalgorithms.Onesuchoperation,calledthecofactor

[15],1 restricts variable  of function  to a constant and is usually denoted as:

negative cofactor

positive cofactor

1. Over the yearsvariousnameswere usedin referenceto the cofactor; they include
Boolean quotient [23, p. 53],ratio [49], -residue [81, p. 169], andrestriction [24].

B 2
2n

2
l 2⋅ n

2
l

on-set f( ) m B
n

f m( ) 1=∈{ }df=

off-set f( ) m B
n

f m( ) 0=∈{ }df=

1

0

n

f x( ) g x( ) f x( ) g x( )≤ f x( ) g x( )

f x( ) g x( )

f x( ) g x( )≤ f x( ) g x( ) 0 f x( ) g x( )+ 1=⇔=⋅⇔

⋅

+ f g

f f f

n

xi f

xi

f xi
x1 … xi … xn, , , ,( ) f x1 … 0 … xn, , , ,( )

df
=

f xi
x1 … xi … xn, , , ,( ) f x1 … 1 … xn, , , ,( )

df
=
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Whenever we saythat is monotoneincreasingin ; conversely, if then is

monotonedecreasingin . is vacuousin if . It is importantto note that these

cofactorsarethemselvesfunctionswhosesupportdoesnot includethevariable . To emphasize

this point,we maysometimesdenotetheexplicit dependenceof a cofactoron theremainingvari-

ables by . Function monotone in all of its variables isunate.

The cofactor operationcan be appliedto more than one variableat once.Applying it with

respectto a cube yields thecofactor which is obtainedby settingappropriatefunctionvari-

ablesto either0 or 1 asspecifiedby . In general,cofactorsof -variablefunctionsarerelatedas

givenin Table2.1.Thenotionof a cofactoralsoenablesvariableabstractionaccordingto thetwo

definitions below:

existential abstraction

universal abstraction

Theresultof existentiallyabstracting from is thesmallestfunction, in thepartialorder, that

contains andis independentof . Analogously, theresultof universallyabstracting from is

the largestfunction that is containedin andis independentof . Suchsingle-variableabstrac-

tion extendsin a straightforwardmannerto theabstractionof variablevectors.Someof theuseful

properties for these two operations are given in Table2.2.

f xi
f xi

≤ f xi f xi
f xi

≤ f

xi f xi f xi
f xi

=

xi

f xi
g x\xi( )=

c f c

c n

Table2.1: Some properties of the cofactor operation (  is a cube)

Distributivity

Approximation

Complementation

Containment

c

f g+( )c f c gc+= f g⋅( )c f c gc⋅=

c f+ c f c+= c f⋅ c f c⋅=

f( )c f c=

f g≤ f c gc≤⇒

xi f∃ fdf xi
f xi

+=

xi f∀ fdf xi
f xi

⋅=

xi f

f xi xi f

f xi

Table2.2: Some properties of variable abstraction operations

Complementation

Commutativity

Distributivity

Non-commutativity

Non-distributivity

Containment

xi f∃ xi f∀= xi f∀ xi f∃=

xi x∃ j f∃ x j xi f∃∃= xi x∀ j f∀ x j xi f∀∀=

xi f g+( )∃ xi f∃ xig∃+= xi f g⋅( )∀ xi f∀ xig∀⋅=

xi x∃ j f∀ x j xi f∀∃≠

xi f g⋅( )∃ xi f∃ xig∃⋅≠ xi f g+( )∀ xi f∀ xig∀+≠

f xi f∃≤ xi f∀ f≤
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One of the recurringthemesin this dissertationis the identificationand judicious useof a

function’s semanticstructure. Informally speaking,semanticstructurerefers to any functional

propertythatholdsirrespective of any particularrepresentation.An exampleof suchpropertiesis

theafore-mentionedunatefunctions.Otherexamplesthatwewill discusslaterarevarioustypesof

symmetry. In general,we view semanticstructureasa reflectionof theinherentrelationsamonga

function’s cofactors.

2.3.2 Expansions of Boolean functions

Expansionsoftenserve asanessentialcomponentin therepresentationandeffective manipulation

of Booleanfunctions.They allow functionsto beexpressedin avarietyof formsto suiteparticular

computations.Alternatively, they maysimply beusedto obtaincompact,or canonical,representa-

tions of functions. Two important expansions, with applications in synthesis, are described below.

Shannon expansion. Using the cofactor notation, theShannon expansionof function a  is:

This expansiondatesback to the work of Boole [10, ChapterV], and is alsoknown asBoole’s

expansiontheorem.Its formal proof by inductioncanbe found in [54, p. 98]. In designautoma-

tion, it is usedextensively asa basicstepwhenworking with Booleanfunctions.For any function

, iterative applicationof the expansionwith respectto variablesfrom resultsin the function’s

Shannon expansion tree.

Orthonormal expansion. TheShannonexpansionis a restrictedform of a moregeneralexpan-

sion, known asan orthonormalexpansion.This expansionis definedover a setof -variable

functions  whose on-sets partition their domain such that:

orthogonality

normality

If a setof functionsmeetsthe above two conditions,thenwe say that it forms an orthonormal

basis in . Given a Booleanfunction and an orthonormalbasis , the

orthonormal expansion of  is the expression

(2.5)

As shown in [23, p. 49], for the above identity to hold it must be that all subfunctions satisfy:

f

f xi f xi
xi f xi

+=

f f

k n

t0 x( ) … tk x( ), ,{ } B
n

i j≠( ) t i x( )⇒ t j x( )⋅ 0 0 i j,≤ k≤,=

t i x( )
0 i≤ k≤
∑ 1=

Bn f x( ) t0 x( ) … tk x( ), ,{ }

f

f x( ) t i x( ) f i x( )⋅
0 i≤ k≤
∑=

f i
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(2.6)

The orthonormalexpansionover a given basisis, therefore,not unique.For example,using the

orthonormal basis  yields the expansion

where  and .

For synthesisapplications,it is useful to apply a slightly modified version of (2.5). Let

, i.e. partition the input vector into two sub-vectors.Using an orthonormalbasis

whosecomponentsarevacuousin , theexpansionof is now givenby

the expression:

(2.7)

where

(2.8)

While thesubfunctions canbechosenarbitrarily aslong asthey satisfythesebounds,in

thecontext of synthesisit maybedesirableto make themvacuousin thebasisvariables . With

such a choice, these subfunctions become unique as shown by the following lemma:

Lemma 2.1For a given function  and a basis function , the subfunction  is

vacuous in  and satisfies (2.8) if and only if it is equal to the cofactor , where  is a

minterm on  such that .

Proof of this result is given in AppendixA. An immediateconsequenceof the lemmais that the

orthonormal expansion becomes unique and takes the form:

Therearemany otherexpansionformsdescribedin theliterature.For example,expansionscan

bedefinedover a Booleanring, replacingthe+ operationwith ⊕ [39].1 However, theorthonormal

expansionis sufficient for our purposes,as it is generalenoughto enablethe derivation of any

combinational circuit. In this sense, it subsumes all other expansions.

1. This resultis madepossibledueto thefactthatBooleanalgebracanbedefinedovera
Boolean ringletting join and meet to be⊕ and AND, respectively [112,113].

t i x( ) f x( )⋅ f i x( )≤ t i x( ) f x( )+≤

xi xi,{ }

f x( ) xi f 0 x( )⋅ xi f 1 x( )⋅+=

xi f x( )⋅ f 0 x( )≤ xi f x( )+≤ xi f x( )⋅ f 1 x( )≤ xi f x( )+≤

x y z,( )=

t0 y( ) … tk y( ), ,{ } z f x( )

f y z,( ) t i y( ) f i y z,( )⋅
0 i≤ k≤
∑=

t i y( ) f y z,( )⋅ f i y z,( )≤ t i y( ) f y z,( )+≤

f i y z,( )

y

f y z,( ) t i y( ) f i y z,( )

y f m y z,( ) m

y t i m( ) 1=

f y z,( ) t i y( ) f m y z,( )⋅
0 i≤ k≤

t i m( ) 1=

∑=
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2.4 Partial Specification of Boolean Functions

In additionto completelyspecifiedfunctions,it is necessaryin synthesisapplicationsto modeland

reasonaboutpartially specifiedfunctions.Suchfunctionsarisenaturally in this context as they

representthe flexibility availableto synthesisalgorithmsfor optimizing circuit implementations.

Partially specifiedfunctionshave many representationsthat differ in their expressiveness,com-

pactness, and the ease (or difficulty) of manipulating them.

The mostexpressive, but leastcompact,representationis an explicit listing (a set)of all the

completelyspecifiedfunctionsthat arepossiblechoicesfor a given partially specifiedfunction.

For exampletheset canbeusedto indicatetwo possiblechoicesfor a

two-input single-output partially specified function. Similarly, the function set

indicatesthree choicesfor a two-

input two-outputfunction.Suchexplicit representationsarenot very useful in practice,however,

because of their potentially exponential size in the number of inputs and outputs.

Onepossibleapproachto dealwith thiscomplexitywhile providingreasonableexpressiveness

is to dropthemany-to-onerestrictionimposedonthemappingof functions,andto representapar-

tially specifiedfunctionby a many-to-many relation from to : . In thefield

of synthesisand verification such relations are known as Boolean relations [22].1 Although

implied by the notion of function mapping,Booleanrelationsmustbe well-formedin that each

point from mustbein arelationwith at leastonepoint from . For computationalpurposes,a

Booleanrelationsis usually modeledby an associatedcharacteristicfunction

such that  if and only if .

To illustrate Boolean relations, consider the characteristic function

for aBooleanrelationthatrepresentsa two-inputtwo-outputpartiallyspecifiedfunction(thefunc-

tion inputsare andits outputsare ). This relation2 is animplicit representationof

a setof compatible(completelyspecified)functionsthataresuitablechoicesfor implementingthe

1. In classicalfunctionalanalysisfunctionswhosebehavior is not uniquein a point of
their domainareknown asmultiple-valuedfunctions[68, Part II]. In thefield of designautomation
this term, however, is reserved for the functions whose range is defined on multiple-valued logics.

2. When clear from context we will refer to a relation and its characteristicfunction
synonymously.

F x1 x2,( ) x1 x1 x2+,{ }=

G x1 x2,( ) x1 x1x2,〈 〉 x1 x2+ x1,〈 〉 x1 x2+ x1 x2+,〈 〉, ,{ }=

R B
n

B
l

R B
n

B
l×⊆

Bn Bl

f : B
n

B
l

B→×

f m m′,( ) 1= m m′,〈 〉 R∈

f x1 x2 z1 z2, , ,( ) x1x2z1z2 x1x2z1z2 x1x2z1z2 x1x2z1 x1z1z2+ + + +=

x1 x2,〈 〉 z1 z2,〈 〉
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partially specifiedfunction.Compatiblefunctionsfor the above Booleanrelationareenumerated

in the table below:

The table reveals a set which consists of four compatible functions:

Thecompactnessof theBooleanrelationrepresentationcomesat thepriceof reducedexpressive-

ness:not all function setscanbe capturedby Booleanrelations.For example,the three-element

functionsetobtainedby removing from theabovesetcannotberepresentedby aBoolean

relation.

Whenusedto modelsingle-outputpartially specifiedfunctions,Booleanrelationsturn out to

beequivalentto two othercommonly-usedrepresentations:don’t-carespecifications,andBoolean

functionintervals.For example,theBooleanrelation representsfour possiblecom-

pletely specified functions as shown by the truth table below:

These same four functions can be equivalently captured by a don’t-care representation in which:

• rows in theabovetruth tablewheretheoutputcanbeeither0 or 1 (the first two) are

used to define a don’t-care set1 ,

• rows in which the output must be 1 are used to define an on-set , and

• rows in which the output must be 0 are used to define an off-set .

1. Again, we are representingthis set by its characteristicfunction and liberally
speaking of this function as being the actual set.

Boolean relation Compatible functions

00 00, 11 00 00 00 11 11
01 01 01 01 01 01 01
10 10 10 10 10 10 10
11 10, 11 11 10 11 10 11

x1 x2,〈 〉 z1 z2,〈 〉 x1 x2,〈 〉 f x1 x2,( )

x1 x1x2,〈 〉 x1 x2,〈 〉 x1 x2+ x1,〈 〉 x1 x2+ x1 x2+,〈 〉, , ,{ }

x1 x2,〈 〉

x1 x2z x2z+ +

Boolean relation Compatible functions

00 0, 1 00 0 0 1 1
01 0, 1 01 0 1 0 1
10 0 10 0 0 0 0
11 1 11 1 1 1 1

x1 x2,〈 〉 z x1 x2,〈 〉 f x1 x2,( )

zd x1=

zon x1x2=

zoff x1x2=



24

Thesethreesetsform a partitionof theinput domain,andany two of themsuffice asthethird can

beeasilyderived (e.g. ). In addition,a careset , ratherthana don’t-careset,

canbespecifiedwhere . In any case,theBooleanrelationrepresentingthepartialspecifi-

cationof a single-outputfunction canbe representedby a pair of completelyspecifiedfunctions

defined on the domain of the input variables.

A secondequivalentrepresentationthatalsorequiresa pair of completelyspecifiedfunctions

to modela single-outputpartially specifiedfunctionis aninterval in thefunctionspaceof -vari-

ableBooleanfunctions.This is therepresentationweadoptin thiswork, andit is furtherdeveloped

in the following section.While they have the sameexpressivenessand similar computational

attributes(for single-outputfunctions)to Booleanrelationsanddon’t-carespecifications,Boolean

function intervals arisenaturallywhile solving setsof Booleanconstraints[23]. As we demon-

stratethroughoutthiswork, many optimizationsthatareperformedduringsynthesiscanbecastin

this fashion and their solutions emerge naturally as Boolean function intervals.

2.5 Boolean Function Intervals

A function interval1 is a set of completely specified Boolean functions defined as

(2.9)

The functions and representtwo distinguishedmembersof the interval, namely its

lower andupperbounds, respectively. An interval is non-emptyif andonly if is satis-

fied. Examplesof function intervals include the subfunctionsarising in orthonormalexpansion.

For instance,thesubfunction in (2.8) is a non-uniquepartially specifiedfunctionthatcan

be expressed as the function interval .

Functionintervalscannotrepresentarbitrarysetsof completelyspecifiedfunctions.However,

they areparticularlyusefulin synthesissincethey frequentlyrepresenttheentiresetof completely

specifiedfunctionsthat satisfy a given constraint.As such,it is advantageousto develop some

facility, aninterval algebra, for symbolically manipulating function intervals.

For an interval and its memberfunction the following propertiesare readily estab-

lished from the partial order relation [95]:

1.  In [88] function intervals are termedpermissible functions.

zoff zon zd+( )= zc

zc zd=

n

l x( ) u x( ),[ ] f x( ) l x( ) f x( ) u x( )≤ ≤{ }df=

l x( ) u x( )

l x( ) u x( )≤

f i y z,( )

t i y( ) f y z,( ) t i y( ) f y z,( )+,⋅[ ]

l u,[ ] f
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(2.10)

Thesepropertiesprovide aninsightinto thecomputationalnatureof theinterval bounds.In partic-

ular, they yield the following expressions of the bounds:

lower-bound

upper-bound

Thesebasicpropertiesallow us to derive useful computationalforms for manipulatingfunction

intervals.

Beingsetsof Booleanfunctions, functionintervalscanbecombinedusingbothBooleanoper-

ators (OR, AND, inverse,etc.) as well as set operators(union, intersection).Given intervals

and , andaBooleanoperator∗, wedefine to bethe

set

As thefollowing lemmashows,thesesetsturnout to beintervalsthemselvesandcanbeefficiently

computed by operating solely on the bounds of the intervals.

Lemma 2.2 [95]

It is interestingto point out thatalthoughthefunctionsin an interval form a Booleanalgebra,the

intervalsthemselvesdonot form aBooleanalgebra.This is becausetheinterval complementoper-

ation does not obey the complement laws of Boolean algebra.

AnotherusefulBooleanoperationis the cofactor of an interval. Let be the

cofactor of interval  with respect to  which is defined as follows:

l f≤
l f⋅ l=

l f⋅ 0=

f l≤

l f+ l=

l f+ 1=

f u≤
u f+ u=

u f+ 1=

u f≤

u f⋅ u=

u f⋅ 0=

l f
f l u,[ ]∈
∏=

u f
f l u,[ ]∈
∑=

F l1 x( ) u1 x( ),[ ]= G l2 x( ) u2 x( ),[ ]= F ∗ G

F ∗ G f ∗ g f F g G∈,∈{ }df=
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Interval cofactor can be efficiently computed according to the following lemma:

Lemma 2.3

This lemma,whoseproof is givenin AppendixA, basicallystatesthatcofactoringa functioninter-

val yieldsanotherfunctioninterval in the -dimensionalBooleanfunctiondomainobtained

by setting . Computationally, this impliesthatwe cancofactoraninterval by just cofactor-

ing its bounds.

Viewedassets,function intervalscanbecombinedwith setoperators.Specifically, the inter-

val intersection is the setcomposedof thosefunctionsthat belongto both and . As

thefollowing lemmashows, interval intersectioncanbecomputedby performingBooleanopera-

tions on interval bounds.

Lemma 2.4

Theunionof two intervals,i.e. thesetthatconsistsof functionsthatbelongto eitherinterval, is not

necessarilyaninterval. We definethe interval union to bethesmallestinterval containing

theunionof thetwo intervals.Thefollowing lemmagivesacomputationalform for interval union

in terms of Boolean operations on their bounds.

Lemma 2.5

It is sometimesusefulto extractthesubsetof a functioninterval containingonly

those functions that are vacuous in . Let  be defined as follows:

(2.11)

Recalling the definition of interval cofactorsfrom Lemma2.3, note that the function interval

definedabove is in the -dimensionalBooleanfunction spaceobtainedby eliminating

from the variable domain.

Theorem2.6 The function interval , definedin (2.11), representsthe set of all

functions that are vacuousin . In otherwords,for all functions that

arevacuous in it must be that:

An immediateconsequenceof this theorem,which is proved in AppendixA, is that the interval

containsfunctions that are vacuousin if and only if is non-

empty. It is alsoimportantto notethat the interval is constructedin the -

dimensionalfunctiondomainin which variable is absent,i.e. it canbedenotedasthefunction
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asa Efficient computationalformsfor (2.11)canbereadilyobtainedby applyingLemma2.3and

Lemma2.4:

(2.12)

Finally, theseresultsfor a singlevariableextendby inductionto anarbitrarynumberof variables

(see CorollaryA.5 on page134).

As mentionedin the previous section,function intervals and don’t care specificationsare

equivalentin thesensethat they denotethesamesetof completelyspecifiedfunctionsthat repre-

sentthepossiblechoicesof a partially specifiedfunction.Let bea single-outputpartially speci-

fied function given by the interval , and let , and denote, respectively, the

characteristicfunctionsof its on-, off-, care-,anddon’t-caresets.Thesefive functionsarerelated

according to:

on-set is same as lower bound

off-set is complement of upper bound

don’t-care set is difference between bounds

care set is complement of don’t-care set

A situationthat arisesoften during synthesisis the needto find the setof functionsthat are

identicalto a givenfunctionin a subsetof that function’s domain.Specifically, giventhefunction

anda careset , find all functions suchthat when ; when

, thefunctions areunspecified.Thesolutionsetturnsout to bethefunction inter-

val given in the following theorem:

Theorem2.7Let , , and befunctionsasdescribedabove.Anyfunction such

that

(2.13)

satisfies the stated requirements.

Theformal derivationof this resultis givenin AppendixA, andillustrationsof its usein a variety

of network optimizationscenariosaregivenin AppendixB. Indeed,it canbearguedthatmostsyn-

thesistaskscanbereducedto thederivationof acaresetthatmodelsthe“fix ed” portionof thenet-

work beingsynthesized,followedby applicationof (2.13)to determinethe“flexibility” thatexists

in designingthe “variable”portionof thenetwork. In somecases,thedesiredresultrequiresfur-
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thermanipulationof theinterval in (2.13),e.g.to extracta sub-interval whosefunctionsarevacu-

ous in certain variables.

2.6 Binary-Decision Diagrams

RepresentingBooleanfunctionswith a binary-decisiondiagram(BDD) wasoriginally proposed

by Lee[73] andAkers[1]. However, it wasonly with thework of Bryant [24] in 1986thatBDDs

becamewidely used.His work broughtout thecanonicalnatureof BDDs in representingBoolean

functions.Thework alsointroducedeffectivealgorithmsto manipulatethem.Sincethentheuseof

BDDs has entered virtually every area of synthesis and verification.

A binary-decisiondiagramrepresentsa Booleanfunction asa rooteddirectedacyclic graph

(DAG). It hastwo typesof vertices:terminalandnon-terminal. Terminalverticesareleavesin the

graphcorrespondingto the 0 and1 valuesof a function; they have no outgoingedges.All other

nodesin theBDD arenon-terminal,andthey representa Shannonexpansionaboutsomevariable

. Eachnon-terminalnodecanbeviewedasa root nodeof somenon-constantfunction , andit

has a  and a  child. If  is a non-terminal node with index , then its  function is

To representa functionwith aBDD atotalorderis imposedon its variables.Nodevariableson

eachof theroot-to-terminalpathsobey thisorder. A reducedBDD is constructedusingtwo reduc-

tion rules:

1. Nodes whose two edges point to the same child are deleted.

2. Isomorphic subgraphs are shared.

BDDs areuniquefor a given variableorderingandhenceprovide canonicalforms for the repre-

sentationof Booleanfunctions.This canonicitymakesthemwell suitedfor symbolicmanipula-

tion. They arealsousefulof representinglargecombinatorialsets.A comprehensive treatmentof

BDDs can be found in [26].

Variableorderingis known to haveadramaticeffecton thesizeof aBDD. Unfortunatelythere

is no known methodwhich canquickly detectanoptimal variableordering.Most of thevariable

orderingtechniquesrely on heuristics.Theearlierwork on this subjectcouplesvariableordering

techniqueswith topologicalinformationfrom thecircuit for which theBDD hasbeenconstructed

[47, 78,84]. A laterheuristic,basedon variablesifting, wasdevelopedby Rudell [94]. In thesift-

ing algorithm,eachvariableis moved up and down to greedily find its best location.Sinceits

xi f

lo xi( ) hi xi( ) v i f v

f v xi f lo v( ) xi f hi v( )⋅+⋅=
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introductionthealgorithmhasbeenintegratedinto many BDD packagesandapplicationsin vari-

ous flavors [59, 65, 83, 90].

The re-orderingtechniquesof any typical packageare appliedonceby an explicit function

call, or they canbeinvokeddynamically[94] by animplicit functioncall triggeredby somemem-

ory consumptioncriteria. In many applicationssuchasynchronousre-orderinghasa profound

effect on the resourcesconsumedduring themanipulationof BDDs. However, thedynamicreor-

deringof variablesstill remainsanexpensive operation,andmaytake a significantpartof a com-

putation.Applicationswhich areawareof variableordersimplied by the intrinsic natureof the

problemarethereforethemostdesiredapproachto reducingBDD sizes.For somefunctionshow-

ever, thesizeof a BDD maybeexponentialin thenumberinputsregardlessof thevariableorder-

ing; an -bit multiplier is an example of such functions [25].

OncetheBDD for a function is constructedmany operationson it have goodcharacteristics.

For example,takingfunctioncomplement,or checkingif thefunctionis satisfiablecanbedonein

constanttime. In generalthe spaceand time requirementsfor the binary operationsarepropor-

tional to thenumberof nodesin thetwo composedBDDs.Decidingif two functionsareequivalent

requiresa graphisomorphismcheck,whosetime complexity for thelabelledDAG is linear in the

numberof nodes.The checkis even moreefficient whenthe two given functionsdependon the

samesetof variables.If two suchfunctionsareequivalent,a typicalBDD packageimplementation

would ensurethat they residein the samememoryspace.This is achieved by virtue of a unique

table [13], which guaranteesthatat any time thereareno isomorphicsubgraphs.Thustheequiva-

lencechecktakesconstanttime.Theuniquetablealsoallows a singlemulti-rootedDAG to repre-

sentall createdfunctions.To reducememoryconsumption,modernBDD packagesalsoattemptto

sharenot only isomorphicsubgraphs,but subgraphsof their complementfunctionsaswell; thus

subgraphs for  and  are identical.

2.7 Boolean Networks

TheBooleannetwork [19] is thebasicdatastructureusedby multi-level synthesisalgorithms.This

sectionbeginswith thedefinitionof a Booleannetwork. A Booleannetwork is a directedacyclic

graphwhoseconnectionsmodelthedependencebetweena setof Booleanfunctions.Its primary

inputs are nodesidentifying externally controllablesignals.Similarly, its primary outputsare

nodesidentifyingexternallyobservablesignals.All othernodesin thenetwork areinternalor con-

stant, andarecollectively called logic nodes.For every node in the network (exceptprimary

n

f f

i
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inputs)thereis anassociatedrepresentationof a Booleanfunction , anda Booleanvariable .

It is alsoconvenientto havevariables and assynonymsto thevariablesof primaryinputsand

primaryoutputs,respectively. Functionsof theoutputnodesaresingle-variablefunctionsof some

othernodein the network, i.e. . We also imposea conventionthat variablesof pri-

maryoutputnodesmustnot beusedin any function.If variable is in thesupportof somenode

function thentheremustbea nodein thenetwork correspondingto . Nodesin the Boolean

network canalsohave associateddon’t carefunctions expressedin termsof don’t caresgiven

for the network outputs, and other implicit don’t cares derived from the network structure.

Thereis anorientedconnectionfrom node to node , denoted , if andonly if is not

vacuousin . A node is a fan-inof node if thereis aconnection ; similarly, anode is a

fanoutof node if thereis aconnection . The connectionsin thenetwork defineapar-

tial orderon thenetwork nodessuchthat implies . A total orderinducedby this partial

orderis calledtopological. With eachnodein thenetwork we mayassociatea depth, which corre-

spondsto the maximumnumberof connectionsleadingto the nodefrom a primary input node.

Thenetworkdepthis definedasa maximumdepthover all fan-insto outputnodes.A wire corre-

spondsto anedgein thenetwork, andits topological lengthis thedifferencebetweennodedepths

connected by the wire.

Function associatedwith node is referredto asthenode’s local function.It is expressed

in termsof theimmediatefan-ins.For eachnode in theBooleannetwork thereis alsoanimplicit

global function thatexpressesthefunctionalityof its outputsignalin termsof a subsetof pri-

mary inputs.The function canbe computedby recursively traversingnodefan-insandapplying

the compositionoperation,startingfrom a given node . Formally, the global function of a

node  expressed in terms of primary inputs is computed as

(2.14)

where is the local functionassociatedwith node , and ’s areglobal functionsof its fan-in

nodes.Equation(2.14)readilyextendsto thecomputationof global functionsexpressedin terms

of internalnodevariables.This is achievedby simply includingin any desiredsetof theinterme-

diate variables.
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2.8 Summary

In thischapterwe introducedtheelementaryfoundationfor therestof thedissertation.Thefunda-

mentalconceptsof Booleanfunctionswereintroducedillustratingtheir set-theoreticalnature.The

summarizedbasicmanipulationoperationson Booleanfunctionswill beusedthroughoutthedis-

sertation.Partially specifiedBooleanfunctionswerethendiscussed.They areinherentto synthesis

algorithms.The conceptof intervals wasdevelopedto addresspartially specifiedfunctions.The

expressive power of intervals was demonstrated in the optimization of Boolean networks.
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Chapter 3

Constructive Synthesis

In this chapterwe describea constructive synthesisapproachthatdiffers from currentpracticein

logic synthesistechnologyin oneimportantrespect:insteadof serializingthestepsof technology-

independentdecompositionand technology mapping, the constructive approachinterleaves

decompositionandmappingthroughoutthesynthesisprocess.Thissynthesisflow yieldsanimple-

mentationnetwork that evolves incrementallyfrom the primary inputs towardsthe primary out-

puts,andmakes it possiblefor future decompositiondecisionsto be mademore judiciously by

accountingfor thestructureof thepartial implementationcreatedthusfar. We illustratethis syn-

thesisflow by meansof a prototypetool that experimentallydemonstratesits benefits,and that

gauges its feasibility as an alternative to traditional synthesis.

3.1 Constructive Synthesis Flow

Oneof thecommonly-citedshortcomingsof thedominanttwo-stagesynthesisflow is that it fails

to properly accountfor the effects of wiring in deepsubmicron(DSM) ICs. This is readily

explainedby the built-in biasof traditionalsynthesistowardsoptimizing active logic (gates)and

thefactthatwiresin DSM chipscanno longerbeignoredasmajorcontributorsto areaanddelay.

Constructive synthesisattemptsto addressthis shortcomingby intertwining technology-indepen-

dentBooleanoptimizationandtechnology-dependentmappingin analgorithmicflow that is cog-

nizant of the structuralimplicationsof optimizationdecisions.The overall processis depicted

schematicallyin Figure3.1. The primary datastructureunderlyingthe processis a Booleannet-

work η that is continuallymodifiedassynthesisproceedsto reflectthe evolving implementation

structureof thefunctionsbeingsynthesized.Eachnode in this network hasanassociatedBool-v
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eanfunction thatcomputesthelogic valueat thenode’s outputin termsof thelogic valueson

its inputs;it is the local functionof thenode.A nodeis consideredto be implementedif its local

functionis equivalentto oneof thefunctionsin a givengatelibrary , andunimplementedother-

wise.To insureanontomappingfrom thegatesin to thenodesin thenetwork, thelibrary must,

at a minimum,have inverterandpass-throughwire gatesaswell asany 2-inputgatethatmakesit

functionally complete (e.g. AND2 or NOR2).

As the synthesis process evolves, the functions of unimplemented nodes are successively

decomposedin termsof thoseof alreadyimplementednodes,resultingin aseriesof partial imple-

mentation networks. The decomposition is closely tied with the given library of decomposition

primitives, and leads to the creation of new implemented nodes, i.e. nodes that correspond to

library primitives.Eachimplementednode introducesanew variable whichcannow beused

to simplify the functions of downstream unimplemented nodes. The effect of these successive

decompositions is an expansion of the network from the primary inputs towards the primary out-

puts as more implemented nodes are created and as the functional complexity of unimplemented

nodes is reduced. The synthesis process terminates when all nodes become implemented yielding

afinal implementation network.

The constructive creation process facil itates management of the structure of the evolving

implementation.Indeed,by decomposingunimplementedportionsof thelogic directly in termsof

library primitives, as opposed to the delayed binding of conventional approaches, the structure of

theimplementationcanbegloballycontrolledyieldinghigherquality resultsthatcanbeincremen-

tally modified to satisfy varying area/speed objectives. Additionally, by identifying useful func-

tional properties, the functional content of gate l ibraries can be chosen, and coupled with

f v

L

L

Figure 3.1: Schematic illustration of constructive synthesis
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decomposition, more judiciously to produce implementations that reflect the semantic nature of

the functions being synthesized.

3.2 M32: A Prototype Constructive Synthesis Program

In this sectionwe provide a ratherinformal descriptionof M32, a synthesistool that wasdevel-

opedto evaluateconstructive synthesis.The tool usescube-list(i.e., SOP)representationsfor all

functions,employsaslightly extendedalgorithmfor algebraicdivision [103], andassumesaprim-

itive library consistingof 2-input NAND gates.Theseparticular implementationchoiceswere

motivatedby a desireto quickly developa basicunderstandingof themajortradeoffs in construc-

tivesynthesis.Specifically, wewantedto assesstheeffectof suchasynthesisflow onthestructural

“quality” of the resultingimplementations,andto contrastit with thequality of implementations

obtainedusingtraditionalsynthesis.In laterchapters,we developa moregeneralsymbolicframe-

work for constructivesynthesisthatremovestheimplementationlimitationsof M32 andallowsfor

a more fundamentalunderstandingof its benefits.To avoid cluttering the discussion,we omit

definingmany of the commonnotionsfor manipulatingSOPexpressions.They canbe found in

virtually any modern book on logic synthesis (see e.g. [18]).

3.2.1 Algorithm overview

Themain loop in M32 is shown in thepseudo-codeof Figure3.2.Thealgorithmoperateson two

primarydatastructures:the implementationnetwork describedearlier, andthesetof functions

correspondingto ’s unimplementednodes.Initially, consistsof primary input nodesand

Figure 3.2: Overall algorithmic flow in M32

Boolean network η;
set of SOP expressions F; // Set of local functions, in SOP form, of unimplemented nodes;

// Initialized to SOP specification of output functions to be
// synthesized;

while  exists  do  {

; // Determine largest ;

; // Select atomic divisor ;

; //  is output node of subcircuit implementing;

; // Re-express  in terms of the newly implemented logic;

}

f i F∈

k SelectFunction( )← f k 1 k≤ n≤,

P GeneratateDivisor f k( )← P

yv IntroduceGates P( )← v P

F Substi tute← P yv,( ) F

η
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unimplementednodesthat correspondto eachoutput function being synthesized;the set is

assumed to be given in SOP form for each of these output functions.

In eachiteration,thefunctionsof unimplementednodesareexaminedandoneof them, , is

selected for a decomposition step. An atomic divisor is extracted from by an appropriate

division procedure. The divisor is subsequently implemented by a small subcircuit of 2-input

NAND gates leading to the expansion of the implemented part of . The decomposition step is

completed by substituting the variables of the newly-created nodes into the functions of the

unimplementednodes.Theiterationstops,signalingcompletionof thesynthesisprocess,when

becomes empty.

It is helpful to re-iteratethatthemaindifferencebetweenthisconstructiveflow andtraditional

synthesisis thatfunctionaldecomposition(GenerateDivisorandRe-express) andtechnologymap-

ping (IntroduceGates) are interleaved throughout the synthesis process. This, in turn, allows con-

structive synthesisto considerthestructuralimplicationsof candidatedecompositions.A detailed

descriptionof how this is actuallydonein M32 is describednext. In thisdescriptionweusethefol-

lowing definitions. A literal on a node variable will be denoted as . The depth of literal ,

, is thetopologicaldepthof its correspondingnode in ; thedepthof aprimaryinput

is definedto be0. Whencalculatingthestructuralcostof adivisor (seebelow), thedepthof aneg-

ative literal is takento bethesameasthatof its positivecounterpart ; this is justifiedby not-

ing that at the stage of selecting divisors, phase assignments in their implementation may not be

known. Thedepthof anSOPexpression , written , is themaximumdepthof any of its

literals plus one. The set of literals appearing in will be denoted . The number of

timesa literal occursin will bedenotedby , and will denotethe

number of literal occurrences in.

3.2.2 SelectFunction

Theorderin which thefunctionsof aredecomposedclearlyaffectsthefinal synthesizedimple-

mentation.In eachiterationof thealgorithm,thesetof nodesthatarecandidatesfor decomposi-

tion is the subset of unimplementednodes whose fan-ins are already implemented.The

SelectFunctionroutineidentifiesthenext function to decomposeby greedilychoosingthecandi-

datenodewhosefunctionhasthelargestnumberof literals in its cuberepresentation.This choice

is motivatedby theexpectationthatlarger, richer, functionsyield moredivisorsthatcanbeshared

amongtheunimplementednodes.Moresophisticatedselectionstrategiescanbeeasilyenvisioned,

especially when the initial specification is a multi-level network.
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3.2.3 GenerateDivisor

Like mostmodernsynthesisalgorithms,M32 relieson an efficient division procedureto decom-

poseafunction into theform . Themostcommonly-useddivisionprocedureis weakdivi-

sion [20] which is appliedto anSOPexpressionfor andis equivalentto excludingall Boolean

transformationsexcept for the AND-over-OR distributive law. While primarily motivatedby the

needfor a fastdivision operation,weakdivision hasbeenempirically shown to yield acceptable

decompositionsin practice.Still, thequalityof thedivisors,asmeasuredby thetotalnumberof lit-

eralsin theresultingfactoredform, canbe improvedby judiciousapplicationof additionalBool-

ean transformations.The division operation in M32 augmentsthe distributive law with the

annihilation( ) and idempotency ( ) propertiesto generatebetterdecomposi-

tions. This additional flexibility comes at a modest computational cost.

Example3.1 Suppose that we would like to obtain a factored form of

A possible algebraic decomposition of obtained using weak division is

which hasa literal cost of 21. Use of annihilationand idempotency yields the more compact

decomposition whoseliteral costis only 12.Unlike thealge-

braicdecompositionwhich yields factorswith disjoint support,this decompositionproducesfac-

tors that have joint support. ■

Divisor selectionin M32 is accomplishedthroughsuccessive factorization,usingthedistribu-

tive law, of repeated literals from an SOP expression . Among all possible divisors, the one

returned by GenerateDivisor is found by greedily choosing and further factoring the least-cost

divisor at each level of literal factorization. This amounts to a 1-level lookahead strategy which

was experimentally found to be adequate. Divisor cost is computed according to the formula:

(3.1)

where is acandidateliteral in expression and is thequotientresultingfrom algebraicdivi-

sionof by . Intuitively, thedifference correspondsto the topological

wire lengthfrom theimplementednode to theunimplementednodeof . Thesimplereason-

ing behindthis heuristiccostfunction is thatwe would like to minimize the literal-weightedsum

of wire lengthsconnectingto thedivisor (numeratorpart),while keepingthedivisor large(denom-

f pq r+

f

a a⋅ 0= a a⋅ a=

f abcg abe acde abcd abe aceg cdg+ + + + + +=

f

f ab d ae+ +( )cg abe acde abcd abe+ + + +=

f ab cd ae+ +( ) ae cg ab+ +( )=

f

cost f ẋ⁄( )
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inatorpart).Thenumeratorpart tendsto besmallerwhenliterals repeatmoreoften, therebyalso

suggestingthatmorefactoringof thedivisor is possible.Divisorschosenaccordingto this metric

accountfor thestructureof thepartial implementationnetwork andallow for a moreorderlycon-

struction processthan is possiblewith two-stagesynthesis.The chosendivisors are further

improved by invoking the annihilationandidempotency transformationsto modify the resulting

quotientand reducethe literal costof the decomposition.The following examplesillustrate the

structural cost calculation and the divisor selection process.

Example3.2 In synthesizingan -bit adder,theunimplementedfunctionof thesecondsumbit

may be given by the SOP expression

We can then evaluate the cost of its candidate divisor

by consideringthe fan-in connectionscorrespondingto the literals of . Thesearethe incoming

connectionsfrom the already-implementedpart of the circuit, and thereforetheir topological

lengthcanbeaccuratelydeterminedfrom the levelizedcircuit (seeFigure3.3).For example,the

topologicallengthof is andit occursoncein yielding

a contribution of to the numeratorof (3.1). The structuralcostof using asa divisor is thus

found to be 2.125. ■
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Figure 3.3: Example calculation of structural cost of a divisor according to formula (3.1)
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Example3.3 Thedivisorwhosecostwe justcalculatedis not thebestamongall possibledivisors

of . Thehunt for thebestdivisor, usingthestructuralcostmetric (3.1), is shownin Figure3.4

with theaid of a searchtree.Theroot of thetreehassix branches—theresultof factoringout six

different literals.Theleastcostdivisor at this level is ; its costis 0.25andis,

therefore,selectedfor subsequentfactoring.At thesecondlevel of thesearchtree,all divisorsend

up havingthesamecostof 1.00.Thus,oneof them,say , is selectedarbitrarily and

checkedfor further factorization,which is not possiblein this case.Thus,the processterminates

and returns this as the atomic divisor. ■

3.2.4 IntroduceGates

Unlike conventional technologymappersthat operateon an intermediate“optimized” Boolean

network obtainedin a prior technology-independentphase,M32 ties its creationof gateswith

functionaldecomposition.As soonasa divisor is found by GenerateDivisor, IntroduceGates

proceedsto mapit to thegivengatelibrary. Themappingprocessis alsodifferentfrom thoseused

in conventionalsynthesistools:no intermediatesubjectgraph is constructed.Similarly to Gener-

ateDivisor, thisprocedureis awareof thestructuralimplicationsof its choices,andinvolvesiterat-

ing the following steps until  is fully implemented by library gates:

1. A gatefrom thetechnologylibrary with suitablevariablesupportfrom is selectedfor

instantiation as node

2. The node , along with possiblefan-in inverters,is instantiatedand addedto ;

variable  is associated with the new node

3. The divisor  is re-expressed in terms of

s2 a1b1y6 a1ciny6+ b1ciny6 b1ciny6 a1y3y6+ + +=

Figure 3.4: 1-levellookaheadsearchtree usedin devisorselection;costsare basedon the implementa-
tion network of Figure 3.3-a
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The implementation of IntroduceGates was limited to a small technology library defined by

. Thus,thegatetypeselectionstepin theaboveprocedureis unneces-

sary. Enhancementsto IntroduceGatesthatextendits capabilitiesto richergatelibrariesarepossi-

ble, although the division-based decomposition of SOP expression does not seem to integrate

naturallywith complex libraries.Theselectionof a suitablevariablesupportin step1 is alsosim-

plified by the library . Candidate variable subsets are determined by considering all associative

groupings of literal pairs in , and the best pair is selected. Again, quality in this context is esti-

matedby astructuralmetric:apairof literalswhich instantiatesthenode of leastdepthis greed-

ily selected.

Thedepthof in is derivedfrom thedepthof nodesin thesubexpression of anassocia-

tive grouping while accounting for the possible presence of an inverter on ’s fan-in lines. The

presence of an inverter on the fan-in lines is determined by matching subexpression to the

NAND2 function under input/output phase assignments. Due to the small number of possible

matchingcombinationswhenusingonly NAND2 gates,we enumeratethemasmetarules in Fig-

ure 3.5. To break ties between the candidate supports we use estimated signal arrival times based

on the following delay model:

(3.2)

where is theintrinsicgatedelay, is thegatefan-out, is fanoutdelay, and is thecapac-

itanceon a fanoutpin. In the SIS-1.2systemthis model is known as the library model. In our

experiments we the nominal delay and capacitance were taken from theMCNC library [cite].

After a gate’s support and its phases are determined, it is introduced into the circuit by estab-

lishing its fan-in connections and placing an inverter (either a new one or by fanning out from a
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previously introduced one) on each connection which has negative (0) input phase. No inverter is

placed on the gate output regardless of the output phase.

Finally, divisor is re-expressedin termsof thisnewly introducedgate,leadingto areduction

in its size.Theprocesscontinuesuntil is reducedto a singleliteral. This literal is thenreturned

by theIntroduceGates routine, and is later used as a substitute for in .

3.2.5 Substitute

At eachiterationof thealgorithm,the routineSubstitutere-expressesfunctions of the

unimplementednodesfrom in termsof thenewly introducednodes.Thesubstitutionsappliedto

thefunctionsarebasedon thedivision operation.If is theresultdividing by thensub-

stitutionre-expresses as , where is anew literal; the factoredformsdefinethe

feasiblesubstitutions.In additionto the distributive, annihilation,andidempotency laws that are

usedin thedivision operation,Substitutealsoappliescubereductionimplementedusingthesharp

product definedas [23]. Applicationof this operationis performedif it facilitatesdivi-

sion with respectto a given divisor. The examplein SectionIV illustrateshow the useof cube

reduction can lead to a better design.

Substitute re-expresses in two steps: (1) substituting literal ( ) for the ( )

function; and (2) substituting variables of the newly introduced nodes to stand in for their gate

functions, modulo the input phase assignments determined in IntroduceGates. These steps are

applied to each of the functions individually. The routine performs substitution selec-

tively to minimize topological wire length according to (3.1). Thus, quotients containing fewer

cubesthanpossiblemaygetselected:cubesof thequotientcontainingundesirableliteralsmayget

omitted. In the first step, Substitute uses the literal returned by the IntroduceGates routine, which

corresponds to the output node of a subcircuit implementing . The second step of the routine

implements substitutions of finer granularity. Substitution of gate functions in this step is per-

formed for each of the nodes in topological order.

Note that substitution using only the distributive law does not require step (1), since it is sub-

sumed by step (2). We should also point out that the “enhanced” division procedure used in M32

maynot yield a uniquequotient.This is illustratedin theexamplebelow, whereannihilationgives

rise to two distinct decompositions:

Example3.4 Suppose , andlet bea divisor of

. Wecanthenhavetwo differentquotients and . Thuseither
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substitution  or  is feasible. ■

3.2.6 Synthesis example

We illustratetheoperationof M32 by tracingthesynthesisstepsfor a full adder. M32 first reads

the functional specification

(3.3)

(3.4)

of thecircuit to besynthesizedin thetwo-level pla format[123]. Thus, is theset

of unimplementednodesto besynthesized.Thealgorithmthenselectsfunction sinceit hasmore

literals than . The subexpression selectedfrom by the routine is

. GenerateDivisorselectsthis divisor sinceit hasthe leastcost,with theassumptionthat

signal arriveslaterthansignals and . This expressionis thenimplementedusingIntroduce-

Gatesby instantiatingNAND2 gates , and throughthe following sequenceof transfor-

mations of :

where the number above each arrow indicates the matching meta rule used from Figure3.5.

TheSubstitutefunctionthenreplaces by (complementsubstitutionis alsotried) in

both  and , yielding:
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z

y3 c⊕

ab ac bc+ +( )

a b⊕( )

SIS-1.2M32

Figure 3.6: Synthesis of the full adder in M32 and SIS-1.2
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(3.5)

(3.6)

Note that is not an algebraicdivisor of . Thereforesubstitutionbasedon

weakdivision alonewould not bring any changesto . TheSubstituteroutinemakessubstitu-

tion in possibleby throughcubereductionusingthe sharpproduct.Specifically, Substitute

determinesthat the division becomespossibleif cubes and arereducedto and

respectively. This is a valid transformationsincethe resultof and , which is in

bothcasescube , is coveredby thecube . It is now easyto seethat dividesexpres-

sion , representing the same carry-out function : .

Thenext stepin theSubstituteroutineis to seeif any of thelocal functionsof nodes , or

can be used to re-express either or . No further substitutions are possible in this case.

This completes the first iteration of the algorithm in Figure3.2.

On thenext iterationof theloop eithertheunimplementednodefor or canbeselected,

since both of their functions have the same number of literals. Figure 3.6 depicts the execution of

the algorithm with the assumption that is selected. is completely implemented in this

iteration of through the sequence of transformations:

Thefinal implementationof thecircuit has9 NAND2 gatesand4 inverters.By wayof comparison,

synthesizing the same circuit using SIS-1.2 (rugged  script) requires one more NAND2 gate.

3.3 Empirical Evaluation

To determinethepotentialof constructive synthesisapproachwe conductedanexperimentaleval-

uationof M32 on publicly availablebenchmarkcircuits. The primary goal of theseexperiments

wasto seeif themethodhassufficient merit, comparedwith conventionalsynthesisflows, to war-

rantfurtherexploration.In particular, weweremostinterestedin assessingtheimpactof thestruc-

tural metricsasa guide for “simultaneous”decompositionandmapping,while recognizingthat

the specific implementation choices we made for these computations may not be optimal.

3.3.1 Comparative performance analysis

We evaluatedtheperformanceof M32 by synthesizinga setof circuitsselectedfrom theMCNC

benchmarks[123] and comparingthe resultsagainst SIS-1.2[103]. The benchmarkswere first
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minimizedusingESPRESSO[16] prior to multilevel synthesisin M32 or SIS-1.2.We usedthe

delay script in SIS-1.2which is basedon theclusteringscript proposedin [114] andis targeted

towardstechnology-independentminimization of circuit delay. Both systemsusedthe minimal

gatelibrary , anddelayof theimplementationsobtainedby bothsys-

tems was estimatedusing the library delay model of SIS-1.2 and parametersfrom the

mcnc.genlib  library.

Table 3.1 compares the generated circuits in terms of the number of gates, levels of logic,

topologicalcomplexity andestimatedpre-layoutdelay. Theresultsin this tablesuggestthefollow-

ing observations:

• Eventhoughminimizationof gatecountis notaprimaryobjectivein theM32 system,

it generatesimplementationswith fewergatesin all but two cases.In somecasesthe

reduction in gate count is almost 50%.

• M32-generatedcircuits haveconsistentlyfewer logic levels, in severalcasesbeing

almost half as deep as SIS-generated circuits.

• The topologicalcomplexityof M32-generatedcircuits is consistentlylower thanthat

of SIS-generatedcircuits. The metric is similar to the fanout rangesuggestedby

Vaishnavand Pedram[118] for controlling routing complexity during technology-

independentlogic synthesis.The topological complexity, however, should not be

interpretedastheonly judgeof circuit quality. This becomesapparentfrom thepost-

layout results in Table3.2.

• The pre-layoutcircuit delaysof M32-generatedcircuits are consistentlylower than

those of SIS-generated circuits, the average improvement in delay being about 30%.

Therun timesof M32 werecomparableto thoseof SIS-1.2for all benchmarks,suggestingthatthe

use of more powerful decompositions and substitutions is computationally feasible.

To get a better indication of synthesis quality, the netlists produced from M32 and SIS-1.2

werelaid out usingtheEpochstandardcell placeandroutetools[43] from CascadeDesignAuto-

mation. The layouts were generated using cells in a CMOS process with two layers of

metal, and allowing over-cell routing. I/O pins were distributed around the perimeter of the stan-

dard cell block. Delays were computed using the Epoch static timing analyzer TACTIC. These

results, shown in Table 3.2, indicate a 23% average improvement in total area, routing length and

post-layout delay for M32-generated circuits. The layouts generated for a representative circuit,

thecordic  benchmark, are shown in Figure3.7.

L wi re INV NAND2, ,{ }=

0.5µm
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Table3.1: Pre-layout synthesis results

Cir cuit
Name

 SIS-1.2 M32 Norm.

 Inp. Outp. Cubes  Gates Levels Compl. Delay Gates Levels Compl. Delay Delay
z4ml  7  4 59  75  12 1.96  17.6  44  8 1.55  11.6 0.65
vda  17  39 793  1573  29 2.48  62.3  1115  16 1.56  34.3 0.55
inc  7  9 42  152  20 2.20  30.2  133  10 1.55  17.2 0.56

count  35  16 184  311  17 2.55  24.1  201  13 2.19  21.1 0.87
ldd  9  19 70  139  13 1.96  18.9  110  10 1.84  15.4 0.81
b9  41  21 141  176  12 1.69  17.8  177  10 1.60  14.8 0.83
ex4  128  28 620  690  20 1.73  28.0  665  15 1.43  19.3 0.68

cordic  23  2 1180  182  18 1.65  23.4  133  11 1.39  14.6 0.62
cps  24  109 654 2162  35 2.52  61.9  1625  17 1.93  41.3 0.66

duke2  22  29 120  743  20 2.17  35.0  534  13 1.68  24.8 0.70
vg2  25  6 110  239  16 1.88  21.6  152  11 1.36  15.5 0.71

apex2  39  3 438  564  33 2.92  44.6  484  18 1.83  25.4 0.56
sqrt8  8  4 88  79  14 1.84  18.3  76  12 1.72  17.6 0.96
bw  5  28 110  232  16 1.91  28.9  206  9 1.58  18.3 0.63
clip 9 5 167 240 26 2.55 31.3 309 14 1.75 17.5 0.55

Table3.2: Post-layout synthesis results

Cir cuit
Name

 SIS-1.2 M32 Impr ovement
M32 / SIS-1.2

Totalarea
(mil2)

Routing
length
(µm)

Delay
(ns)

 Total area
(mil2)

Routing
length
(µm)

Delay
(ns)

Total
area

Rout-
ing

length

Delay

z4ml 33.59 6592.0 2.66  21.55 4212.2  1.81 0.64 0.63 0.68
vda 1159.20 326400.4 7.45 715.642 189921.6  5.87 0.61 0.58 0.78
inc     77.58 17041.5 4.21  62.24 14039.6  2.52 0.80 0.82 0.59

count 137.7 28675.4 3.63  81.51  16941.6 3.62 0.59 0.59 0.99
ldd 60.73  12220.2 2.96  48.09 9123.3 2.18 0.80 0.74 0.73
b9 74.95  15136.6 2.88  76.93  15519.5 2.10 1.02 1.02 0.72
ex4 311.72 66272.5 4.16  294.92  60746.6 3.15 0.94 0.91 0.75

cordic 70.82  13996.6  3.55  54.59  10751.4 1.98 0.77 0.76 0.55
cps 1414.44 393693.7 8.19 1032.2 271116.8 5.74 0.72 0.68 0.70

duke2 414.28 106240.6 4.87 273.10  65001.5 3.80 0.65 0.61 0.78
vg2 100.47  20847.5 3.20  63.17  12526.6 2.15 0.63 0.60 0.67

apex2 283.02  68251.2 6.89  237.54  54155.8 4.67 0.90 0.79 0.67
sqrt8 34.44  7245.9 2.74  32.14  6640.8 2.41 0.94 0.91 0.87
bw  111.25  24798.6  3.71  99.46  22616.8 2.46 0.89 0.91 0.66
clip 116.79 25814.6 5.87 156.59 34502.7 3.71 1.34 1.33 0.63

Average Improvement: 0.81 0.78 0.71
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3.3.2 Effects of richer gate libraries

The most severe implementationchoice in M32 was the restrictionof the primitive library to

NAND2 gates.To insurethatthecomparativeedgeM32 hasoverSISis dueto its overallconstruc-

tive flow andnot to theseverehandicapimposedon SISby limiting it to a NAND2-only library,

we conductedonemoreexperiment.In this experiment,a richergatelibrary is usedin bothtools.

However, sincethe only library supportedby M32 is the simpleNAND2/INV library, we hadto

resortto a less-than-idealwork-aroundto generatecircuitsbasedonotherlibraries.UsingtheSIS-

1.2 map command,the NAND2/INV circuits producedby M32 weretechnology-mappedto the

mcnc.genlib library. Thesamemappingprocesswasalsoappliedto theNAND2/INV circuits

generatedby SIS-1.2.Theresultsof this experimentareshown in Table3.3.Thecolumnslabeled

“Area” and“Delay” record,respectively, theactive areasandcircuitsdelaysof eachimplementa-

tion as reported by the mapper.

An examinationof theseresultsindicatesthat,overall, thecircuitsproducedfrom M32 arestill

faster and smaller than those produced from SIS-1.2. However, the improvement is not as pro-

nounced as it was for the NAND2/INV library. This outcome is hardly surprising since the above

mapping process is decidedly antithetical to the constructive synthesis philosophy of M32 and

undoesmany of its gains.Specifically, mappingby treecoveringis ill-suited to ahighly optimized

DAG and we conjecture that exact DAG covering may have produced better results. It must be

noted, however, that DAG covering is notoriously difficult and no published algorithms that can

effectively handle large circuits have been demonstrated. This strengthens our belief that a more

Figure 3.7: Cordic  relative layout areas (shown to the same scale)

SIS-1.2 (script.delay) M32



46

natural approach for solving this problem is the extension of the M32 algorithm to handle richer

gate libraries directly. This effort is described in subsequent chapters.

3.3.3 Dynamic execution highlights

We illustrateM32’s operationusingtwo benchmarkcircuits,clip andcordic , to highlight the

dynamic nature of the constructive approach to synthesis.

One advantage of building a circuit implementation in this manner is that we are able to esti-

mate progress during the execution of the algorithm. Indeed, at any given point we may take as a

measure of progress the fraction of logic implemented so far to the original logic specification.

Specifically, let represent the remaining unimplemented logic at a certain point during synthe-

sis,and denotetheinitial functionalspecification.Thepercentof logic implementedby a par-

tial circuit can then be measured as , where denotes function size

in a given representation. Since M32 uses the SOP form to represent functions, a suitable size

measureis thetotalnumberof literalsin anSOPexpression.A visualindicationof progressis pro-

videdby a dynamicexecutioncurvethatshows thepercentageof implementedlogic asa function

of circuit size, in gates, at each synthesis iteration.

Table3.3: Results from mapping to a richer technology library

Cir cuit
SIS M32

NAND2/INV mcnc.genlib* NAND2/INV mcnc.genlib*

Name Area Delay Area Delay Area Delay Area Delay
z4ml 142 17.6 131 12.0 84 11.6 85 11.2
vda 2731 62.3 2188 21.6 1870 34.3 1558 20.1
inc 268 30.2 223 13.8 236 17.2 189 10.8

count 521 24.1 394 14.4 340 21.1 277 17.2
ldd 237 18.9 198 12.7 194 15.4 167 12.1
b9 280 17.8 224 12.6 297 14.8 261 10.8
ex4 1149 28.0 888 18.5 1078 19.3 843 15.6

cordic 301 23.4 244 17.2 216 14.6 163 11.1
cps 3641 61.9 2862 29.5 2753 41.3 2368 20.0

duke2 1263 35.0 1039 18.6 898 24.8 779 15.6
vg2 394 21.6 297 12.9 239 15.5 174 14.1

apex2 963 44.6 797 28.9 797 25.4 649 21.5
sqrt8 133 18.3 111 12.4 130 17.6 110 11.5
bw 395 28.9 333 14.3 349 18.3 328 11.3
clip 413 31.3 338 23.9 521 17.5 437 15.7

* Technology mapping was done using the SIS-1.2 commandmap -s -n 1 -AFG -p

F

F0

F0 F–( ) F0⁄( ) 100%⋅ | |⋅
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An exampleof thiscurvefor two differentM32 synthesisrunsfor theclip circuit is shown in

Figure 3.8. Two distinct covers were used as the initial starting points. In both cases, the depen-

dence of “synthesis progress” on circuit size seems to fit the exponential template

whosecoefficientscanbeviewedasindicatorsof synthesisquality for agivencover. Thebehavior

of thecurve is dominatedby , denotingtheaveragerateat which theamountof unimplemented

logic is reducedateachiteration.Thesecurvessuggestthatweshouldstrive to make aslargeas

possible, while keeping relatively small. In general the value of the coefficient has much

greaterimpacton final circuit sizethanthesizeof theinitial form usedto representa function.In

the Figure 3.8 experiments, these coefficients vary due to the distinct covers used in the synthesis

of theclip  circuit.

One rather odd outcome of this experiment is that the larger initial cover produced a smaller

implementation. This essentially defies the common practice of many multi-level synthesis algo-

rithmsof applyinga two-level minimizationstepbefore,or during(suchasdonein Booleandivi-

sion [119]), decomposition of a function. It would seem that the best synthesis algorithms would

belesssensitive to theinitial form representinga function,or wouldhaveabetterqualitymeasures

evaluating the form.

The ability of constructive synthesis to dynamically adjust the implementation topology is

illustrated in Figure 3.9 for the cor di c benchmark. The two variants shown in the figure were

forced to diverge after the 28th iteration of the synthesis loop (about 1/3 of the total). The gates

markedwith ● in bothvariantscorrespondto thecommonportionof theimplementedschematics.

The implementation in part (a) of the figure corresponds to the results shown in Table 3.1 and
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Table 3.2, and reflects the incorporation of topological complexity constraints. The implementa-

tion in part(b) wasgeneratedby relaxingtheseconstraintsafterthe28thiteration.This incremen-

tal synthesis capability can prove invaluable when the generated netlists marginally fail to meet

specifications and must be fine tuned in the neighborhood of a given solution

3.4 Constructive Synthesis Objectives

Within the constructive synthesisparadigmtherearemany choicesto be made.In particular, the

mannerin which decompositionis performedandthe contentof the library canhave a profound

impactonsolutionquality. In M32 weusedalgebraicdivisionandaNAND2 library; themaingoal

wasto understandtheimplicationsof this novel constructive synthesisflow (e.g.its ability to con-

trol implementationstructure)asopposedto fine tuning its individual steps.The exercisehelped

point out the limitationsof a division-baseddecompositionapproachsincebecauseof its reliance

on particularfunctionalforms(e.g.SOP)thatbearno relationto thesemanticnatureof the func-

tionsbeingsynthesized.UnrestrictedBooleantransformations,on theotherhand,areimpractical

except for small-scaleproblems.The simpleexamplebelow illustratesthe difficulty in applying

Boolean properties to sum-of-products expressions to obtain good decomposition forms.

Example3.5 Consider the decomposition of the following function

It is not difficult to checkthat is a gooddivisor for thefunction.Usingthis divisor the

function  can be decomposed into following equations:

Theseequationareespeciallyattractivewhencomplex modules,suchasfull adders,arepresentin

the implementationlibrary. Unfortunately, deriving themfrom the original equationsrequiresan

arsenalof Booleanproperties,whoseapplicationis non-obvious. Indeed,it is easyto checkthat

flatteningtheseequationsunderdistributivity, annihilation,andidempotenceyieldstheSOPform

, which is clearlydifferentfrom theoriginal – it is redundantin the two

cubes and . Removing thesetwo cubeswould recreatetheoriginal , but requiresthe

useof the additionalabsorptive propertyof Booleanalgebra.This examplealso illustratesthat

minimal SOP form may not be the best starting point for the decomposition of expressions. ■

f abcd abcd abcd abcd bcde abde acde bcde+ + + + + + +=

a b⊕ c⊕

f

f sum e+( ) cout d⊕( )⋅=
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To address the inherent computational complexity of decomposition in the unrestricted Bool-

ean domain we therefore suggest a Boolean decomposition strategy that ties together:

1. thesemantic attributes of the functions being synthesized

2. thestructural attributes of the implementation network

3. the functional content of the basic decomposition primitives

The centralideabehindthis integration is the premisethat functionalspecificationshave global

semanticattributesthat can be profitably usedto inducea favorablestructuralimplementation,

while reducingtherun time complexity of thesynthesisprocess.Theseattributescanhave a pro-

foundeffecton thesuitabilityof onedecompositiontypeoveranother. They canbefurtherutilized

to studyrequirementson thefunctionalityof library primitivesto makeaparticulardecomposition

typeeffective.Thus,by judiciouslycouplingthedecompositiontypewith a library usingsemantic

attributesof a function we are able to merge the traditionally separatelibrary-independentand

library-awaresynthesisstages(seeFigure3.10). Theeffect of suchintegrationis thereflectionof

global functional properties in the implemented circuit structure.

Establishing a direct relation between the functional structure of a logic specification and the

ultimate topological and physical structure of its physical realization is, therefore, our primary

objective in thefollowing chapters.In particular, weaddressthekey pointsneededto establishthis

relation in the following order:

• An understandingof the completedecompositionspaceavailable in constructive

synthesis.This implies that decompositionoperationsshould be defined to be

independent of the actual representation of a function.

• Gaining insights into the semantic properties of functions, particularly symmetry.

• Evaluationof thesemanticattributes(symmetry)of a functionandtheir implications

on the decomposition type and decomposition primitives.

Figure 3.10:Integration of decompositiontype and library via semanticproperties of a functional spec-
ification

Decomposition
type

Library

Semantic attributes
of a function
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• Leveraging available technology in scalable software implementations.

3.5 Summary

In this chapterwe introduceda new approachto synthesisbasedon a constructive paradigmthat

differs in a fundamentalway from the two-stagesynthesisstyle in commonusetoday. This para-

digm wasvalidatedby creatinga prototypesynthesistool thatwasusedto assessits potentialand

to suggestwaysto improve it. This investigationclearlyshowedtheinherentbenefitsof construc-

tive synthesis.It also highlightedthe disadvantagesof coupling decompositiontoo closely to a

specificrepresentationof thefunctionsbeingsynthesized.Theexperimentalsoledusto conjecture

thata muchcloserintegrationof thesemanticattributesof functions,circuit structure,andprimi-

tive libraries would make constructive synthesismore effective. This integration essentially

amountsto inferring appropriatedecompositiontypes and decompositionprimitives from the

semanticpropertiesof a functionandmotivatesthework describedin theremainderof thisdisser-

tation.
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Chapter 4

Decomposition Space in Constructive Synthesis

This chapterprovides a formal analysisof the decompositionchoicesthat arisein constructive

synthesis.They aredescribedsymbolically, andarenot tied to a specificrepresentationof a Bool-

eanfunction. Thus the available decompositionchoicesremaingeneralenoughto allow circuit

implementationswhich capturesemanticpropertiesof a givenfunction,ratherthanits representa-

tion form. Thesymbolicformulationof decompositionis thendiscussedin thecontext of practical

synthesis constraints targeting its computational efficiency.

4.1 Symbolic Formulation of Decomposition

In this sectionwe usea symbolicmodelfor functionaldecompositionthatallows us to poseand

answerseveralkey questionsrelatedto scalablesynthesis,includingtheexistenceof adecomposi-

tion, andthe existenceof universalprimitivesthat allow the decompositionof certainclassesof

functions.

4.1.1 Generic decomposition template

Givenann-variableBooleanfunction , andk n-variableBooleanfunctions ,

we say that hasan n-to-k decompositionwith respectto if andonly if there

exists ak-variable function  such that

(4.1)

A pictorial representationof this decompositiontemplateis shown in Figure 4.1; will be

referredto asthecompositionfunction, whereas will becalledthedecompositionfunc-

tions. Thesefunctionsintroduceintermediatevariables into the network that serve as

f x( ) g1 x( ) … gk x( ), ,

f g1 x( ) … gk x( ), ,

h

f x( ) h g1 x( ) … gk x( ), ,( )=

h

g1 … gk, ,

y1 … yk, ,
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the supportof the compositionfunction.The decompositionis support-reducingif . The k

decompositionfunctions can be viewed as a single multi-output decompositionfunction

, and the intermediatevariables can be representedby a k-vector

. Referringto FigureB.2 onpage144,themulti-outputfunction corresponds

to block A in the hierarchicalconnectionsschematic;function , on the other hand,corre-

sponds to blockB in the schematic.

The decomposition template in (4.1) is sufficiently general to encompass all types of func-

tional decomposition described in the literature, including simple and complex disjunctive and

non-disjunctivedecompositions[35]. As weshow later, support-reducingdecompositionsin terms

of fan-inboundeddecompositionfunctionsareparticularlyattractive from a practicalperspective.

Before such restrictions are imposed, though, we show in the remainder of this section the rela-

tions that must exist between the composition and decomposition functions for equation (4.1) to

hold.

4.1.2 Computation of composition function

To determineif the decompositionin (4.1) exists, we cansolve for in termsof and

. Thesolution,in general,is notuniqueandcanbeexpressedasafunctioninterval. Theinter-

val solutionfor correspondsto a partially specifiedfunction,whoseflexibility is modeledin

terms of the following function:

(4.2)

This is a characteristicfunction(discussedin Chapter2) which capturestheconsistentinput-out-

put assignmentsof the subcircuitcorrespondingto the decompositionfunctions.In recentyears

characteristicfunctionshavebeenusedto describetheflexibility thatarisesin designoptimization.

ViewedasBooleanrelations,BraytonandSomenzi[22] describedhow they canbeusedto com-

putetheflexibility in optimizinghierarchicaldesigns.Savoj usedtheoutputcharacteristicfunction

to studyflexibility in theoptimizationof Booleannetworksin thecontext of observability relations

[97].

k n<

g x( ) g1 x( ) … gk x( ), ,( )≡

y y1 … yk, ,( )≡ g x( )

h y( )

x f

Figure 4.1: Generic decomposition step

…

g1 x( )

g2 x( )

y1

y2

yk

n
h

gk x( )

h y( ) g x( )

f x( )

h y( )

c x y,( ) y1 g1 x( )≡( ) … yk gk x( )≡( )⋅ ⋅=
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Function represents the constraints introduced by the decomposition functions which

canviewedasacaresetwhenselecting . Indeed,for eachpoint from thissetthevalue

of must agree with the value of ; at all other points outside of the values of

can be chosen arbitrarily. This flexibility in selecting can be described by means of a

partially specified function which identifies all valid selections for . We perform the

derivationof in two steps:first, thefunction is definedwithin theextendeddomain

of function , and then its domain is reduced to obtain .

The first step readily leads to the following expansion for :

(4.3)

This solutionis obtainedby directapplicationof Theorem2.7andits validity is easilycheckedby

consideringtwo cases: and . Thedependenceof on the vari-

ablesin the interval of (4.3) makes the solution unconditionallyconsistent,implying that for a

given thereis alwaysanon-empty . However, thedependenceon in is

not consistentwith the decompositiontemplatein (4.1) – the templaterestrictsthe composition

function to bevacuousin the variables,while is not. To make vacuousin

the variableswe mustensurethat for any givenassignment , valuesof agreefor all

assignments . This requirementcanbe satisfiedby invoking Theorem2.6 andequation(2.12)

yielding the function interval:

(4.4)

Theexistentialanduniversalquantificationof x from thelowerandupperinterval boundscor-

responds to the removal of these variables from the support of possible composition functions h

makingthemfunctionsof just theintermediatevariablesy, therebyreflectingthestructureof Fig-

ure 4.1. If the interval (4.4) is non-empty, then there is a Boolean function which is vacuous in

, and which belongs to this interval. We say that decomposition exists when the interval is non-

empty; otherwise the decomposition does not exist. In the examples below we illustrate how the

choice of decomposition functions can affect the existence of a decomposition.

Example4.1 Let , , , and

. The input-output characteristic function of these decomposition functions is:

Using this function we compute the lower bound for the interval in (4.4) as

c x y,( )

h y( ) x̂ ŷ,( )

h ŷ( ) f x̂( ) c x y,( )

h y( ) h y( )

H y( ) h y( )

H y( ) H x y,( )

c x y,( ) H y( )

H x y,( )

H x y,( ) c x y,( ) f x( )⋅ c x y,( ) f x( )+,[ ]=

c x y,( ) 1= c x y,( ) 0= H x y,( ) x

c x y,( ) H x y,( ) x H x y,( )

h x H x y,( ) H x y,( )

x ŷ H x y,( )

x̂

H y( ) xH x y,( )∇ x c x y,( ) f x( )⋅( )∃ x∀ c x y,( ) f x( )+( ),[ ]= =

h

x

f x1 x2,( ) x1 x2⊕= g1 x1 x2,( ) x1= g2 x1 x2,( ) x1 x2+= g3 x1 x2,( )

x2=

c x y,( ) y1 x1≡( ) y2 x1 x2+≡( ) y3 x2≡( )⋅ ⋅=

x c x y,( ) f x( )⋅( )∃ c 0 0 y, ,( ) f 0 0,( ) c 0 1 y, ,( ) f 0 1,( )
c 1 0 y, ,( ) f 1 0,( ) c 1 1 y, ,( ) f 1 1,( )⋅+⋅+

⋅+⋅=
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and the upper bound as

Theseboundsdefinean interval of sixteendifferentcompositionfunctions which canbe used

for the decomposition of:

For instance, and aretwo functions

from this interval thatrepresenttwo possibledecompositionsof f ascanbereadilyverifiedby sub-

stitution in(4.1). ■

Example4.2 Let , , and

. The  interval in this case is:

which is empty1 sinceits upperboundis lessthanits lower bound.Thus,f cannotbedecomposed

in termsof the given decompositionfunctions.If, however, the first decompositionfunction is

replaced with , then (4.1) yields the following interval:

representing a unique composition function. ■

In general, it is always possible to find decomposition functions that make the interval in

(4.4)non-empty. For example,when thedecompositionfunctionscanbeselectedby assum-

ing thatat least of thesefunctionsaretrivial pass-throughwirescorrespondingto thesupportof

. Theremainingdecompositionfunctionscanbeselectedarbitrarilysincetheiroutputsignalscan

beassumedredundantin . Similarly, when theinterval canbemadenon-emptyby let-

ting oneof thedecompositionfunctionscorrespondto . Suchtrivial selectionsof decomposi-

tion functions have little practical value, though, and additional constraints on decomposition

functions must be imposed to make such decompositions useful in synthesis. These additional

constraints, and their impact on synthesis quality, are addressed later.

1. is notemptywhen . For adecompositionto exist, however,
the interval must be non-empty unconditionally.

y1y2y3 0 y1y2y3 1 y1y2y3 1 y1y2y3 0⋅+⋅+⋅+⋅=

x c x y,( ) f x( )+( )∀ y1 y2 y3 0+ + +( ) y1 y2 y3 1+ + +( )
y1 y2 y3 1+ + +( ) y1 y2 y3 0+ + +( )

⋅
⋅ ⋅

=

h

f

H y1 y2 y3, ,( ) y1y2y3 y1y2y3+ y1y2 y1y2 y2y3 y2y3+ + +,[ ]=

h1 y1 y2 y3, ,( ) y1y3 y1y2+= h2 y1 y2 y3, ,( ) y1y2 y2y3+=

f x1 x2 x3, ,( ) x1 x2 x3⊕ ⊕= g1 x1 x2 x3, ,( ) x1 x2+= g2 x1 x2 x3, ,( )

x3= H y1 y2,( )

H y1 y2,( ) y1 y2+ y1y2,[ ]=

y1 y2+ y1y2,[ ] y1 0=

g1 x1 x2 x3, ,( ) x1 x2⊕=

H y1 y2⊕ y1 y2⊕,[ ]=

k

k n≥

n

f

h y( ) k n<

f x( )
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4.1.3 Computation of decomposition functions

Equation(4.4) can be usedto computesetsof decompositionfunctionsthat will guaranteethe

existenceof a decompositionaccordingto thetemplatein (4.1).Computationof suchdecomposi-

tion functionsforms the startingpoint for the problemof library constructionwhich we discuss

laterin Section4.2.To solve for thedecompositionfunctions,we begin by notingthatanarbitrary

n-variableBooleanfunction canbe expressedin termsof binary coefficients that denotethe

function value at each point in its variable space. Thus, we can express  as:

(4.5)

where and is the minterm on whosebits form the decimalvalue ; for

example, and . Using to denote the

matrix of coefficientsrepresentingthek decompositionfunctions,thecareset can

be re-written as:

(4.6)

An assignmentto the coefficientsin theabove encodinginducesa binary relationbetweenthe

mintermspacesof the and variables.Thereis a total of suchassignments,eachof

which completely defines a multi-output function .

In our next step we make use of the following result, derived from the interval in (4.4):

interval definition

(2.4) identity

Substituting (4.6) in the last line of the above derivation, and universally quantifyingy, we obtain

(4.7)

which is a Booleanfunction that encodesall feasibledecompositionfunctionsg. The universal

quantificationof the variablesin (4.7) ensuresthat the computeddecompositionfunctions

remain valid for all combinations of their output values.

Example4.3 We applyformula(4.7) to compute3-to-2decompositionsolutionsfor thefunction

. The space of 3-to-2 decomposition functions is encoded as:

2
n

g j x( )

g j x( ) γi j mi x( )⋅
i 0=

2
n

1–

∑=

γi j 0 1,{ }∈ mi x( ) x i

m2 ab( ) ab= m9 cbda( ) cbda abcd= = Γ γi j[ ]
df

=

2
n

k× c x y,( )

C x y Γ, ,( ) y j γi j mi x( )⋅
i 0=

2
n

1–

∑≡
j 1=

k

∏=

Γ

x y 2k 2⋅ n

g : B
n

B
k→

x c x y,( ) f x( )⋅( )∃ x∀ c x y,( ) f x( )+( ),[ ]

x∃ c x y,( ) f x( )⋅( ) x∀ c x y,( ) f x( )+( )≤⇔

x∃ c x y,( ) f x( )⋅( ) x∀ c x y,( ) f x( )+( )+⇔ 1=

G Γ( ) y x∃ C x y Γ, ,( ) f x( )⋅( ) x∀ C x y Γ, ,( ) f x( )+( )+( )∀=

y

f x1 x2 x3, ,( ) = x1 x2 x3⊕ ⊕
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Togetherwith , this functionis now usedto constructformula(4.7).For thepartcorrespondingto

the lower bound in the formula we have:

Similarly, for the upper bound we have:

 can now be formed combining these two “terms” yielding:

Quantifying out  we finally have:

This is a functionof 1812on-setminterms,eachcorrespondingto a feasible3-to-2decomposition.

However, only 99 of thesedefinenon-trivial (i.e. with no decompositionfunction,or its comple-

ment,correspondingto ) decompositionsolutionsthat are invariantundercomplementationof

the decompositionfunctions.This numbercanbe further reducedby discardingsolutionswhose

C x y Γ, ,( ) y1 γ01x1x2x3 γ11x1x2x3 γ21x1x2x3 γ31x1x2x3
γ41x1x2x3 γ51x1x2x3 γ61x1x2x3 γ71x1x2x3

+ + + +
+ + +

(
)

≡(
) ⋅

=

y2 γ02x1x2x3 γ12x1x2x3 γ22x1x2x3 γ32+ x1x2x3+
γ42x1x2x3 γ52x1x2x3 γ62x1x2x3 γ72x1x2x3+ + +

+ +(
)

≡(
)

f

x∃ C x y Γ, ,( ) f x( )⋅( ) y1 γ01≡( ) y2 γ02≡( ) 0⋅ y1 γ11≡( ) y2 γ12≡( ) 1 +⋅⋅+⋅=

y1 γ21≡( ) y2 γ22≡( ) 1⋅ y1 γ31≡( ) y2 γ32≡( ) 0⋅
y1 γ41≡( ) y2 γ42≡( ) 1⋅ y1 γ51≡( ) y2 γ52≡( ) 0⋅
y1 γ61≡( ) y2 γ62≡( ) 0⋅ y1 γ71≡( ) y2 γ72≡( ) 1⋅ ⋅+⋅

+⋅+⋅
+⋅+⋅

x∀ C x y Γ, ,( ) f x( )+( ) y1 γ01⊕( ) y2 γ02⊕( ) 0+ +( ) y1 γ11⊕( ) y2 γ12⊕( ) 1+ +( )⋅ ⋅=

y1 γ21⊕( ) y2 γ22⊕( ) 1+ +( ) y1 γ31⊕( ) y2 γ32⊕( ) 0+ +( )
y1 γ41⊕( ) y2 γ42⊕( ) 1+ +( ) y1 γ52⊕( ) y2 γ52⊕( ) 0+ +( )
y1 γ61⊕( ) y2 γ62⊕( ) 0+ +( ) y1 γ71⊕( ) y2 γ72⊕( ) 1+ +( )

⋅ ⋅
⋅ ⋅
⋅

G Γ( )

G Γ( ) y[ y1 γ11⊕( ) y2 γ12⊕( )+( ) y1 γ21⊕( ) y2 γ22⊕( )+( )
y1 γ41⊕( ) y2 γ42⊕( )+( ) y1 γ71⊕( ) y2 γ72⊕( )+( )

⋅ ⋅
⋅

∀=

y1 γ01⊕( ) y2 γ02⊕( )+( )+ y1 γ31⊕( ) y2 γ32⊕( )+( )
y1 γ52⊕( ) y2 γ52⊕( )+( ) y1 γ61⊕( ) y2 γ62⊕( )+( ) ]

⋅ ⋅
⋅

y

G Γ( ) γ11 γ12+( ) γ21 γ22+( ) γ41 γ42+( ) γ71 γ72+( )⋅ ⋅ ⋅
γ01 γ02+( ) γ31 γ32+( ) γ52 γ52+( ) γ61 γ62+( )⋅ ⋅ ⋅

+(
)

=

γ11 γ12+( ) γ21 γ22+( ) γ41 γ42+( ) γ71 γ72+( )⋅ ⋅ ⋅
γ01 γ02+( ) γ31 γ32+( ) γ52 γ52+( ) γ61 γ62+( )⋅ ⋅ ⋅

+(
)

⋅

γ11 γ12+( ) γ21 γ22+( ) γ41 γ42+( ) γ71 γ72+( )⋅ ⋅ ⋅
γ01 γ02+( ) γ31 γ32+( ) γ52 γ52+( ) γ61 γ62+( )⋅ ⋅ ⋅

+(
)

⋅

γ11 γ12+( ) γ21 γ22+( ) γ41 γ42+( ) γ71 γ72+( )⋅ ⋅ ⋅
γ01 γ02+( ) γ31 γ32+( ) γ52 γ52+( ) γ61 γ62+( )⋅ ⋅ ⋅

+(
)

⋅

f
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decomposition functions have redundant signals. Some of the more interesting solutions are:

Example4.4 Similarly to the previous example, application of (4.7) to

also yields 99 3-to-2 non-trivial decompositionsolutions invariant under output

complementation. We list some of them below:

Equation(4.7)encompassesall thedecompositionsolutionsfor a givenfunction f. To find the

decompositionsolutionsfor anarbitraryn-variablefunction f, we introducea vectorof encod-

ing coefficients  to express the universe ofn-variable functions as:

(4.8)

Notethatacompleteassignmentto representsaparticularcompletelyspecifiedfunction ; par-

tial assignmentsto denotefamilies of functions.Re-writing (4.7) in termsof we

obtain:

(4.9)

which is a Booleanfunction that encodesall feasibledecompositionfunctionsg for any given

function f.

Example4.5 We can useequation(4.9) to compute3-to-2 decompositionsfor all 3-variable

functions. The universe of these functions can be encoded as:

Usingthis encodingin (4.9)we canidentify all 3-to-2decompositionsfor everyassignmentto the

coefficients.Indeed,computationof showsthat therearenon-trivial decompositions

for everyfunctionin inducedby theassignmentsto coefficients.In particular,assign-

ments and to the coefficientsinducethe

decompositionsolutions computed for and in Example4.3 and

Example4.4, respectively. Notethatassignmentsto the coefficientsfor thetwo functionshave

Solution A: Solution B: Solution C:

■

Solution A: Solution B: Solution C:

■

g1 x1 x2⊕= g1 x1x2 x1x3+= g1 x1x2=

g2 x3= g2 x1x3 x1x2+= g2 x1x3 x2x3 x1x2x3+ +=

f x1 x2 x3, ,( ) =

x1x2 x1x
3

+

g1 x1 x2+= g1 x1x2= g1 x1x2=

g2 x1x
3

= g2 x1x3 x2x3+= g2 x1x3=

2
n

Φ ϕ i[ ]
df

=

F x Φ,( ) ϕ i mi x( )⋅
i 0=

2
n

1–

∑=

Φ f

Φ F x Φ,( )

G Φ Γ,( ) y x∃ C x y Γ, ,( ) F x Φ,( )⋅( ) x∀ C x y Γ, ,( ) F x Φ,( )+( )+( )∀=

F x Φ,( ) ϕ0 x1x2x3 ϕ1 x1x2x3 ϕ2 x1x2x3 ϕ3 x1x2x3
ϕ4 x1x2x3 ϕ5 x1x2x3 ϕ6 x1x2x3 ϕ7 x1x2x3⋅+⋅+⋅+⋅+

⋅+⋅+⋅+⋅=

Φ G Φ Γ,( )

F x Φ,( ) Φ

01101001[ ] 00110101[ ] Φ ϕ0ϕ1ϕ2ϕ3ϕ4ϕ5ϕ6ϕ7[ ]=

x1 x2 x3⊕ ⊕ x1x2 x1x
3

+

Φ
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the samenumberof s and s, implying a structuralequivalencebetweentheir two functions

which, in turn,explainswhy they have anequalnumberof decompositionsolutions(ninetynine).

■

4.2 Enforcing Practical Decomposition Constraints

Althoughthedecompositiontemplatein (4.1) is verygeneral,its computationalcomplexity makes

its usedifficult for scalablesynthesis.In this sectionwe addressthe complexity problemsby

imposingpracticalfan-inconstraintson thedecompositionandcompositionfunctions.Thesecon-

straintsare reflectedin a modified decompositiontemplatethat is usedto define appropriate

decomposition patterns deduced from the semantic structure of a function.

4.2.1 Effect of fan-in constraints

Equation(4.7) requires,in theworstcase,theconstructionof a Booleancharacteristicfunctionof

encodingcoefficients.Our first decompositionconstraint,therefore,aimsat reducingthe

exponentialin andis satisfiedby requiringthesupportof the functionsto beboundedby

, where is themaximumallowablefan-inof theunderlyingimplementationtechnology;in cur-

rent CMOS processes, is typically four. Sucha requirementeliminates encoding

coefficientsfrom (4.6), therebyexponentiallyreducingits computationalburden.This reduction,

however, introducesanadditionalalgorithmiccomponentwhosegoal is to identify a suitablesub-

setof -out of- variablesfrom the input vector that canact as the supportof the functions

.

Although for a fan-in of at least 2 it is always possible to find decomposition functions (e.g.

trivial wire functions)which make interval (4.7)non-empty, given decompositionfunctions,the

numberof decompositionsolutionsvariesgreatlydependingon thechosenfan-inconstraint . In

the worst case, given some , such that , the decomposition may become infeasible if is

chosen to be too small. The effect of varying the fan-in parameter is illustrated in the example

below.

Example4.6 Supposethatwe would like to decomposethefunctionof thesecondsumbit in an

-bit adderinto two decompositionfunctions.The five-input sum-bit function is given in the

following factored form:

0 1

2
n

k⋅

n g x( )

s s

s k 2
n

2
s

–( )⋅

s n x

g x( )

k

s

k k n< s

s

n

s1 a1 b1 a0b0 c0 a0 b0⊕( )+( )⊕ ⊕=
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Let encodethespaceof decompositionfunctionsfor (asin Example4.3).We

canthencomputethesetof all decompositionsolutionsfor using(4.7).Indeed,function ,

computedin (4.7),contains non-trivial pairsof decompositionfunctionsassuming

invarianceundercomplementationof their outputs.Restrictingthe fan-in of the decomposition

functionsto four, thenumberof possiblesolutionsreducesto just 795.Furtherrestrictionto a fan-

in of three yields only these four solutions:

In general, the number of decomposition functions required to make (4.7) non-empty

increases significantly as the fan-in constraint becomes stricter. Indeed, the existence of a decom-

position according to (4.7) is a function of and  according to the following table:

Existenceof decompositionin the first three casesis easily demonstratedby choosingtrivial

decompositions.The fourth casein the tablesuggeststhat restrictingthevaluesof and to be

smaller than the support of the function may preclude its decomposition.

To reflecta fan-inboundof on thedecompositionfunctions,we modify thegenericdecom-

position template in (4.1) to become:

(4.11)

wherethe ’s arecomposedfrom -subsetsof . Whenthedecompositionvariables for each

aregivenwe canusethecomputationalform in (4.7) to find all feasiblesetsof decomposi-

tion functions.Solving(4.7)for large , however, is still computationallyexpensiveevenfor small

fan-inbounds.In thenext sectionwe show how thenumberof coefficientscanbereducedfur-

ther by modifying the decomposition template.

Solution A: Solution B:

Solution C: Solution D:

■

existence of
decomposition

exists

exists (4.10)

exists

may exist

C x y Γ, ,( ) k 2=

s1 G Γ( )

1,116,591,939

g1 a1 b1⊕= g1 b0 a1 b1⊕ ⊕=

g2 c0a0 c0b0 a0b0+ += g2 c0a0b0 c0a0b0+=

g1 a0 a1 b1⊕ ⊕= g1 c0 a1 b1⊕ ⊕=

g2 c0a0b0 c0a0b0+= g2 c0a0b
0

c0a0b0+=

k

s k

s k

n≥ n≥

n≥ n<

n< n≥

n< n<

s k

f

s

f x( ) h g1 x1( ) … gk xk( ), ,( )=

xi s x xi

gi k

k

Γ
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4.2.2 Modified decomposition template

The templatein (4.11) imposesa fan-in boundof on the decompositionfunctions,but allows

themto have differentsupports.If, instead,we requireall decompositionfunctionsto have the

samesupportwe obtaina new decompositiontemplateasshown in Fig. 4.2.This templateparti-

tions the input variables into two sets,  and , with  (see Fig. 4.2-a):

(4.12)

Thefunctions , or collectively , canbeassumedto be library primitives,

possiblypass-throughwires.Within this template,thegeneralityof thedecompositionin (4.11)is

still preservedif we changethealgorithmicflow in which theequationis solved:insteadof simul-

taneouslyfindingall decompositionfunctionsfor which (4.11)holds,using(4.12)we find them

iteratively over subsetsof whosesize is boundedby .1 A particularsolutionfor eachof the

subsetspresentsuswith a collectionof decompositionfunctions,which canbeviewedasa multi-

outputmodule.An encodingof acompletesetof suchsolutionsusesatmost coefficients.

While the structure in Fig. 4.2-a appears to correspond to disjoint decomposition [92], allow-

ing pass-through wires as decomposition functions effectively accommodates, through the itera-

tive application of (4.12), non-disjoint decompositions as well. This is illustrated in Figure 4.2-b,

wheresignal is usednotonly in thenon-trivial functionsof butalsoasthetrivial identity

function . Thiswire can,therefore,bereusedin subsequentdecompositionsteps.The

effect of such reuse preserves the full generality of the decomposition template (4.11).

Example4.7 Consider the following initial decomposition of :

1. Of course,in thisnew flow, theoutputsignals of newly-introduceddecomposition
functionsbecomeimmediatelyavailablefor subsequentdecompositions;they becomepartof the
vector.
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This decomposition conforms to template (4.12) with  and

Note that the use of identity decomposition functions, yields a composition function

whosesupportoverlapswith theoriginaldecompositionvariables .

Thus,in thenext decompositioniteration,function canbedecomposedusinganew

set of decompositionvariables that overlap the original set yielding an overall

structure which is non-disjoint. Specifically,  with

Thecircuit schematicresultingfrom thesetwo decompositionstepsis depictedin Figure4.3 and

clearly reflects a non-disjoint decomposition in inputs and  of the original function. ■

Using the new decomposition template (4.12), determination of all feasible decomposition

functionscanbecarriedoutsimilarly to theprocedurethatled to (4.7).In particular, thedirectfan-

ins of thecompositionfunction arenow representedby thevector which playstherole

of in theoriginal template.We can,therefore,readilyexpressthesetof all feasibledecomposi-

tion functions by inspection as:

(4.13)

Notethatthecaresetin theabove equationis written asa functionof just thedecompositionvari-

ables andthe outputsof the decompositionfunctions . This is justified by the fact that the

f a b c d, , ,( ) h1 ab ac b c d, , ,+( )=

xg a b c, ,{ }=

g1 a b c, ,( ) ab ac
g2 a b c, ,( )

+
b

g3 a b c, ,( ) c

=
=
=

h1 y1 b c d, , ,( ) xg a b c, ,{ }=

h1 y1 b c d, , ,( )

xg b c d, ,{ }=

h1 y1 b c d, , ,( ) h2 y1 b, d⊕ cd,( )=

g1 b c d, ,( ) b d⊕
g2 b c d, ,( ) cd

=
=

Figure 4.3: Circuit resulting from two successivedecompositionsteps;it hastwo topological levelsof
logic
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caresetcorrespondingto the wiresis really a trivial constraint( ) that is handledby a

simple re-labeling (i.e. using  as an alias for ).

The computational effort in (4.13) can be further reduced by noting that the partition of the

input variables into two sets allows to be written as an orthonormal expansion with respect

to the decomposition variables:

(4.14)

In this expansion,themintermson serve astheorthonormalbasis,andexpansioncoefficients

arecofactorswith respectto whicharefunctionsof just , i.e. they arevacuousin

(cf. Lemma2.1). In general,the cofactorscanbearbitrarily complex functionsof the

variables.However, their significancein the decompositionlies in their relation to eachother

ratherthantheir individualdependenceon . Thedependenceon can,therefore,beabstracted

away allowing us to replacethe cofactorsby a setof coefficients suchthat the same

coefficient is associatedwith identicalcofactors.Thus,for any valueof n, we encodea particular

n-variable function using at most  encoding coefficients allowing us to re-write (4.14) as:

(4.15)

where is a vectorof independentencodingcoefficients( ), and denotesa

maximalsetof mintermson with identicalcofactors.In otherwords,theon-setsof the

functionsareequivalenceclassesinducedby theequalityrelationof cofactors.It is interestingto

notethat the -variablefunction in (4.15)representsan infinite classof functions

sinceeachcoefficient correspondsto a cofactorwhich is a functionof potentiallyan

arbitrarily large number of variables . We will refer to  as apattern function.

Substituting for in (4.13) we finally obtain the following efficient computa-

tional form for all feasible decompositions of :

(4.16)

Note that in additionto replacing by , we mustalsoreplacetheabstractionof the

variablesin (4.13)with the abstractionof the coefficients.Note alsothat equations(4.13)

and(4.16)computeidenticalsetsof feasibledecompositionsolutions;thecomputationin (4.16),

however, is muchmoreefficient as it involves the abstractiona setof coefficientswhosesize is
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boundedby , asopposedto (4.13) which involves the abstractionof variablesfor arbi-

trarily large .

Example4.8 The orthonormal expansion of the function

with respect to  is easily shown to be

Thus, we can represent by the pattern function

where  and  are independent encoding coefficients.

To find all feasible 3-to-2 decompositions of this function, we first encode the two 3-input

decomposition functions and with sixteen coefficients and ,

respectively. The corresponding care set can now be expressed as

which, togetherwith the patternfunction derived earlier, arenow substitutedin (4.16) to give us

the complete expression for . Computation of the lower bound term of (4.16) has the form:

The upper bound term is computed analogously yielding:

Substitutionof thesetwo termsanduniversalabstractionof thefour coefficientsandtwo vari-

ablesfinally yieldsthedesiredsixteen-coefficient function thatencodesall feasibledecom-

positionfunctions.TheBDD for this function is shown in Figure4.4.The functionhasa total of

2
s

n s–

n
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24 on-setminterms,eachcorrespondingto a pair of possibledecompositionfunctions.Assuming

order-invarianceof thedecompositionfunctions,andinvarianceof their complements,thenumber

of solutions reduces to just three:

These three solution are highlighted on the BDD of Figure 4.4. ■

4.2.3 Effect of support constraints

The introduction of a fan-in constraintfor the decompositionfunctions enabledus to define

decompositionaccordingto (4.12), a computationallyefficient, yet very general,template.The

generalityof this template,however, also leadsto a greatvariety of decompositionpatternsthat

becomeavailableduring thesynthesisprocess.In additionto the fan-inbound we canclassify

thesedecompositionpatternsaccordingto thenumberof decompositionfunctions usedduringa

decompositionstep.Thedecompositiontemplate(4.12)establishesastrongrelationbetweenthese

two parametersin thesensethat their relative valuesdeterminethedegreeof flexibility available

for selectingthecompositionfunction . Indeed,letting besmallerthan may imply thenon-

existenceof , andthereforethenon-existenceof adecomposition.On theotherhand,letting to

beequalto or largerthan maypresentuswith avastnumberof choicesfor , makingit difficult

Solution A: Solution B: Solution C:

G

γ01
γ11
γ21
γ31
γ41
γ51
γ61
γ71
γ02
γ12
γ22
γ32
γ42
γ52γ62
γ72

Figure 4.4: BDD for G(Γ) which encodes all 3-to-2 decomposition functions for
of Example4.8.(Inversion bubblesongraph edgesdenote

complementation of the functions associated with their rooted subgraphs.)
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to find a good compositionfunction which improves synthesisquality. The former choice,i.e.

, leadsto a support-reducingdecomposition,whereasthe latterchoice,i.e. , yieldssup-

port-maintaining or increasing decompositions.

Support-reducing decomposition defines a class of circuit structures whose width, for each

output,decreasesmonotonicallyasthecircuit is traversedforwardfrom theprimaryinputs.Froma

synthesis perspective, this is particularly attractive since each decomposition step guarantees a

reductionin thecomplexity of theremainingunimplementedlogic asmeasuredby thecardinality

of its input signals.As mentionedearlier, however, supportreductionusingfan-in limited decom-

positionfunctionsplacesa restrictionon theclassof functionsthatcanbedecomposedaccording

to (4.12). Specifically, the existence of an -to- decomposition requires that the number of dis-

tinct cofactors induced by the minterm space of the decomposition variables be . Such a

requirement is easily justified by an information theoretic argument: binary-valued output lines

candistinguishat most equivalenceclassesof input patterns.This countingargumenthasbeen

used extensively in the classical theory for disjoint decomposition, rand underlies the notion of

column multiplicity in partition tables [35]. The existence of a support-reducing decomposition,

thus,requiresthatthenumberof distinctcofactorsof thefunction in (4.12)beatmost .

Example4.9 We use the function from

Example4.8 to illustrate how the existenceof decompositiondependson the choice of

decompositionvariables.The threedecompositionvariablesin the earlier exampleinducefour

distinctcofactors , , , and , confirmingtheexistenceof a3-to-2reduction.Ontheother

hand,selecting asthedecompositionvariablesyields5 distinctcofactors( , , , , and

) implying the non-existence of a 3-to-2 decomposition in those variables. ■

The number of distinct cofactors induced by decomposition variables is bounded by

. This bound is easy to establish by noting that:

• the orthonormalexpansionin (4.14)has terms,eachpossiblycorrespondingto a

distinct cofactor function; and

• theuniverseof the -variablecofactorfunctionsin (4.14)has functions.

As  approaches  this number eventually becomes smaller than.

Figure4.5illustratestherelationshipbetweenthenumberof distinctcofactorsandthenumber

of decompositionvariables.Theshadedareasin thefigurerepresentthenumberof possiblecofac-

tors that a function can have in variables. For small , this number is bounded by ; for large
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, it is boundedby . Thenumberof distinctcofactorsin thecross-hatchedanddark-shaded

regionsis, respectively, greaterthanandlessthanor equalto . Thus,if thenumberof distinct

cofactors for a given function falls in the cross-hatched region, support-reducing decomposition

wouldnotbepossible.If, on theotherhand,thatnumberfalls in thedark-shadedregion, thensup-

port reduction is guaranteed.

In the synthesis scenario suggested by (4.12), we assume that we are given a relatively small

fan-in bound (say 3 or 4) that reflects a technological requirement (e.g. maximum number of

transistors that can be stacked). If the number of distinct cofactors for our function at this fan-in

bound is less that (point A in the figure), then it is possible to perform a support-reducing

decomposition step. If the function has more distinct cofactors at that bound (point B), then sup-

port reduction cannot be accomplished. It must be noted, however, that support reduction can

always be achieved if the fan-in bound is relaxed (e.g. by moving horizontally from point B to

point C).

To illustrate the above concepts with some concrete examples, consider the decomposition

possibilities for the 8th product bit of a 6-bit multiplier and the 6th sum bit of an -bit adder

shown in Figure4.6.In thisfigure,cofactorsarecomputedfor eachpossiblesubsetof decompo-

sition variables( ). Thenumberof distinctcofactorsarethendeterminedandtheir mini-

mum and maximum are plotted against . The support-reducing threshold line is also

plotted.

Figure 4.5: Bounds on the number of distinct cofactors as a function of the number of decomposition
variables for n = 8
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As the multiplier function plot in part (a) clearly shows, support reduction is not possible for

. Indeed, the support-reducing threshold line intersects the “minimum distinct cofactors”

curveatsome between7 and8. Thussupportreductioncanonly beachievedby usinggroupsof

8 or more decomposition variables. Note that this exceeds half the number of inputs. In general,

multiplier functions do not simultaneously admit a fan-in bounded and support-reducing decom-

position.

Theadderfunctionplot in part(b), on theotherhand,hasacompletelydifferentcharacter. The

gapbetweentheminimumandmaximumnumberof distinctcofactorsat eachvalueof is much

wider thanin thecaseof themultiplier function.In addition,support-reducingdecompositionsare

possible for any value of . These results hold regardless of the adder size.

An analysis of the MCNC benchmarks [123] shows that the majority of their functions admit

support-reducing decompositions for small values of , usually less than five. If the number of

decompositionvariablesrequiredto achievesupport-reductionis largerthanfive,thenthefunction

is likely non-symmetric and monotone in most of its variables. Existence of a support-reducing

decompositionin a typical functionfrom thissuiteof benchmarksis verysensitive to thechoiceof

decomposition variables, necessitating their careful selection during the decomposition process.

Finally, it is interestingto notethatthesupport-reductionrequirement,in thepresenceof afan-

in bound, establishes a direct link between the structure of a function (namely the number of its

distinct cofactors in a subset of it inputs) and the structure of an implementation of that function

Figure 4.6: Dependence of the distinct cofactor counts on the number of decomposition variables

b) the  output function of an adders5a) the  output function of a 6-bit multiplierp7
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(namelythestrict reductionin topologicalwidth). This ability to reflectfunctionalstructurein the

resultingimplementationtopologyis oneof thedistinctive featuresof our synthesisflow. As we’ll

see in Chapter 7, this feature is one of the major factors that lead to improved overall synthesis

quality.

4.3 Computational Considerations

Thecorecomputationof decompositionsolutionsin (4.16)involvestwo nearlyidenticalterms.In

this sectionwe exploresomeoptimizationsthatyield furthercomputationalsavingsin theprocess

of solving for feasible decompositions.

4.3.1 Exploring common computational core

It is possibleto simplify the computationof (4.16)by observingthat the termscorrespondingto

thelowerandupperboundsin theformulacanbesimplified,andby notingthatthey alsohavevir-

tually identicalstructure.Thefirst stepof thesimplificationmultipliesout thetwo functionscorre-

spondingto the interval’s lower bound.Let vector denotethe th row of coefficients in the

matrix,andlet function identify theindex of acoefficient in correspondingto a

cofactor . We then have the following result:

Theorem4.1

The two summationsin the above formula are identicalwith the exceptionof complemented

coefficients,suggestingthat during the computationof onesummandcanbe constructed

from the other by a simple complementation of coefficients.

There is also another, more significant, observation that follows directly from the structure of

the computational form in Theorem 4.1, which allows further reduction of ’s computational

effort. It followsfrom thefactthatthedifferencein thecomputationof the for any two -to-

probleminstancesis attributedonly to thefunction . Thus,it hasacomputationalcorecom-

mon to all problem instances. This observation suggests that we can compute a generic form

where (for example) , and then obtain a that is specific to a given

problem instance by appropriately remapping the coefficients. The abstraction of the coeffi-
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cients can then be applied to obtain an encoding of all feasible decomposition functions for the

probleminstance.Theexamplebelow illustratesthesignificanceof the functionin .

Example4.10 We can view as an intermediateresult when computing using

(4.16). For the function of Example4.8 we may write  as:

where is a functionreturningthevalueof the th bit of aninteger , and is a function

remappinginteger into someotherintegervalue.Onemayeasilyobserve thattheonly variantin

the above is function . Intuitively, tells us what equivalenceclasses(i.e. fac-

tors) minterm  belongs to. In our example the following set of tuples defines this function:

Note that the function is consistentwith the pattern function in

Example4.8; e.g., minterms 2 and 3 are associated with coefficient . ■

4.3.2 Dealing with large sets of decomposition variables

As we have seenin Section4.1.3thenumberof coefficientsneededto encodethedecomposi-

tion functionsgrows exponentiallyin the numberof decompositionvariables.We caneliminate

this exponential dependence by assuming that:

1. the number of decomposition functions is small, and

2. not all of the feasible decomposition solutions need to be computed

Thesetwo assumptionsallow us to obtain a constrainedform for the computationof function

 that uses fewer  coefficients.

To obtainthereductionin thenumberof coefficients,webegin by adoptingexpansion(4.6)

for the modified decomposition template (4.12); we re-write it as

(4.17)

Eachvector in theabove formuladenotesthe th row of coefficientsin the matrix;

operation≡ in (4.17) is performedbit-wise.Recallingthediscussionin Section4.1.3on page56,
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an assignmentto the coefficients in mapseachminterm into a point

from themintermspaceof y. Thenumberof coefficientsusedby thismappingis , where

is thenumberof variablesin . However, we mayobtaina substantialreductionin the coeffi-

cientsby replacingeachminterm function with a factor whoseon-setforms a

subsetof an equivalenceclass.This way, insteadof mappinga singlemintermto a point in the

spaceof , a subsetof mintermsgetsmapped.Themappingis reflectedin thefollowing generali-

zation of (4.17):

(4.18)

As such,the numberof coefficientsusedin (4.18) is reducedto . Thus,the new form of

 suggests an efficient computation of subsets of feasible decomposition functions.

Theefficientcomputationof using(4.18)is supportedby our two assumptions.Thefirst

assumption leads to a small . The second assumption, on the other hand, helps to keep small.

Indeed, by letting the on-set of each factor be an equivalence class we ensure that the

relationis satisfied.Whenever the -to- reductionis feasiblethecomputed encodes

a non-empty set of decomposition functions.

4.4 Summary

In this chapterwe have studiedthedecompositionchoicesavailablein constructive synthesis.We

began with the genericdecompositiontemplatewhich allows all implementationsof a function.

Thetemplatewasthenmodifiedto accommodatesimple,yet effective, support-reducingandfan-

in-boundedpracticalconstraints.The modifiedtemplatewaslinked to the semanticpropertiesof

Booleanfunctions.The analysisof the availabledecompositionchoiceswasperformedsymboli-

cally enablingus to analyzethemwithout beingencumberedby particularfunctionalrepresenta-

tions.
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Chapter 5

Semantic Structure of Boolean Functions

The subjectwe explore in this chapteris motivatedby our earlierargumentthat whenguidedby

knowledgeof thesemanticstructureof a function,synthesiscanyield more“natural” implementa-

tionsof thefunction.Weview thesymmetryof a functionasonewayto captureits semanticstruc-

ture. Our main objective is thereforeto obtain efficient computationalmethodsfor symmetry

identification.We proposea generalizationof classicalsymmetrythatallows for thesimultaneous

swapof groupsof variablesandwe show that it capturesmoreof a function’s invariantpermuta-

tionswith only amodestincreasein computationalrequirements.Weapplythenew symmetrydef-

inition to theanalysisof a largesetof benchmarkcircuitsandprovide extensive datashowing the

existence of substantial symmetries in those circuits.

5.1 Introduction and Prior Work

Symmetriesusuallyrefer to permutationsof anobject’s parametersthat leave it unchanged.They

provide insightsinto the structureof the object that canbe usedto facilitatecomputationson it.

They canalsoserveasaguidefor preservingthatstructurewhentheobjectis transformedin some

way. The objectwe studyhereis an n-variableBooleanfunction andthe symmetrieswe explore

arevariablepermutations,with possiblecomplementation,that leave thefunctionunchanged(see

Figure 5.1).

The study of symmetries in Boolean functions dates back to Shannon [105] who recognized

that symmetric functions have particularly efficient switch network implementations. Since then

severalattemptsweremadeto devisesynthesisproceduresfor symmetricfunctions[42, 67]. These
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efforts, however, failed to yield practical synthesis tools and are generally viewed as inapplicable

to thetypesor sizesof functionstypically encounteredin today’sdesignautomationenvironments.

In recentyears,theincreasinguseof BDDs for themanipulationof Booleanfunctionshassparked

renewedinterestin thestudyof functionsymmetries.In [64], for example,theauthorsshowedthat

thesizeof aBDD canbereducedby usingavariableorderthatplacessymmetricvariablescontig-

uously. This observation led to the development of sifting procedures for dynamic BDD variable

ordering based on function symmetries [89, 102]. Symmetries were also utilized to improve the

efficiency of functional equivalence checking for functions with unknown input correspondence

[32, 85], and in the context of Boolean matching [60, 77, 115].

Much of the existing literature on symmetry is based on function invariance under swaps of

variablepairsin thefunction’s support;we’ll referto this typeof symmetryasclassicalsymmetry

to distinguishit from themoregeneralsymmetrywedescribein thischapter. For completely-spec-

ified functions, classical symmetry can be represented as a partition on the set of variables: vari-

ablesthatbelongto agivenblockof thatpartitionareequivalent,i.e.symmetric,whereasvariables

that belong to different blocks are non-equivalent, i.e. non-symmetric. The blocks of such a parti-

tion arecommonlyreferredto asthefunction’ssymmetrygroups, andvariableswithin asymmetry

groupareequivalentin thesensethatthey canbepermutedarbitrarily without changingthevalue

of thefunction.Theadventof BDDs led to thedevelopmentof efficient symbolicmethodsfor the

identification of a function’s symmetry groups. The computational core in such algorithms is the

checkthatdeterminestheequivalenceof a pair of variables;largersymmetrygroupsarethenbuilt

incrementally using transitivity. Many of the recently-proposed techniques for symmetry identifi-

cationachieve their efficiency throughcarefulanalysisof thestructureof theBDD thatrepresents

the function [86, 89, 102]. In [117], the authors approach this problem by using the generalized

Reed-Muller transform to speed-up the computation of symmetries. A notable exception to the

commonly-useddefinitionof symmetrywasproposedin [85]. Ratherthaninvarianceunderswaps

of variables, symmetry is defined in terms of equivalence among arbitrary subspaces (i.e. cofac-

a
b
c
d
x

a
b
c
d
x

=

Figure 5.1: Illustration of function symmetry

abx cdx+ abx cdx+
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tors) of the function.

We define symmetry as an invariance under arbitrary variable permutation rather than invari-

anceunderswapsof variablepairs.Underthis broaderdefinition,partitionson thesetof variables

fail to capture all the invariant input permutations. We explore the relation between symmetry

groups and variable permutations in Section 5.2 and highlight the inherent limitations of variable

partitions as a means of representing arbitrary variable permutations. As an alternative to the

explicit, and computationally infeasible, listing of all invariant permutations, we propose an effi-

cient hierarchical extension to the notion of symmetry groups—a hierarchical partition—that

allows usto representa larger(but not necessarilythecomplete)setof invariantvariablepermuta-

tions. These hierarchical partitions represent higher-order symmetries that arise from simulta-

neously swapping groups of, rather than single, variables. In Section 5.3 we formally state the

conditions under which the classical first-order symmetries exist and provide computational pro-

ceduresfor theconstructionof thecorrespondingflat partition.In Section5.4we generalizethese

conditionsto definethehigher-ordersymmetryandshow how thecorrespondinghierarchicalpar-

tition canbecomputedefficiently. In Section5.5weexpandthenotionof invarianceto includethe

assignment of inversion phases to the function inputs. In Section 5.6 we report on the results of

applying hierarchical partitioning to a large set of benchmarks; we also provide detailed analyses

of a few benchmarks to show that additional symmetries, missed by hierarchical partitioning or

hidden through netlist flattening, can still be found. We conclude in Section 5.7 by recapping the

main contributions and suggesting several possible extensions.

5.2 Symmetry as Permutations

Considerthe six-variablefunction . It is relatively straightfor-

wardto show thatits classicalsymmetrygroupsare , , and . (Theexactproce-

durefor computingthesegroupsis describedin Section5.3.)To appreciatetheneedfor a broader

notionof symmetryit is usefulto view thesesymmetrygroupsasan implicit representationof the

variablepermutationsthatleave thefunctionunchanged.Specifically, a group consistingof

variablescorrespondsto permutations;the total numberof permutationsrepresentedby all

groupsis theproductof the numberof permutationsfor eachof the individual groups.Thus,the

three-grouppartitionon thevariablesof this functioncorrespondsto theeight ( ) per-

mutations:

(5.1)

f a b c d x y, , , , ,( ) abxy cdxy+=

a b,{ } c d,{ } x y,{ }

Gi ni

ni!

2! 2! 2!××

abcdxy〈 〉 abcdyx〈 〉 abdcxy〈 〉 abdcyx〈 〉 bacdxy〈 〉 bacdyx〈 〉 badcxy〈 〉 badcyx〈 〉, , , , , ,,{ }
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Direct substitutionof eachof thesepermutationsin the expressionfor the function confirmsthat

they do indeedleave it unchanged.We will refer to suchpermutationsasthe function’s invariant

permutations. In addition,we will encodethe“flat” partitionthat inducedthemby anorderedlist

of un-ordered groups:

(5.2)

Thisencodingemphasizesthefactthatthepermutationsin (5.1)aregeneratedfrom variableswaps

that are strictlywithin, and not across, groups.

Further examination of this function, however, reveals that it remains invariant under the fol-

lowing additional set of eight permutations

(5.3)

which arenot capturedby the flat partition in (5.2). Note that eachof thesepermutationscanbe

derived from a correspondingpermutationin (5.1) by swappingthe groups and .

Thus,a suitableencodingthat actsas an implicit representationfor all sixteenpermutationsin

(5.1) and (5.3) is the following hierarchical partition on the set of variables:

(5.4)

In both (5.2) and(5.4) we useanglebrackets to indicatea fixed order (singlepermutation)and

curly bracketsto indicateall possibleordersof theenclosedelements.A pictorial representationof

the flat and hierarchical partitions in (5.2) and (5.4) is shown in Figure 5.2.

This small example serves to illustrate several important points that motivate our desire for a

a b,{ } c d,{ } x y,{ }, ,〈 〉

- unordered

- ordered

Figure 5.2: Symmetry induced hierarchical partition of variables for function f a b c d x y, , , , ,( ) =
abxy cdxy+

a b,{ } c d,{ },{ } x y,{ },〈 〉

a b c d x y

f

a b c d x y

f

a b,{ } c d,{ }, x y,{ },〈 〉

cdabxy〈 〉 cdabyx〈 〉 dcabxy〈 〉 dcabyx〈 〉 cdbaxy〈 〉 cdbayx〈 〉 dcbaxy〈 〉 dcbayx〈 〉, , , , , ,,{ }

a b,{ } c d,{ }

a b,{ } c d,{ },{ } x y,{ },〈 〉



76

fresh exploration of functional symmetries:

• Function invarianceunderunrestrictedvariablepermutationsexpandsthe classical

notion of symmetryby identifying morestructure in functionsthancanbe inferred

from simple variable swaps.

• Functional structure may be specified by an explicit listing of all invariant

permutations.However,sucha listing maybeinfeasibledueto theexponentiallylarge

number of such permutations.Compact implicit representationsof this structure

include flat and hierarchical partitions on the variable set that act as “stylized

permutation generators.”The quality of an implicit representationof invariant

permutationscanbe measuredin termsof the numberof permutationsit generates:

representation is deemedsuperiorto representation if it correspondsto a larger

numberof invariantpermutations;in somesense, identifiesmoreof a function’s

structurethan . An idealrepresentationwould identify thecompletesetof invariant

permutations.

• In addition to compactness,an implicit representationshould be efficiently

computable. Compact representationswhose construction procedures require

exponential run times are as infeasible as explicit listings of invariant permutations.

Figure 5.3 depicts a Venn diagram that establishes the relation between the classical and new

definitionsof functionsymmetry. Theuniverseis takento betheentiresetof variablepermutations

and e is used to denote the identity permutation, i.e. the normal variable order. The permutations

inducedby flat andhierarchicalpartitionsof thevariablesarethusseento besubsetsof all invari-

ant permutations. In addition, the permutations induced by hierarchical partitioning are clearly

Ri Rj

Ri

Rj

all invariant permutations
all permutations

Figure 5.3: Limitation of symmetry groups to represent all invariant permutations of a function

e

invariant permutations
induced by flat partitions

invariant permutations induced
by hierarchical partitions
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seenasa supersetof thoseinducedby flat partitioning.Theshadedsubsetis meantto representan

alternative implicit representation of invariant permutations that is distinct from those based on

partitions on the variable set.

In theremainderof this chapterwe developtheconceptof hierarchicalpartitionson thesetof

variables as a means of characterizing functional structure which extends the classical notion of

symmetry. It is important,however, to keepin mind that,while provably superiorto flat partition-

ing, hierarchical partitioning may still be too limited in its ability to capture a sizeable subset of

invariantpermutations.It does,however, serveasacatalystfor exploringotherimplicit representa-

tions of a function’s invariant permutations, a point that we will allude to later when we analyze

some of the benchmark circuits.

5.3 Classical First-Order Symmetries

First-ordersymmetriescorrespondto function invarianceunderswapsof variablepairs.Specifi-

cally, if variablesa andb in the support of functionf satisfy the condition:

(5.5)

thenwe saythat f hasa first-ordersymmetrybetweenvariablesa andb. Thesetwo variablesare

alsosaidto form asymmetrygroup . It is well known, ascanbereadilyshown usingShan-

nonexpansion,thatcondition(5.5) is equivalentto the following equalityconstrainton the func-

tion’s cofactors:

; // initialize partition ;

while do  { // while not all variables in  are partitioned;

select ; ; // pick a representative variables;

// initialize new variable group ;

for do  { // extend  with variables symmetric to ;

if  and  are symmetricthen

;

}
; // remove  variables from ;

; //and update partition ;

}

P { }← P

X ∅≠ X

a X∈ X X\a←
Ga a{ }← Ga

b X∈∀ Ga a

a b

Ga Ga b{ }∪←

X X\Ga← Ga X

P P Ga{ }∪← P

Figure 5.4: Construction of first-order symmetry partition P for a function f with support X

f … a … b …, , , ,( ) f … b … a …, , , ,( )=

a b,{ }
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(5.6)

Equation(5.6)servesasacomputationalcheckfor first-ordersymmetrybetweenvariablesa andb

in functionf. It alsodefinesanequivalencerelationon thesetof variablesthatcanbeusedto parti-

tion thesetinto its equivalenceclasses,i.e.symmetrygroups,in quadratictime.A sketchof sucha

procedure,which is composedof two nestedloopsthat iterateon the variables,is shown in Fig.

5.4.TheprocedureusesX to denotethesetof variables,andP to representthedesiredpartitionon

X, i.e. thesetof symmetrygroupsformedfrom X. In theouterwhile loop a variablea from X is

chosenandusedto seeda new symmetrygroup . In the inner for loop, thesymmetryof this

variableto eachothervariableb in X is checked; if b is foundto besymmetricto a, it is addedto

. Before proceedingwith the next passof the outer loop, the variablescollectedin are

deleted fromX ( ) and  is added to . The procedure terminates whenX becomes empty.

Theextensionof theseclassicalresultsto higher-ordersymmetriesis facilitatedby adoptinga

matrix formulationof thesymmetrycheckin (5.6).As in Chapter4, let denotethe
th minterm function on the specified ordered set of variables. Cofactors of a function f with

respect to variablesa andb can now be expressed as the  matrix:

(5.7)

When clear from context, we will also adopt the following shorthand notation for this matrix:

(5.8)

where  is implicitly understood to stand for .

Comparisonof (5.7)or (5.8)with (5.6) immediatelysuggeststhat(5.6) is equivalentto requir-

ing the cofactor matrix  to be symmetric, i.e.:

(5.9)

wherethe superscriptT denotesmatrix transpose.This resultshouldnot be too surprisingsince

condition(5.6)expressesfunctioninvarianceundertheswapof two variables,which in thematrix

formulation corresponds to interchanging rows and columns.

f ab f
ab

=

Ga

Ga Ga

X\Ga Ga P

mi x1x2…xn( )

i

2 2×

F a〈 〉 b〈 〉,
f m0 a( ) m0 b( ), f m0 a( ) m1 b( ),

f m1 a( ) m0 b( ), f m1 a〈 〉 m1 b( ),

f
ab

f ab

f
ab

f ab

= =

F a〈 〉 b〈 〉,
f 0 0, f 0 1,

f 1 0, f 1 1,
=

f i j, f mi a( ) mj b( ),

F a〈 〉 b〈 〉,

F a〈 〉 b〈 〉,
T

F a〈 〉 b〈 〉,=
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5.4 Higher-Order Symmetries

Swapsof variablepairscanbeextendedin astraightforwardmannerto swapsof groupsof ordered

variables. For example, if variablesa, b, c, andd in the support of functionf satisfy the condition:

(5.10)

then we say that f hasa second-ordersymmetrybetweenorderedvariablegroups and

. This type of symmetry can be conveniently expressedby the symmetry group

. Theinvariancein (5.10)correspondsto thesimultaneousswapof a with c andb

with d andis readilyshown to beequivalentto thefollowing constrainton thefunction’scofactors:

(5.11)

where

(5.12)

Suchaninvariancehasaspecialpropertythatwhenappliedtwice it reproducestheidentity. In [55]

it is referred to as involutionsymmetry.

As an example, consider the six-variable function

 whose cofactor matrix on  and  is:

Sincethis matrix is symmetric,we canconcludethat the function is invariantunderthe simulta-

neousswapof a with c andb with d. This is easilyverifiedby direct substitutionin the function

expression. It is also instructive to examine the cofactor matrix on  and :

This matrix is clearlyasymmetric;thus,while thefunctionhasa second-ordersymmetrybetween

and , it doesnothaveafirst-ordersymmetrybetweena andb. A similarcheckshows

the function to lack first-order symmetry betweenc andd.

f … a … b … c … d …, , , , , , , ,( ) f … c … d … a … b …, , , , , , , ,( )=

a b,〈 〉

c d,〈 〉

a b,〈 〉 c d,〈 〉,{ }

F ab〈 〉 cd〈 〉,
T

F ab〈 〉 cd〈 〉,=

F ab〈 〉 cd〈 〉,

f m0 ab( ) m0 cd( ), f m0 ab( ) m1 cd( ), f m0 ab( ) m2 cd( ), f m0 ab( ) m3 cd( ),

f m1 ab( ) m0 cd( ), f m1 ab〈 〉 m1 cd( ), f m1 ab( ) m2 cd( ), f m1 ab( ) m3 cd( ),

f m2 ab( ) m0 cd( ), f m2 ab( ) m1 cd( ), f m2 ab( ) m2 cd( ), f m2 ab( ) m3 cd( ),

f m3 ab( ) m0 cd( ), f m3 ab( ) m1 cd( ), f m3 ab( ) m2 cd( ), f m3 ab( ) m3 cd( ),

=

f acx acx abcy acdy abcy+ + + +=

acdy+ a b,〈 〉 c d,〈 〉

F ab〈 〉 cd〈 〉,

x x y y

x x y y

y y x x

y y x x

=

a〈 〉 b〈 〉

F a〈 〉 b〈 〉,
cx cdy cdy+ +( ) cx cy+( )
cx cdy cdy+ +( ) cx cy+( )

=

a b,〈 〉 c d,〈 〉
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As another example, consider the function

which has the following cofactor matrix on  and :

Thus,g hasa second-ordersymmetrybetween and . Unlike the previous function,

however, g also has the first-order symmetries  and  since the cofactor matrices

 and

are both symmetric.This suggeststhat besides , threeadditionalsecond-order

symmetrygroupsexist, namely , , and . All four

groupscan, thus,be succinctlyrepresentedby the single second-ordersymmetrygroup on un-

ordered variables  which corresponds to eight invariant variable permutations.

Thesymmetrystructuresfor thesetwo functionsaresummarizedin Figure5.5.Thestructures

represent hierarchical partitions on the set of variables and can be generalized to higher orders

using the following construction:

1. (Basis) Any variable in thefunction’ssupportis symmetricto itself andformsthe

symmetry structure .

2. (Recursion)

a. If are symmetrystructuresthat are pairwise symmetric,then

 is a symmetry structure.

b. If are ordered lists of symmetry

structuresthatarepairwisesymmetric,then is

a symmetry structure.

3. (Termination) If is a collection of symmetry structuresthen

 is a symmetry structure.

g x ab c d+( ) cd a b+( )+( ) x ab( ) cd( ) y abcd abcd+( )+ +=

a b,〈 〉 c d,〈 〉

G ab〈 〉 cd〈 〉,

x x x y

x x x x

x x x x

y x x x

=

a b,〈 〉 c d,〈 〉

a b,{ } c d,{ }

G a〈 〉 b〈 〉,
x cd( ) y cd( )+ x cd( ) x cd( )+

x cd( ) x cd( )+ x c d+( ) y c d+( )+
=

G c〈 〉 d〈 〉,
x ab( ) y ab( )+ x ab( ) x ab( )+

x ab( ) x ab( )+ x a b+( ) y a b+( )+
=

a b,〈 〉 c d,〈 〉,{ }

a b,〈 〉 d c,〈 〉,{ } b a,〈 〉 c d,〈 〉,{ } b a,〈 〉 d c,〈 〉,{ }

a b,{ } c d,{ },{ }

xi

Si xi{ }≡

S1 … Sm, , m 2≥

S S1 … Sm, ,{ }≡

S1
1 … S1

k, ,〈 〉 … Sm
1 … Sm

k, ,〈 〉, , m 2≥ k 2≥

S S1
1 … S1

k, ,〈 〉 … Sm
1 … Sm

k, ,〈 〉, ,
î 
 
 

≡

S1 … Sm, , m 2≥

S S1 … Sm, ,〈 〉≡
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Whenappliedto equal-sizedvariablegroupsthathavedisjoint support,theaboveconstruction

induces a hierarchical partition that can be represented by a tree with two types of nodes:

1. Nodes, depicted as circles, that represent un-ordered sets

2. Nodes, depicted as rectangles, that represent ordered sets

Let v beanodein sucha tree,andlet bethecardinalityof v, i.e. thesizeof thesetit represents;

notethat is equalto thenumberof ’s immediatepredecessorsin thetree.Thenumberof vari-

ablepermutationscorrespondingto v, denotedby , canbe computedaccordingto the for-

mula:

(5.13)

The symmetry check in the recursive step of the above construction can be performed by

invokingaconditionsimilar to (5.11)onrepresentativevariablepermutationsfrom eachof thetwo

symmetric structures being compared. Specifically, to check structures and for pairwise

symmetry, let and be two variable permutations in their respective supports

and be the corresponding cofactor matrix. Then, and are symmetric if

a b,〈 〉 c d,〈 〉,{ } x{ } y{ },,〈 〉

a b c d x y

Figure 5.5: Symmetry structures for two example functions

abcdxy〈 〉 cdabxy〈 〉,{ }

H
ie

ra
rc

hi
ca

l P
ar

tit
io

n

Invariant

f acx acx abcy+ + +=

acdy abcy acdy+ +

g x ab c d+( ) cd a b+( )+( ) +=

x a b+( ) c d+( ) y abcd abcd+( )+
a b c d x y

a b,{ } c d,{ },{ } x{ } y{ },,〈 〉

abcdxy〈 〉 bacdxy〈 〉 abdcxy〈 〉 badcxy〈 〉 ,, , ,
cdabxy〈 〉 cdbaxy〈 〉 dcabxy〈 〉 dcbaxy〈 〉, , ,î 

 
 

– unordered – ordered (L to R)

Function

G
ra

ph
ic

al
S

ym
bo

lic

Permutations

…{ }

…〈 〉

v

v v

π v( )

π v( )
v ! π u( )

u Pred v( )∈
∏× if v is unordered

π u( )
u Pred v( )∈

∏ if v is ordered

î







=

Si Sj

x1…xp〈 〉 y1…yp〈 〉

F x1…xp〈 〉 y1…yp〈 〉, Si Sj
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and only if

(5.14)

Condition (5.14) can be verified by checking the equality of pairs of cofactors

on and . Clearly, such a check becomes quite expensive as the structures

grow in size. Fortunately, the complexity of the check is reduced to if the structures

beingcheckedconsistof pairwisesymmetricsub-structures.This canbeillustratedfor by

notingthat,when and areassumedto befirst-ordersymmetrygroups,thetwo mid-

dle columns(resp.rows) of thecofactormatrix in (5.12)becomeidentical.This makesit possible

to reduce the size of the matrix to by merging rows and columns of equal minterm weight.

Such a transformation results in the following matrix form :

For groups of  symmetric variables, the reduction yields a  matrix.

To further reduce the computational cost of constructing a function’s hierarchical symmetry

partition,wehavedevelopedthefollowing necessaryconditionfor two orderedgroupsof variables

to be exchangeable:

Theorem5.1If twoordereddisjointvariablegroups, and ,

are symmetric in function, then variables  and  must be symmetric in function

(5.15)

The proof to this theorem is given in Appendix A, and shows how the notion of the cofactor

matrix can be used to study symmetric properties of a function.

To illustrate this theorem, consider the function . According to the theorem,

symmetry between and requi res that a and x be symmetr i c i n

which, trivially, they are. To determine if these two groups are

indeed symmetric, we need now to check the symmetry of the cofactor matrix:

F x1…xp〈 〉 y1…yp〈 〉,
T

F x1…xp〈 〉 y1…yp〈 〉,=

2
p 1–

2
p

1–( )

x1…xp〈 〉 y1…yp〈 〉
1
2
--- p p 1+( )

p 2=

a b,{ } c d,{ }

3 3×

F ab〈 〉 cd〈 〉,

f m0 ab( ) m0 cd( ), f m0 ab( ) m1 cd( ), f m0 ab( ) m2 cd( ),,{ } f m0 ab( ) m3 cd( ),

f m1 ab( ) m0 cd( ), ,

f m2 ab( ) m0 cd( ),î 
 
  f m1 ab( ) m1 cd( ), f m1 ab( ) m2 cd( ),, ,

f m2 ab( ) m1 cd( ), f m2 ab( ) m2 cd( ),,î 
 
  f m1 ab( ) m3 cd( ), ,

f m2 ab( ) m3 cd( ),î 
 
 

f m3 ab( ) m0 cd( ), f m3 ab( ) m1 cd( ), f m3 ab( ) m2 cd( ),,{ } f m3 ab( ) m3 cd( ),

p p 1+( ) p 1+( )×

G1 x1 … xp, ,〈 〉= G2 y1 … yp, ,〈 〉=

f x1 y1

f * G1\x1 G2\y1, f( )∃=

f abc xyz+=

a b c, ,〈 〉 x y z, ,〈 〉

b c y z abc xyz+( ), , ,∃[ ] a x+=
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which is symmetric.

To emphasize the fact that the condition in Theorem 5.1 is necessary but not sufficient, con-

siderthefunction whichhasfirst-ordersymmetrygroups

 and . The cofactor matrix on groups  and  is

andis clearly asymmetric.This fact,however, is not detectedby the theorem’s conditionsincea

andb are trivially symmetric in .

Anotherexampleillustratestheutility of theconditionin theabove theoremasa way to prune

unnecessary symmetry checks on large sets of variables. It is easy to show that the function

hasfirst-ordersymmetrygroups and . It is alsoevi-

dent , on the other hand, that a and b are not symmet r i c i n the f unct i on

. This immediately implies that there are no second-

ordersymmetriesbetween and , andobviatestheneedfor themoreexpensive sym-

metry check implied by (5.11).

It is interestingto notethatavariationonTheorem5.1,in which theexistentialquantifier is

replacedby theuniversalquantifier , is possible.“Stronger”variationsthatabstractsmallersub-

sets of variables are also possible and may provide useful trade-offs between runtime efficiency

and the accuracy of estimating the function’s symmetry. In general, abstracting variables from

gives a function with more invariances in the remaining variables, while preserving their

invariances. This observation provides us with a necessary condition for deriving powerful hints

for the identification of symmetry substructures.

For a given function a hierarchical partitioning for a set of its variables may not be unique,

F abc〈 〉 xyz〈 〉,

0 0 0 0 0 0 0 1

0 0 0 0 0 0 0 1

0 0 0 0 0 0 0 1

0 0 0 0 0 0 0 1

0 0 0 0 0 0 0 1

0 0 0 0 0 0 0 1

0 0 0 0 0 0 0 1

1 1 1 1 1 1 1 1

=

f a b c d, , ,( ) abd abd bcd bcd+ + +=

a c,{ } b d,{ } a c,〈 〉 b d,〈 〉

F ac〈 〉 bd〈 〉,

0 0 0 0

0 1 1 0

0 1 1 0

0 1 1 0

=

c d abd abd bcd bcd+ + +( ),∃[ ] 1=

f a c⊕( )x acy+( ) b d⊕( )= a c,{ } b d,{ }

c d a c⊕( )x acy+( ) b d⊕( )( ),∃[ ] x ay+=

a c,{ } b d,{ }

∃

∀

f

f ∗ f
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allowing multiple symmetrystructures.Suchnon-uniquenessof thesymmetrystructurescontrasts

to the flat partitioning induced by the equivalence relation of classical first order symmetries,

which is unique.As anexampleconsiderfunction . Thefunctionhas

5 symmetry structures corresponding to the following 5 hierarchical partitions of its variables:

, , , , and

. Observe that permutations from distinct symmetry structures can be com-

posed to derive new invariances of that are not contained in any of the five listed structures.

Indeed, by composing non-trivial permutations of the first four symmetry structures in the listed

order we obtain a new rotational type [55, 85] permutation . This compositional

property of the symmetry structures al lows us to l ist impl ici tly invariances that cannot be

described by a single hierarchical partitioning of a variable set.

5.5 Symmetries Under Phase Assignment

Thesymmetryconditionin (5.14)canberelaxedto describemoreinvolution invarianceby allow-

ing thevariablesbeingswappedto have selective inversions.Specifically, let bea vec-

tor of binary phase assignment variables, and replace(5.14) with

(5.16)

where the⊕ operation is performed bit-wise.

For example, condition (5.14) applied to  requires that

which obviously doesnot hold. On the other hand,applying (5.16) relaxes this requirement,

replacing it instead with , i.e.

whosesecondtermis trueimplying thetruthof theentirecondition.Thus,thefunctioncanbesaid

to have a first-order symmetry between andb, and that  is a symmetry group.

Theeffectof introducingthephaseassignmentvariablesin thesymmetrycheckcanbeseenas

a “normalization”of thefunctionthatmakesit insensitive to theinversionpolarity of its inputs.In

thematrix formulationof thesymmetrycheck,differentassignmentsto thephasevariablescorre-

f ab bc cd de ae+ + + +=

ac〈 〉 be〈 〉,{ } d{ },〈 〉 ab〈 〉 ed〈 〉,{ } c{ },〈 〉 ad〈 〉 ce〈 〉,{ } b{ },〈 〉 bc〈 〉 ed〈 〉,{ } a{ },〈 〉

ab〈 〉 dc〈 〉,{ } e{ },〈 〉

f

e a b c d, , , ,〈 〉

ϕ1…ϕ p〈 〉

ϕ1…ϕ p F x1…xp〈 〉 ϕ1…ϕ p〈 〉⊕ y1…yp〈 〉,
T

F x1…xp〈 〉 ϕ1…ϕ p〈 〉⊕ y1…yp〈 〉,=( )∃

f a b,( ) a b+=

F a〈 〉 b〈 〉,
T

F a〈 〉 b〈 〉,=( ) 1 1

0 1

1 0

1 1
=

 
 
 

⇔

F a〈 〉 b〈 〉,
T

F a〈 〉 b〈 〉,=( ) F a〈 〉 b〈 〉,
T

F a〈 〉 b〈 〉,=( )∨

1 1

0 1

1 0

1 1
=

 
 
  1 1

1 0

1 1

1 0
=

 
 
 

∨

a a b,{ }
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spond to different row orderings; if one or more such orderings yields a symmetric cofactor

matrix, thefunctioncanbesaidto have symmetryunderphaseassignment.An alternative formu-

lation of (5.16) in which the phase assignment variables are associated with the y instead of the x

variablesis possibleandleadsto anequivalentrequirementon thefunctioncofactors.In this case,

however, different phase assignments correspond to different column orderings. For our simple

exampleabove,we would deducethatthefunctionis symmetricin and implying that

is asymmetrygroup.Figure5.6illustratestheequivalenceof thissymmetrygroupwith theonewe

identified earlier and pictorially shows the corresponding inversions on the function’s inputs, the

resulting hierarchical partitions, and invariant permutations.

Care must be taken when applying (5.16) to check for higher-order symmetries. Specifically,

theassignmentsavailablefor thephasevariablesatany level of thepartitionhierarchy mustneces-

sarily be constrained by their assignments at earlier levels. The only flexibility in choosing phase

assignmentsathigherlevelsof thehierarchy is to reversethepolarityof thesupportof asymmetry

structure;this amountsto choosingoneof thetwo alternative phaseassignmentspropagatedfrom

earlierlevelsof thetree.Symbolically, let beaphaseassignmentfor which (5.16)held

atsomelevel of thehierarchy tree.Thesymmetrycheckatsubsequentlevelsin thetreecanthenbe

simplified to:

a
b

f a b+=

a
b

g1 a b+=f
a
b

g2 a b+=f

Figure 5.6: Symmetry under phaseassignment. and representtwo equivalentwaysof
denoting the symmetry off with respect toa and b
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(5.17)

where complementation of the phase assignment is bit-wise.

As an example of high-order symmetry under phase assignment consider the function

. I t has first-order symmetries represented by the symmetry groups

and . A checkof second-ordersymmetrybetweenthesetwo groupsentailsthecon-

struction of the following two cofactor matrices:

,

Sincethesecondmatrix is symmetric,we caninfer that is a symmetrystructure

for this function.

Symmetry under phase assignments also provides a meaningful extension of higher-order

symmetries to the swaps of ordered non-disjoint variable groups. We give an example of such

symmetry for the 4-1 multiplexer function

A circuit implementingthis function,andits two symmetrystructuresaredepictedin Figure5.7.

Eachof thetwo symmetrystructuresin thefigurerepresentsa singlepermutation.Thesymmetry

structurein Figure5.7-c though,is differentfrom the onein Figure5.7-b in that its two ordered

groupsoverlapin the variable.Indeed,it involvesswapof avariable,namely , with its com-

plement.We referto suchsymmetryasmultiplexer-like symmetry. Onemayalsoeasilyverify that

F x1…xp〈 〉 ϕ̂1…ϕ̂ p〈 〉⊕ y1…yp〈 〉,
T

F x1…xp〈 〉 ϕ̂1…ϕ̂ p〈 〉⊕ y1…yp〈 〉,=( ) ∨

F(
x1…xp〈 〉 ϕ̂1…ϕ̂ p〈 〉⊕ y1…yp〈 〉,

T
F

x1…xp〈 〉 ϕ̂1…ϕ̂ p〈 〉⊕ y1…yp〈 〉,
)=

f a b c d, , ,( ) ab cd+=

a b,{ } c d,{ }

F
ab〈 〉 cd〈 〉,

1 0 0 0

1 0 0 0

1 0 0 0

1 1 1 1

= F ab〈 〉 cd〈 〉,

0 0 0 1

0 0 0 1

0 0 0 1

1 1 1 1

=

a b,{ } c d,{ },{ }

Figure 5.7: A multiplexer circuit and its semantic symmetry structures
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compositionof thepermutationsrepresentedby thesymmetrystructuresof Figure5.7-bandFig-

ure5.7-cdescribesall 8 invariancesof thefunctionsunderpermutationandcomplementationof its

variables.

5.6 Characterization of Function Symmetry in Benchmark Circuits

Weperformedanextensivestudyof availablebenchmarkcircuitsto determinetheirsymmetrypar-

titions basedon the generalizedsymmetrymodelpresentedin this chapter. Specifically, we ana-

lyzedthe2812outputfunctionsof the101logic synthesisandoptimizationbenchmarksavailable

from MCNC [123]. These circuits come from three suites:

• the multi-level MCNC benchmarks

• the multi-level ISCAS-85 benchmarks

• the two-level MCNC benchmarks

Themulti-level circuitswereflattenedbeforethesymmetrypartitionsof their outputswerecom-

puted;thus,thereportedsymmetrypartitionsreflecttheintrinsic functionalstructureof theseout-

puts rather than any structural regularity in their circuit implementations.Detailed symmetry

profilestabulatedfor eachoutputof thesecircuitscanbefoundin [69]. A summaryof theseresults

is shown in Table5.1.

Several observations can be made from these data. The most striking is the relatively small

number of output functions that do not exhibit any symmetries. Considering the fact that some of

these functions were generated synthetically to stress synthesis algorithms, this suggests that the

majority of functions one is likely to encounter in practical design situations will possess some

degree of symmetry. The data also show that a small number of functions have higher order sym-

metries. In the majority of those cases, the order of symmetry was 2; several functions exhibited

symmetriesof order3 and4. As ameasureof theadditionalsymmetriesfoundby hierarchicalpar-

Table5.1: Summary of symmetry characterization of benchmark circuits

Benchmark
suite

Total #of
output

functions

# of output
functions
with no

symmetries

High-order symmetry statistics

# of output
functions
with high-

order
symmetries

Max
order

of symmetry

Max
symmetry
group size

High-to-first
order

permutation
ratio

Min Max

Multi-level MCNC 1560 76 41 4 64 2 10E13.32
Multi-level ISCAS85 703 85 16 3 12 2 10E6.08
Two-level MCNC 549 68 10 4 64 2 10E90.91
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titioning, we tabulatetheratioof thenumberof invariantpermutationsinducedby thehierarchical

partition to those induced by the first-order partition. This ratio ranged from a minimum of 2 to a

maximumof . Finally, symmetrygroupsrangedin sizefrom a minimumof 2 to a maximum

of 64.

We should point out that the symmetry structures were computed under a restriction on the

size of ordered groups as well as the variable order within those groups. Specifically, ordered

groups chosen for symmetry checks were selected by partitioning the variables into equal-sized

subsets using their netlist order. This was done for subset sizes from 2 to 10. This restriction was

motivated by the desire to keep the computational effort reasonable, but is otherwise arbitrary.

We also have conducted an experiment to estimate the extent to which invariances in the

benchmark circuits are captured with our swap-based symmetry structures. The experiment

entailed the computation of symmetries of truth tables for a large number of smaller benchmarks.

Specifically we examined a large set of functions whose either on-set or off-set has at most 2,000

minterms. For each of these functions a subject hypergraph was constructed from its truth table

[76], andits symmetrywascomputedusingtheGRAPE[109] packagefrom theGAPsystem[48].

Surprisingly, we found no benchmark functions whose symmetries are not expressible with our

symmetry structures. This, however, does not imply that they can cover all invariances of a func-

tion. In Appendix C on page page 151 we give an example function whose symmetry cannot be

represented with swaps.

In theremainderof thissectionweprovideacloserexaminationof thesymmetriesdiscovered

in four of the benchmark circuits: t481 , C432, C499, andC6288.

Symmetry characterization of t481. This benchmarkis interestingbecauseits only outputhasa

4-level hierarchicalsymmetrypartition(seeFigure5.8).Thesymmetryinvolvesbothorderedand

un-orderedgroupsof variablesandrequiresphaseassignmentto normalizethefunction.Thenum-

ber of invariant permutations induced by this partition is 8192 which is 16 times the number of

invariant permutations induced by the flat partition of first-order symmetries. The multi-level

netlist for this benchmark is quite irregular and large (over one thousand gates). This is at odds

with thehighly regularsymmetrystructureshown in Figure5.8andsuggeststhatotherimplemen-

tations that are more compact might be possible.

Symmetry characterization of C432.Of thesevenoutputfunctionsfor thisbenchmark,only one

(223GAT(84)) hasfirst-ordersymmetry. Thesecond-ordersymmetriesexhibitedby theotherout-

10
91
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putsarebetweenorderedgroupsof variablesthatrangein sizefrom 3 to 6. Thesesymmetriescor-

respondto a substantialnumberof invariantpermutations(up to for two of theoutputs)that

would have beenoverlookedby classicalsymmetry. Thedetailedhierarchicalsymmetrypartitions

for all seven outputs are given in Appendix C on page146.

Symmetry characterization of C499.C499 has32outputsnoneof whichexhibitsany symmetry

in termsof its 41 inputs.Basedon this,onemaybeled to believe,erroneously, thatthesefunctions

lack any regularity. Closerexamination,however, revealsthat a significantamountof symmetry

exists in this circuit when its high-level structureis recognized.This structureis depictedin

Figure5.9.Thecircuit performssingle-error-correction[56] andconsistsof two mainmodulesM1

(syndromegenerator)andM2 (error correction)that arequite regular. The circuit illustratesthat

completelyasymmetricfunctionsmayresultfrom thecompositionof highly symmetricfunctions.

It alsosuggeststhat a suitablehigh-level decompositionmight help uncover suchlatentsymme-

tries.A characterizationof thesymmetryinherentin C499 is detailedin AppendixC onpage148,

where symmetry partitions are derived based on internal signals in addition to primary inputs.

For the module  we first give symmetries of some of its internal signals and :

These signals then combine to form symmetries of the syndrome outputs:

ca b d e f g h m n o p i j k l

Figure 5.8: Hierarchical symmetry partition of t481 . Each subtree is annotated at its root with the
number of variable permutations it represents

2 2 2 2 2 2 2 2

8 8 8 8

64 64

8192

10
5.6

M1 Di H i

H i : R I Ci,{ } D,
i
: I Di1

… I Di12
, ,{ } 0 i≤ 7 i j 0 … 31, ,{ }∈,≤( )

M1

Si : Di H i,{ } 0 i≤ 7≤( )
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We first describe the  equations in terms of the module’s internal signals :

wheredotsabove ’s indicateeithercomplementedor non-complementedphase.Togetherwith

’s we can use the  signals to describe the circuit outputs:

Symmetry characterization of C6288.Another example that lacks first-order symmetry is the

C6288 16-bitmultiplier. In fact,nosymmetryhasbeencomputedfor thiscircuit becauseit cannot

be flattened due to the exponential memory requirements for its BDD. Smaller multipliers that

could be flattened showed little first-order symmetry. However, under a remapping of the multi-

plier’s32 inputsinto thedomainof its partialproducts,a three-level structurethatis rich with

symmetriesemerges.In fact,thisstructurecanbereadilyobtainedby apartialflatteningof thecir-

cuit that stops at the first level of 256 AND gates whose output signals correspond to the partial

products. By expressing the output functions of the circuit in terms of these signals we obtain

functions which are highly symmetric. The detailed characterization of the remapped functions is

given in Appendix C on page150.

Thebenchmarksuggestssymmetryprofilesfor thegeneralmultiplier circuit. Weformulatethe

first-order symmetry of the 32 remapped output functions in terms of following formula:

(5.18)

With eachoutput of the partial multiplier this formula identifiesa list of groupsusing

notation, where  is the number of groups of size.
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32

8

32
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1

Figure 5.9: High level structure of theC499 single-error-correcting circuit
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5.7 Summary

In this chapterwe studiedfunctionalsymmetryrelying on invarianceunderunrestrictedvariable

permutations.This definition encompassesthe classicalnotion of symmetry, basedon variable

swaps,asaspecialcase.Ourstudiesarebasedonanew hierarchicalpartitioningschemethatgen-

eralizestheflat partitioningimpliedby classicalsymmetryandyieldsmoreinvariantpermutations.

The hierarchicalpartitioningalgorithm is basedon the symbolicdetectionof symmetryin spe-

cially-constructedcofactor matrices.The run time efficiency of hierarchicalpartitioning was

shown to bequitereasonable,aidedin partby theapplicationof anecessaryconditionthatquickly

detectsasymmetry. Application of hierarchicalpartitioningto a large numberof benchmarkcir-

cuits revealedtheexistenceof significantsymmetries.Symmetryis not theonly functionalprop-

erty thatcanshedlight on a function’s semanticstructure.In this work it is studiedasanexample

that illustrates how semantic properties of a function can be used to improve synthesis quality.



92

Chapter 6

Libraries f or the Decomposition Patterns

As we hadestablishedearlier, the decompositionmay or may not exist whenimposingsupport-

reducingandfanin-boundingconstraintssimultaneously(seetable(4.10)onpage60).Relaxingat

leastoneof the two constraints,on the otherhand,guaranteesexistenceof decomposition.(The

effect of imposingtheseconstraintson the existenceof decompositionwasexaminedin Chapter

4.) We are interestedin the decompositionwhereboth of the constraintsare imposedsince it

breaksfunction into “smallerpieces,”1 andthereforeis a goodindicatorof a circuit quality when

appliedin the constructive synthesisflow. Sincethe decompositionundertheseconstraintsdoes

not alwaysexist, onemustbecarefulhow thedecompositionprimitivesareselected.In this chap-

ter we thereforepre-computelibrariesfor thedecompositionpatternswhich satisfybothof these

constraintswhile ensuringfeasibledecomposition.Eachof theelementsin the library is a multi-

outputmodule,andcanbeinstantiatedinto circuit basedon thesemanticpropertiesof a function;

the particular semantic property targeted in this chapter is symmetry.

6.1 Approach

In Chapter4 we have introducedthe notion of a patternfunction. It encodesa classof functions

with respectto their “decompositioncore” inheritedfrom the semanticpropertiesof a function.

For example, pattern function

(6.1)

1. measured as the support size of their functions

Fs xg Z,( ) Si xg( ) ζ i⋅
i 0=

s

∑=
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representsa set of functionswhich are symmetricin decompositionvariables ; functions

from this set have form:

(6.2)

whereon-setof is composedfrom mintermsof weight . For the -to- patternfunctions

in (6.1), anda given decompositionpattern -to- , we may computetheir decompositionprimi-

tivesonly once,andthenretrievethemon-demandduringsynthesis.Clearly, patternfunctionsmay

vary for a symmetricpropertyof a function,andtherefore,suchpre-computationis not limited to

one case – several pattern functions may have same semantic structure.

In this chapter we partition arising decomposition possibilities according the desired -to-

pattern, and the maximum number of the variables in its pattern function. A set of modules

which makes decomposition feasible for any such -to- pattern functions is “ functionally com-

plete.” Collectively, these modules form a complete set of decomposition primitives required to

implementaparticulardecompositioninferredby acertainsemanticpropertyof a function.Weare

specificallyinterestedin thesupport-reducingandfan-in-boundeddecompositionfor thefunctions

with symmetries.

In the subsequent sections of this chapter we describe how library computation is linked to

structure-aware decomposition. We first describe how a library can be computed for a single pat-

ternfunctionsymmetricin its decompositionvariables(Section6.2).Wethenshow how to modify

the symbolic formulation of decomposition such that smallest library is computed for an -to-

pattern (Section 6.3). The practical significance of computing the smallest library is that when

decompositionfunctionsareinstantiatedfrom this library they aremorelikely to getsharedasthe

synthesisevolves.Thelibrary computationis doneextendingour symbolicformulationof decom-

position. In Section 6.4 we report the computed libraries, and show how the pre-computation

approach extends to other forms of symmetry.

6.2 Library f or a Single Pattern Function

To computelibrariesfor a singlepatternfunction we apply symbolicformulationof decomposi-

tion directly. The patternfunction will be usedto demonstratethis computation.Its

expansionin (6.1)describesa classof functionswhose decompositionvariablesform a symme-

try group.A function from this classhasat most distinctcofactorswith respectto themin-

s xg

f s xg xh,( ) Si xg( ) f i xh( )⋅
i 0=

s

∑=

Si xg( ) i s t

s t

s t

Z

s t

s t

Fs xg Z,( )

s

s 1+
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term spaceof decompositionvariables:mintermsof the sameweight have samecofactors.The

maximumnumberon thedistinctcofactorsimpliesexistenceof thedecompositionwhenever is

a solutionto the relation , namely . Thus,we canexpressthe cofactorsby the

-term sumasgiven in expansion(6.2). The functionsin the expansionrepresent

cofactors of  with respect to .

Example6.1 Suppose we would like to decompose the function

with respectto mutually symmetricdecompositionvariables . The equivalentmintermsof

thedecompositionvariablesinducedby symmetryrelationalongwith their cofactorsaregiven in

the table below:

According to the table we can write in the factored form as

Thereis total of four distinctcofactors,andthereforethereis a 3-to-2support-reducingdecompo-

sition. ■

Instantiating(4.15)onpage63with weobtainacomputationalform for all feasible

support-reducing decompositions of n-variable functions that are symmetric in s or fewer vari-

ables:

(6.3)

The above computationalform provides us with the decompositionsolutionswhich hold for

. We assumethat function in (6.3) encodesthe spaceof possible -to-

reductions.Thus,the resultingfunction encodesa setof feasible -outputdecomposition

primitives(i.e. modules)which canbecomememberof our symmetriclibrary. As stated,equation

(6.3)yieldsanon-emptysetof solutions(i.e. ), whenever thenumberof decomposition

relation  holds.

Wecanillustratethelibrary computationfor thesymmetric3-to-2reduction.Theresultof exe-

Factor, Cofactor,

0

1

2

3

s

s 1+ 2
s 1–≤ s 3≥

s 1+( ) f i xh( )

f s xg

f abcde abcd abcd abcde abcd abcde abcde abcd+ + + + + + +=

a b c, ,

i Si a b c, ,( ) f i d e,( )
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f abc( )de abc abc abc+ +( )d abc abc abc+ +( )de abc( )d+ + +=

Fs xg Ζ,( )

G Γ( ) Ζ y xg∃ C xg y Γ, ,( ) Fs xg Ζ,( )⋅( ) x∀ C xg y Γ, ,( ) Fs xg Ζ,( )+( )+( )∀∀=

Fs xg Z,( ) C xg y Γ, ,( ) s t

G Γ( ) t

G Γ( ) 0≠

t s 1+( )log≥



95

Ta
bl

e
6.

1:
 C

ha
ra

ct
er

is
tic

s 
of

 m
od

ul
e 

lib
ra

rie
s 

ne
ce

ss
ar

y 
for
 s

up
po

rt
-r

ed
uc

in
g 

sy
m

m
et

ric
 d

ec
om

po
si

tio
n

S
ym

m
et

ry
 ty

pe
P

os
si

bl
e

s-
to

-t
re

du
ct

io
n

M
od

ul
e 

lib
ra

ry
 c

ha
ra

ct
er

is
tic

s

s
M

ax
 #

di
st

in
ct

co
fa

ct
or

s
#L

ib
ra

rie
s

S
iz

e
E

xa
m

pl
e 

lib
ra

ry
 (

co
m

po
se

d 
of

s-
in

pu
t s

ym
m

et
ric

 p
rim

iti
ve

s)

2
2

2-
to

-1
1

3

3
2

3-
to

-1
1

7

3
4

3-
to

-2
3

1

4
2

4-
to

-1
1

15

4
4

4-
to

-2
59

04
9

10

4
5

4-
to

-3
14

0
1

5
2

5-
to

-1
1

31
to

ta
l o

f 3
1 

si
ng

le
-o

ut
pu

t m
od

ul
es

5
4

5-
to

-2
65

to
ta

l o
f 6

5 
2-

ou
tp

ut
 m

od
ul

es

5
6

5-
to

-3
42

0
3

5
6

5-
to

-4
14

38
5

4

S 1
S 2

M
A

J3
S 0

3,

M
A

J3
,

S 0
S 2

3,
S 2

4,
S 3

4,
S 0

1,
S 4

...
...

S 0
4,

S 1
2,

...
S 1

4,

S 0
1,

S 0
2,

,
S 0

1,
S 0

3,
,

S 0
2,

S 0
4,

,
S 0

3,
S 2

3,
,

S 0
4,

S 1
4,

,

S 0
4,

S 3
4,

,
S 1

2,
S 2

4,
,

S 1
3,

S 1
4,

,
S 1

3,
S 2

3,
,

S 2
4,

S 3
4,

,

M
A

J4
,

,

1.
8

≈
9

M
A

J5
S 0

3,
,

,

M
A

J5
S 0

3,
A

N
Y

5
,

,
,



96

cuting (6.3) from within the M31 program is given in Appendix D on page 152. As the program

indicates the 3-to-2 reduction has three 2-output modules each of which forms a singleton library

for this decomposition pattern; these libraries are:

(6.4)

where .

6.3 Library f or a Decomposition Pattern

As therelation suggests,letting in thepatternfunction(6.1) doesnot yield

the support-reducingdecomposition,i.e. solving (6.3) for the 2-to-1 reduction gives us

. However, therelationneitherimplies that thereis no 2-to-1reductionfor anypattern

function symmetric in the two decomposition variables. Indeed, for the pattern functions

(6.5)

the2-to-1reductionexistssincethesefunctionsdependonly on two cofactorcoefficients . Our

objective in this sectionis to developa mechanismwhich identifiessmallestlibrary of multi-out-

put modulesthat is functionallycompletefor all decomposition-feasiblefunctionsof a givenpat-

tern -to- .

Whensupport-reducingdecompositionin (6.3)yields we computedecomposition

primitives for the restricted variants of . They are the pattern functions which are

obtained from (6.1) by imposing a relation between values of its variables. Imposing such a

relation gives restricted pattern functions in a way similar to how functions in (6.5) are restricted

forms of (6.1) (when ). For these restricted pattern functions we can compute required

libraries,andthenconstructacomplete -to- library astheir union.However, insteadof deriving

eachof thepatternfunctionsseparately, andthencomputingtheir libraries,we performthelibrary

construction simultaneously for the pattern functions by extending our symbolic formulation of

decomposition.

Throughout the library computation we do not explicitly create all needed pattern functions.

Instead, we account for the different pattern functions by extending the symbolic computation in

(6.3) with an extra “ term” which allows implicitly establish relations between variables in

. This “term” is defined below as a parametrized (with) constraint function:

XOR3 MAJ3,〈 〉{ } XOR3 SAME3,〈 〉{ } MAJ3 SAME3,〈 〉{ }, ,

SAME3 x1 x2 x3, ,( ) x1x2x3 x1x2x3+=

t s 1+( )log≥ s 2=

G Γ( ) 0=

F ′2 x1 x2 z0 z1, , ,( ) S0 x1 x2,( ) z0 S1 x1 x2,( ) z0 S2 x1 x2,( ) z1⋅+⋅+⋅=

F ′ ′2 x1 x2 z0 z1, , ,( ) S0 x1 x2,( ) z0 S1 x1 x2,( ) z1 S2 x1 x2,( ) z1⋅+⋅+⋅=

F ′ ′ ′2 x1 x2 z0 z1, , ,( ) S0 x1 x2,( ) z1 S1 x1 x2,( ) z0 S2 x1 x2,( ) z1⋅+⋅+⋅=

Z

s t

G Γ( ) 0=
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Z

s 2=

s t

Z

Fs xg Ζ,( ) A
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(6.6)

Observe that whenever  the above constraint may evaluate to 1 only if .

In general,assignmentsto the variablesin the functionenforceanequalitycon-

straint between the variables of , and can be viewed as generators of pattern functions which

havestricterform thanagiven . By restrictingthecomputationof (6.3)to theconditions

which satisfy such an induced relation we can relax the computational form (6.3), and provide

decompositionsolutionsof thesubclassesof . Suchdecompositionsolutionscanbecom-

puted simultaneously for all assignment to the variables by means of the proposition below:

Proposition 6.1Let formulain (6.6)encodeall possibleequalityrelationsbetweenvaluesof the

coefficientsin termsof the assignmentsto its variables.For eachassignmentto function

 can then be determined using following computational form:

The proof of the above propositionis basedon the observation that actsas a

parametrized(via ) care-setcondition extending (6.3). Each assignment gives function

encodingall feasibledecompositionfunctionsfor its inducedpatternfunction.Notethat

anassignment whosevariablesareall of 0 givesdecompositionsolutions for thepat-

tern function in (6.6).

A characteristic function of all assignments for which is not empty can be com-

puted as ; in general, the on-set in the computed function can be quite large. We

must observe however, that many of the assignments to the variables are redundant in the

encoding – they repeat other assignments under the transitive closure of the

equalityrelationbetween variables.We discardsuchsolutionsby defininga universeof assign-

ments for which the transitive property of the equality is satisfied:

(6.7)

Theabove equationprovidesuswith a characteristicfunction for all assignmentsvalid underthe

transitive relationbetween variables.Usingthis functionwe canrestrictour analysisto only to

thoseassignments for which as they subsumeredundantassignments;the con-

strained form of  is then .

patt_cntsrZ A,( ) ζ i ζ j≡( ) α i j+( )
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To reducefurtheron thenumberof assignments neededto beconsideredwe make another

observation analogous to the transitive relation between variables. The observation is based on

the fact that some of these assignments define “weaker” equality relation constraints than others.

Formally, anassignment is weaker thanan if andonly if relation holdscomponent-

wise between values of these assignments, and there exists at least one pair of components such

that . For the arbitrary assignments to and  we define such relation symbolically as:

(6.8)

Theabove formulaencodesthe“less-than”relationbetweentwo domains and , which canbe

usedto extract the subsetof weakest assignmentsfrom a given set of all feasibleassignments

described by . Indeed, the computation

(6.9)

givesanencodingof all weakestpatternfunctionsin termsof variablesfor which decomposi-

tion exists. It canbe easilybroughtto the form which dependson the variables.Constraining

 with  we have all feasible decompositions.

For eachof theassignmentsto , suchthat , we now have a setof decomposi-

tions.Thesesetsprovide decompositionprimitiveswhich canbeusedto constructlibrariescover-

ing all function subclasses.

6.4 Computed Libraries

Table6.1 summarizesthe resultsof solving (6.3) for all s-to-t support-reducingdecompositions

where . The first two columnsin the tablecharacterizethe symmetryof the function being

decomposedin termsof the numberof symmetricdecompositionvariables andthe maximum

numberof distinctcofactorswith respectto thosevariables.Column3 indicatesthecorresponding

achievablesupportreduction.Theremainingcolumnscharacterizethemodulelibrariesrequiredto

realizethesedecompositions:column4 is thenumberof possibleminimal-sizelibraries,column5

is thenumberof requireds-input cells in eachlibrary, andcolumn6 shows a samplelibrary. The

countsin column4 includeonly librariesof symmetriccellsandassumethatlibrariesconsistingof

themodulesareindistinguishableundercomplementationandpermutationof their outputs.Some

of thelibrary modulefunctionslistedin column6 areexpressedusingthe notation,where is

a set of integers identifying the weights of minterms in the on-set of their functions.

We can make the following observations about the results in Table6.1:

Â
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• Thelibrariesin this tablerepresentpre-computeddecompositionprimitivesthatmapa

structuralpropertyof the functionsbeing decomposed(symmetry)into a structural

propertyof thecircuit implementation(width reduction).Indeed,thecomplexityof the

functionbeingsynthesizedis reflecteddirectly in the implementation:thesupportof

the most complex symmetric functions (with s+1 distinct cofactors)can only be

reducedby one,whereasthesupportof theleastcomplexsymmetricfunctions(with 2

distinct cofactors) can be maximally reduced to 1.

• Whenever and , thelibrariesfor s-to-t reductionareuniversalin

the sensethat they will yield the desireddecompositionfor all functions that are

symmetricin s or more variables;they are “functionally complete”for the classof

symmetricfunctions.Forinstance,thereareexactlythreeuniversallibrariesthatenable

3-to-2 decomposition,oneof which, . If is too largesomeof the

decompositionoutputin the -to- patternmaybecomeredundant.The5-to-4pattern

is anexampleof suchredundancy,wherethefourthoutputfunction(denotedby ANY5

in the module) can be defined arbitrarily.

• Foragivensthenumberof librariesdecreasesandtheirsize(numberof cells)increases

with strongersupportreduction(smallert). For t = 1, thelibrariesbecomeunique,up

to complementation, and contain  cells.

• The libraries in this table can be extendedto handlethe classof functionsthat are

invariant with respectto complementationof their inputs by placing corresponding

inversions on the respective primitive inputs.

Whensimplesymmetriesdonotexist otherstructuralattributesof a functionmightbepresent.

In particular, a multiplexer-like symmetry of the form

often arisesin datapathcircuits. The invariancedescribedby this relation swaps two ordered

groups of variables of size  while complementing one variable outside these groups:

(6.10)

In benchmark circuits the most common functions of this type can be described as a sum:

(6.11)

where  is composed of ,  and .
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Using the decomposition template (6.11) we can now pre-compute corresponding 3-to-2

libraries using a procedure similar to the one we used in the case of simple symmetries. Specifi-

cally, we first express all functions admitting template (6.11) using a suitable encoding function

in which thedependenceon thenon-decompositionvariablesis eliminatedthroughtheintro-

duction of a set of binary encoding coefficients :

Next, notingthatthisdecompositiontemplateis independentof the“datapathwidth” m, wereduce

it to a width of oneby choosinga singlerepresentative from eachgroupof “left” and“right” vari-

ables and . Without lossof generalitywe maychoose to represent and to repre-

sent . We then have following cofactors with respectto minterm on the and

variables:

We canabstractdependenceon the variablesand ’s by replacingcofactorsin the

above table with new  coefficients. This replacement allows us to rewrite  as

Substituting in (4.18) we obtain a computationalform similar to (6.3). The

solutionfor this 3-to-2decompositionyields threepossible2-outputmodules: ,

and . As follows from the last module,we can
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accommodatethis typeof decompositionby meansof a 2-to-1multiplexer anda wire. (Note that

whenever template(6.11) admits3-to-1 reductionusing just a 2-to-1 multiplexer.) It is

interestingto notethat restrictingour decompositionpatternto threedecompositionvariablesas

wedid aboveallowsusto avoid computinganexactsymmetrystructureof theform (6.10)to iden-

tify , and . Thesethreedecompositionvariablescanbeidentifiedby quantifyingoutcon-

trol signal  from  which gives a function symmetric in  and .

6.5 Summary

For functionsthataresymmetricin someinputs,we have pre-computedlibrariesrequiredin the

implementationof their decompositionpatterns.Thesedecompositionpatternscapturethe struc-

turalpropertiesof functionsandreflectthemin theimplementationstructure.This is anillustration

of how a semanticstructureof a functioninfers“natural” decompositionpatterns,alongwith their

primitives.Sucha pre-computationdoesnot have to berestrictedto thesymmetricpropertiesof a

functions,aswell is doesnot have to be limited to the pre-computationof decompositionprimi-

tives; for example, primitives for the composition function can be pre-computed.

k 1=

x1 x2 x3

x1 f M x( ) x2 x3
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Chapter 7

Practical Issues

In this chapterwe discussan implementationof the conceptsintroducedin earlierchapters.We

developaconstructivesynthesisalgorithmbasedonthedecompositiontemplateexploredin Chap-

ter 4 andChapter6, anddiscussits implementationin a prototypesynthesistool calledM31. The

tool usesthe CUDD binary-decisiondiagrampackage[110] to performthe necessarysymbolic

manipulationsof Booleanfunctions.To furthervalidatetheargumentthatfunctionalstructurecan

be used to induce a favorable implementationstructurethrough the intermediaryof suitable

decompositionfunctionswe presentand evaluatethe resultsof synthesizingpublicly available

benchmarks using M31.

7.1 Constructive Synthesis Flow

In thissectionweshow how thedecompositiontemplate(4.12)canbeusedin aconstructivealgo-

rithmic flow similar to thatof M32’s in Figure3.2 on page34. Unlike theearlieralgorithm,how-

ever, the new M31 algorithm makes choicesthat are not encumberedby particular functional

representations(e.g.SOP).Instead,all manipulationsarebasedon a representation-freesymbolic

form thatenablestheidentificationandpropitioususeof a function’ssemanticstructure.Thealgo-

rithm operates on an evolving Boolean network by repeatedly applying the following steps:

1. select an unimplemented function to decompose

2. select a set of decomposition variables from the function’s support

3. select a set of decomposition primitives and introduce them as gates into the network

4. re-express the forward unimplemented logic in terms of the newly-introduced gates
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Thealgorithmterminateswhenall unimplementedfunctionshave beenreducedto singleliterals,

yielding a network that is fully decomposedin termsof library primitives.The choicesavailable

and heuristics used in each of these steps are discussed below.

7.1.1 Selection of a function to decompose

Thefirst stepin thesynthesisalgorithmloopselectsanunimplementednodeto decompose.To aid

in thisselection,unimplementednodesareannotatedwith acomplexity measurethatis intendedto

reflect the sizeof their functions.Using sucha measure,larger functionswould be expectedto

have larger implementationscomparedwith smallerfunctions.Let be the sub-

graph of the Boolean network consisting solely of the unimplementednodes, and let

be a path in this subgraphwhosestartingnode hasonly implemented

nodesasits fan-ins,andwhoselastnodeis a primaryoutput.Thecomplexity of path is defined

as the sum of the complexities of its nodes: .

The node chosen for decomposition is the first-tier node (i.e. node whose fan-ins are already

implemented) with the largest path complexity (see Figure 7.1). This choice is motivated by the

desire to decompose logic with higher complexity first in the hope that its implementation would

be re-used later on in the decomposition of smaller functions without incurring additional area

penalties. In addition, choosing nodes based on their path, rather than node, complexity insures

thatlogic thatlies on “long” pathsis treatedfirst; this tendsto reduceoverall delaywhile allowing

for the re-use of such logic by shorter paths. Specifically, the implemented logic of larger nodes

becomes available to smaller nodes without inadvertently increasing circuit depth, since network

depth is dominated by the logic of the larger nodes. Our experiments with other node selection

Figure 7.1: Heuristic for the selectionof a function to decompose.Numbers annotating the unimple-
mentednodesdenotetheir complexity. Node is chosenfirst for decompositionbecause
it originates the path with the highest logic complexity (pathP with complexity 120)
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heuristics indicate that this “most complex logic first” heuristic is especially suited to minimizing

the delay of a circuit.

As a complexity measure,we usethesizeof a function’s BDD. While thereis a vastliterature

oncomplexity measuresof Booleanfunctions[120] whichcanbeusedin thiscontext, BDD sizeis

particularly convenient as it is readily available in our implementation and seems to work well in

practice.Furthermore,thesignificanceof this measureis in its relative, ratherthanabsolute,rank-

ing of the unimplemented functions.

7.1.2 Selection of decomposition variables

Thenext stepafterselectinga function to decomposeis to determinea suitablesubsetof its sup-

port thatwill serveasthesetof decompositionvariables.This is aanimportantstepin thesynthe-

sis flow as it has a demonstrablysignificant effect on overall circuit structure.When usedin

template(4.12)thedecompositionvariablesaffect thechoicesfor thedecompositionfunctionsas

well asthecompositionfunction.Thesechoices,in turn,affect thetopologyof thesynthesizedcir-

cuit. In this sectionwe describeheuristicsaimedat selectinggood decompositionvariablesto

yield support-reducing decompositions. The heuristics are tied to

• the topological properties of the partially constructed circuit, and

• the semantic properties of the remaining unimplemented logic

We describe below how these properties affect the selection of decomposition variables.

The primary criterion is the selection of decomposition signals whose gate implementation

wouldresultin thesmallestdepthincreaseof theevolving Booleannetwork. Thetopologicalprop-

erties of a partially implemented circuit are therefore used to steer synthesis decisions with the

objectiveof circuit depthminimization.Figure7.2helpsusto illustratehow achoiceof decompo-

sitionvariablesaffectsnetwork depth.Supposethatwewould like to selectasetof decomposition

variables from whose implementation has minimum impact on the network depth. Clearly,

selectingthe variablewouldguaranteeanincreaseof thedepthof node , as ’s connectionis

x1
y6

y4

y5
f

x2

x4
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x6

Figure 7.2: Selection of the decomposition variables
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critical for the node. Thus, we would like to avoid selecting . On the other hand, selecting any

subsetof variablesin thesupportof which doesnot contain allowsusto inserta setof gates

implementing their signals without increasing the topological depth of . The M31 implementa-

tion relies on this observation to prioritize variables whose implementation does not increase net-

work depth.

Selection of decomposition variables based purely on the structure of a partially constructed

circuit may not be enough though to produce well synthesized circuits. Therefore, in addition to

depth considerations, the M31 tool estimates the effect of decomposition variables on the decom-

positionqualitybasedon thesemanticpropertiesof a function.Thealgorithmreliesonasynthesis

approachwhich tiesdecompositionto thepre-computeddecompositionpatternsinferredfrom the

intrinsic structure of a function. These decomposition patterns can be efficiently located during

synthesisaccordingto thesemanticpropertiesof decompositionvariables.Thustheselectiondeci-

sion is driven by the desired patterns matching the semantic structure of a function.

We have illustrated such a pre-computation step in Chapter 6 for functions with symmetric

properties.Thedecompositionpatternsin thechapterwerecomputedfor aclassof fan-in-bounded

and support-reducing decompositions. Their computation is tied to the symmetric properties of a

function, and characterized according to the -to- parameters. Each of the decomposition pat-

terns re-encodes signals of unimplemented logic with decomposition functions, thereby

achieving an -to- reduction.Wecanrankthesereductionsrelatingvaluesof and parameters.

Part (a) of Figure7.3depictssuchrankingfor . Requirementson thedecompositionpatterns
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f
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Figure 7.3: Ranking and cofactor requirements for the -to- decompositionpatterns whenselecting
symmetric decomposition variables

s t

4-to-1

3-to-1

2-to-14-to-2

3-to-2

4-to-3.25

.5

.33

.66

.75

.5

s-to-1 s-to-2 s-to-3

# symm. max #
cofactors variabless

max allowed # cofactors

4 5 2 4 8

3 4 2 4

2 3 2

a) ranking based on the reduction ratio b) requirements on the cofactor counts for each of
the patterns

s 4≤



106

arestatedin termsof thecofactorcountsin part(b) of thefigure.TheM31 algorithmselectssym-

metric decomposition variables which maximizes this ratio, subject to the depth constraints.

In general, a function may not always possess semantic properties matching pre-computed

decompositionpatterns.TheM31 tool in this caserelieson a heuristicfor theselectionof decom-

position variables using the global structure of its BDD representation. The heuristic is based on

studies in [78, 84] indicating that in a well ordered BDD variables which contribute to the logic

complexity the most are positioned closer to the root of a BDD. The results in [78] also suggest

that when BDDs are constructed for practical designs these variables correspond to the input sig-

nals connecting to the delay-critical circuit parts. Clearly, such a heuristic is sensitive to the vari-

able order in a BDD, suggesting that different circuits can be synthesized simply varying the

ordering of BDD variables. Using this heuristic M31 selects the smallest set of decomposition

variablesenablingsupport-reducingdecomposition.As follows from table(4.10)page60 on such

selection is always possible when the fan-in constraint is removed.

7.1.3 Computation of decomposition functions

For a givensetof decompositionvariablesthedecompositiontemplate(4.12)providesa choiceof

decompositionfunctions.Whenthesemanticpropertiesof thedecompositionvariablesmatchpre-

computedpatternsthesechoicesare readily known. Thus,decompositionsignalscanbe imple-

mentedby picking oneof thepatternsandinstantiatingit. In thecasewherethesemanticproper-

ties of the decompositionvariablesdo not correspondto any of the pre-computedpatterns,M31

computes decomposition functions on the fly using our symbolic formulation of decomposition.

In general, we would like to achieve decomposition with as few decomposition functions as

possible,i.e.wewould like to keep small.HencetheM31 implementationwouldselectan -to-

patternwhich givesthefewestnumberof outputsignals.Suchanobjective resultsin fewer con-

nections to the remaining logic. The number of decomposition functions required to achieve

decomposition template (4.12) follows directly from the number of distinct cofactors – for the

decomposition functions the number of distinct cofactors induced by minterms of decomposition

variablesshouldbeat most . Clearly, decompositionpatternsfor which is lessthanthenum-

ber of distinct cofactors are infeasible, and therefore will not be selected for decomposition.

Whenthesemanticpropertiesof a functiondonotmatchany of thepre-computedpatterns,the

decomposition functions are computed on the fly, and then constrained by the available library

primitives.Theconstrainingis performedby intersectingthe functionwith thelibrary prim-

itivesencodedasfunction for eachdecompositionfunction ( ). Using coeffi-
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cients corresponding to the th decomposition function (i.e. coefficients of the th column in the

matrix), the functionencodes -input ( ) library primitivesunderpermutationand

complementation of their inputs, treating each of the encoded functions as an -input primitive.

Each of the encodings is constructed during a library read, and therefore need not to be

computed during synthesis. It is possible that the available library of primitives is too stringent to

implement a feasible -to- reduction, i.e. the library constraining gives . In this case

M31 relaxes the -to- reduction by increasing the parameter. If no -to- library-con-

strained solution exists, M31 introduces decomposition functions as new unimplemented nodes

that will become implemented on the subsequent iterations.

Since within a feasible -to- pattern the decomposition functions are not unique, we select

them according to a cost function. In the M31 this cost function is implemented as a very simple

routinewhich evaluatesdecompositionfunctionsby estimatingtheeffect of new gateson thenet-

work. The cost function considers increases in the network depth, area, and the number of fan-in

connectionsthatresultfrom thenew gates.Thedecompositionfunctionwhichamountsto smallest

increasein thesenumbers(prioritizedin thegivenorder)is thenselected.Sincesomeof thegates

correspondingto thedecompositionfunctionsmayalreadybein thenetwork astheresultof earlier

iterations; the cost function also accounts for this sharing. When M31 introduces decomposition

functionsastheunboundnodesthecostfunctionis changed,andit considersfan-incountsandthe

SOP size1 of decomposition functions.

The outlined heuristic for selecting decomposition functions can have many other variations.

For example,effectof thedecompositionfunctionson [forward]unimplementedlogic canbeesti-

mated more accurately. In particular, decomposition functions can be selected also trying to con-

sider the extent to which logic of decomposition functions is shared across other unimplemented

nodesin theBooleannetwork. Anotherpossibilityis to selectdecompositionfunctionsto improve

semantic properties of the remaining unimplemented logic.

7.1.4 Logic re-expression

After thedecompositionfunctionshave beenselectedwe have to performonemorestepto com-

pletethedecompositionof a function.Thissteprequirestheselectionof acompositionfunction .

Thecompleteflexibility whicharisesin selectionof is describedby meansof intervalsin Chap-

1. For the functionsof few variablethe SOPsize tendsto provide betterestimatefor
their circuit implementation than the BDD size.

i i
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ter4. As follows from thediscussionin thatsectionweareprovidedwith avastnumberof choices

whenpicking . This selectionproblemis directly relatedto the minimizationof incompletely

specified functions, which has been addressed in literature in various contexts.

Themostmatureaccountof theminimizationof incompletelyspecifiedfunctionsis presented

in thefield of two-level synthesis.Researchin this areaspansseveraldecades.Two-level minimi-

zation of incompletely specified functions has been also studied in multi-level synthesis in the

attemptto bypasslimitationsof algebraicdivision [11, 40,119]. In morerecentyearstheproblem

of minimizing Boolean functions has re-emerged in the context of BDD minimization with don’t

cares. The effort in this subject originates from the efficient minimization operators restrict and

constrain, introducedby Coudert[34] in 1989;morerecentreferenceson this subjectinclude[29,

61, 102, 106].

In spite of the number of available solutions to the minimization problem they all suffer from

thelimitationswhichmake theminapplicableto ourselectionof . Theirbiggestlimitation is that

they arenotawareof theobjectivesspecificto ourdecompositiontemplate.In particular, they may

producean whichdependson thedecompositionvariables.Of course,to avoid thiswemaydoa

pre-computation step which first abstracts decomposition variables according to (4.4), and only

then do the minimization. Such an approach, however, introduces additional computational effort

whichcouldbequitecostly. Wehavethereforedecidedto developanefficientalgorithmfor select-

ing  which is aware of the problem nature.

Our algorithm is shown in Figure 7.4. Given decomposition functions

and the original function , it selects vacuous in the decomposition variables . The

algorithm is based on the observation that the collection of all products

(wheredotsdenoteeithercomplementedor not complementedfunction)canbeviewedastheele-

mentary functions of an orthonormal basis. The complete flexibil ity in selecting is then

describedby theorthonormalexpansion,discussedin Section2.3.2.To ensurethat theselected

is independent of the variables, each subfunction in the expansion must be a cofactor of

with respect to a minterm from; this requirement is due to Lemma2.1.

The algorithm in Figure 7.4 presumes an ordering on the decomposition functions

andis invokedas where denotesthespaceof minterms, is a vector

of decomposition functions , and is the index of the first decomposition function in

the vector. The algorithm builds the composition function recursively. On each of its recursive

calls it tries to refine the minterm space of decomposition variables with the decomposition
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functions.As soonasthealgorithmdetectsa partition which is a subsetof anequivalenceclass

it returnsits cofactor. Thischeckis performedby thefirst statementin thealgorithm.As therecur-

sion unravels the cofactor gets conjoined with the signals, re-encoding its factor . The result

of theexecutionis acompositionfunction whosesupportis theoutputsignalsof thedecomposi-

tion functions and variables. The algorithm also has an assertion statement which fails if the

decompositiontemplateof Figure4.2-acannotbeachieved,i.e.nocompositionfunction exists.

Example7.1 We illustrateexecutionof the re-expressalgorithm,continuingwith Example4.8.

For their function

and a pair of decomposition functions

we usere-expressto computea compositionfunction . The algorithmcomputes recursively.

On eachrecursive call it refinesthe mintermspaceof the decompositionvariables , , and ,

trying to identify factors (seeFigure7.5-a).As therecursionunravels it re-codesthese

factorswith the variables,assigningtheirphasesaccordingto therecursiontree(seeFigure7.5-

b). The result of this computation is composition function:

■

In general,unlike to theFigure7.5example,therecursiontreemaynotbebalanced.An unbal-

function re-express( , , , ) {

if then // if  is a subset of an equivalence class,

return ; // then return its cofactor;

assert ( ); // ensure feasibility of decomposition;

if  or then // if  is redundant in the subspace,

return re-express( , , , ); // then advance to ;

re-express( , , , ); // find subfunction of  rooted at ;

re-express( , , , ); // find subfunction of  rooted at ;

return ; // return partially constructed;

}

f P g1 … gt, , i

m m′ m m′, P∈ f m⇒ f m′=( ),∀ P

f m

i t≤
P gi≤ P gi≤ gi P
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h0 ← f gi P⋅ g1 … gt, , i 1+ h yi

h1 ← f gi P⋅ g1 … gt, , i 1+ h yi

yi h0 yi h1⋅+⋅ h

Figure 7.4: The re-expressalgorithm to selectcompositionfunction whendecompositionfunctions are
given
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ancedrecursiontreeis theresultof flexibility which arisesin theselectionof . Thealgorithmis

alsosensitive to theorderof thedecompositionfunctions– differentorderingmayresultin differ-

ent  functions.

Using the re-express algorithm, M31 attempts to re-express functions of all unimplemented

nodesin thenetwork. There-expressionprocessis performediteratively for thelogic of all nodes

which admit support-reducing decomposition for the given set of decomposition functions. Only

nodeswhosefan-innodeshavebeenalreadydecomposedandnodeswhosesupportis asupersetof

the decomposition functions support are considered. Such a complete forward re-expression of

logic maximizesnodesharingin multi-outputcircuits.It is worthnotingthatothercriteriaarealso

possible in the selection of composition functions.

7.2 Implementation Issues

Although thesymbolicformulationof decompositionis soundin its theoreticalfoundation,there

aresomekey issuesthatneedto beaddressedduringits implementation.They arediscussedin this

section,andareessentialfor the M31 implementationWe begin by introducingan algorithmto

1

g1
g1

g2 g2
g2 g2

abc abc abc,,{ } abc abc abc abc abc, , , ,{ }

abc abc,{ } abc abc,{ } abc abc abc, ,{ }abc{ }
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y1 y1

y2 y2y2 y2
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e d d e+0

a) partition of minterm space into factors inre-express

b) composition function creation during recursion unravel inre-express

Figure 7.5: Composition function selection inre-express for the 3-to-2 reduction
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computethe patternfunction . It is usedas a key to storeand retrieve pre-computed

decompositionpatternsfrom a cache.Themanipulationof BDDs requiredin the implementation

of the symbolicdecompositionin the constructive synthesisis thendiscussed.The sectioncon-

cludes with the implementation of the evolving Boolean network.

7.2.1 Computation of pattern function

Thesymbolicformulationof decompositionusesthepatternfunction , definedin equa-

tion (4.15).It is constructedfor aspecificsetof decompositionvariables from agivenfunction

. Theconstructionefficiency of this functionis animportantfactorin theoverall synthe-

sis flow, and we therefore focus on a method for its fast generation.

The construction of can be envisioned as a process which replaces identical cofac-

tors (with respect to minterms from the space of the decomposition variables) of a function with

distinct variables . A straightforward way of realizing such construction identifies all distinct

cofactorsby examiningthemonea time.Suchaprocedure,however, is guaranteedto beexponen-

tial in thenumberof decompositionvariables.Wehave thereforedevelopedamuchmorepractical

algorithm, which ideally meets our synthesis demands.

Our algorithm, called compute_pattern, is depicted in Figure 7.6. It is based on the efficient

identificationof equivalentmintermclasses.For a givenfunction , anda partitionof its variables

into and , it computesthepatternfunction as . Thealgorithmfirst initializesthe

minterm space of the decomposition variables to the constant 1 function; it also initializes

F xg Z,( )

F xg Ζ,( )

xg

f xg xh,( )

F xg Z,( )

ζ i

function compute_pattern( , , ) {

; ; ;

while do  { // while minterm space of  is not empty;

select ; // select one of the remaining minterms;

; // compute equivalence class containing ,

; // and use it as a factor  (cf. Corollary7.2);

; // extend ;

; // subtract minterms of computed factor ;

; // increment distinct cofactor count;
}
return ;

}
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Figure 7.6: Algorithm to create pattern function  for a givenF xg Z,( ) f xg xh,( )

f

xg xh F xg Ζ,( ) F

U xg



112

to theconstant0 function.Eachiteration in thealgorithmcomputesa new factor , andadds

theproduct to . Oneachiteration theon-setmintermsof thefactor arealsosubtracted

from the space . The process continues until all minterms from belong to one of the factors

, i.e.  becomes empty.

When using this algorithm the computation of requires number of iterations,

where is the number of distinct cofactors. Although there is an associated computational effort

with each of the iterations, our experiments show that it is amortized greatly when the number of

iterations is small. Such behavior of the algorithm is especially suited when the decomposition

relieson thedecompositionvariablesyieldingsmallcofactorcounts,andthereforeasmallnumber

of iterations.Furthermore,if thefeasibility of decompositiondependson a certainthreshold on

the number of distinct cofactors, then the number of iterations in the algorithm is bounded by.

Thevalidity of thecompute_patternalgorithmrestsontheability to efficiently computeequiv-

alentmintermsets.Theresultis basedona theoremandcorollary, bothgivenbelow. Let bean

equivalenceclassof mintermsinducedby theequalityrelationof cofactors.Thenwe have follow-

ing theorem:

Theorem7.1Theon-setmintermsof forma subsetof theequivalenceclass in

if and only if for a minterm  such that  following relation holds

(7.1)

Theproof of this theoremis givenin AppendixA. A consequenceof this resultprovidesuswith a

computation of an equivalence class  for a given minterm :

Corollary 7.2 Givenfunction anda minterm fromthespaceof , thecomputation

(7.2)

yields an equivalence class  containing minterm .

Theabove resultfollows immediatelyfrom Theorem7.1by forcing to be

independentof . In the compute_patternalgorithm this corollary is usedto selectfactors

composed of the equivalence classes .

7.2.2 Decomposition cache

Up to thispointwehavestudiedthesignificanceof thepatternfunction in thecontext of

our symbolicformulationof decomposition.This function,however, hasanotherimportantappli-

cationin thesynthesisflow. Encodingsemanticpropertiesof a decompositioncorefor a function,

F i t i

t i ζ i⋅ F i t i

U U

t i U

F xg Ζ,( ) r

r

r

r

Ci

t i xg( ) Ci f xg xh,( )

m t i m( ) 1=

t i xg( ) f m xg xh,( ) f xg xh,( )≡( )≤

Ci m

f xg xh,( ) m xg

xh f m xg xh,( ) f xg xh,( )≡( )∀

Ci m

f m xg xh,( ) f xg xh,( )≡

xh t i

Ci

F xg Ζ,( )



113

it providesa key in theefficient storageandretrieval of decompositionpatterns.Thepatternfunc-

tion maypoint eitherto thepre-computedpatterns,or to thepatternswhich werecomputedon the

fly during a synthesisrun. Thusthe decompositionsolutions for a given patternfunction

needto becomputedonly once.It turnsout thattheentireprocessof storingandretrieving decom-

positionpatternsusingthepatternfunctionhasa very efficient implementationin the framework

of BDDs.Theimplementationis easilyrecognizedasaconventionalcache,andwe thereforerefer

to it as decomposition cache.

The topmost view of the mapping involved in the decomposition cache is depicted in Figure

7.7.It hasthreestepsof indirectionrequiredto locatethe encodingof decompositionfunc-

tion. The first mapping step constructs the pattern function for a given and a set of decomposi-

tion variables. The pattern function is constructed using the algorithm compute_pattern. The

unique table used by the decision diagram algorithms ensures that identical functions not only

have same BDDs, but they are also physically the same – they reside in the same memory, and

thereforehavesameaddresses.Thustheaddressof thepatternfunctionprovidesakey for locating

its decompositionsolutions,allowing usto consultthedecompositioncachein constanttime.The

decompositioncachethengivesa BDD addressfor the functionthatencodesthedecompo-

sition functions.Notethatnofunction pointsto thepatternfunction in thefigure.Suchapos-

sibility arises when a decomposition solution is been pre-computed earlier but has not yet been

consulted.

Observe that the order in which minterms are selected from in the compute_pattern algo-
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Figure 7.7: Mapping involved in caching of decomposition solutions
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rithm affectstheconstructedfunctions;differentfunctionsmaybecreatedfor thesame .

Suchambiguitymayresultinto a falsecachemiss.TheM31 tool avoidsthis ambiguityby imple-

mentingcompute_patternsuchthattheresultingpatternfunctionis thesamefor structurallyiden-

tical functions, i.e. it is canonical in this sense. This canonicity is achieved by first

fixing anorderon the variables,andthen,oneachiteration,selectingminterm from

which hasleastindex . This way thecachehit is guaranteedwhenthepatternfunctioncomputed

duringsynthesisandthepatternfunctioninsertedin thecacheearlierrepresentthesamesemantic

property.

The M31 tool implements the decomposition cache by partitioning it into tables according to

the and parameters.Thuswith each -to- thereis anassociatedcachetable.Suchpartitioning

enables fast lookup of according to a desired -to- pattern. When the program completes

its execution it gives the user the option of saving the state of each decomposition cache. It can

thenbereconstructedonsubsequentrunsof theprogramsothatthecomputeddecompositionsolu-

tions do not have to be re-computed on each run of the program.

7.2.3 BDD management

In theSection7.2.2wehavedemonstratedtheeffectiveapplicationof BDDsto computationreuse.

Thereis alsoan overheadassociatedwith their manipulation.The foremostreasonfor this over-

headis that the sizeof BDDs may becomevery large, therebyimpactingsoftwareperformance.

The modified decompositiontemplateaddressesthis arising complexity by imposing practical

decompositionconstraintson thedecompositionandcompositionfunctions.Theconstructivesyn-

thesis flow also provides us with the implementationspecific techniqueswhich significantly

improve performance of M31; they are described below.

Separate unique tables.Theuniquetableof aBDD managerguaranteesthateachnodeis unique;

specifically, that thereis no othernodelabeledby the samevariableandwith the samechildren.

This allows sharingof BDD subgraphsbetweenfunctionsfrom the sametable.However, as a

result of suchsharingBDDs and their computationsmay interferewith eachother, causingthe

efficiency of their operationsto degrade.For example,a goodvariableorderof onefunctionmay

causeanincreasein theBDD sizeof anotherfunction,andvice versa.This observationmotivates

usto partitionthememoryspaceof BDDs into separateuniquetables.In theM31 implementation

this partition is achievedby identifying threealgorithmiccomponentswhoseBDDs arerelatively

independent from each other.
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The M31 partition of BDDs into unique tables is depicted in Figure 7.8. Each of the three

unique tables corresponds to a block in the figure labeled with its functional content:

1. Networkfunctions . BDDsof thefunctionscorrespondingto thenetworkfunctions.It

also defines auxiliary  variables to enable construction of the  functions.

2. Decompositioncache. Functions representedby the unique tables of this block

correspond to the decomposition cache. Functions in this table form tuples

, where  is used as a key to access .

3. Symbolicdecompositionfunctions. The uniquetable of this block encompassesall

functions and auxiliary variables involved in the symbolic formulation of

decomposition. It also contains the library functions .

Thearrows betweenblocksin thetableindicatetheir interaction.Theseinteractionsarisedur-

ing synthesis,andmayrequirefunctionsfrom onetableto beexpressedin thedomainof variables

from another table. To realize such translations M31 relies on a routine which performs construc-

tion of a new BDD in lineartime (in thenumberof nodes).Thecompleteinteractionbetweenthe

unique tables is described easily in the order of the constructive synthesis flow. For a given net-

work function and its decomposition variables , M31 constructs pattern function

using the compute_pattern algorithm. In the next step M31 checks the decomposition cache to

determine if function for is been already computed. Since the decomposition

cacheusesa differentuniquetable,the functionneedsto betranslatedin thedomainof

this table.In caseof a cachemisssymbolicdecompositionof a functionis performed,requiringa

translationof into thedomainof table3. After computingthefunction , it needsto

be inserted into the decomposition cache together with its key . This involves a transla-

tion of the  tuple to the domain of the decomposition cache (table 2).

Figure 7.8: Interaction between unique tables in M31
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Variable order. TheM31 implementationis awareof thepotentiallydetrimentaleffect of a poor

variableorderingin a BDD. It thereforeaddressesthis problemusingreorderingheuristicspro-

videdby theCUDD package[110], aswell ascarefulallocationof variablesfrom within thetool.

Thesemethodsareappliedto theBDDs of network functions,aswell asto thefunctionsinvolved

in symbolicdecomposition.M31 targetsgoodvariableordersfrom the first stepsof synthesis.It

alsotriesto minimizetheuseCUDD orderingroutinesastheirexecutionis typically timeconsum-

ing.

The variable order of the network functions is significant not only from the perspective of a

BDD size,but alsobecauseit is partof aheuristicto selectdecompositionvariables.(Thus,differ-

ent variable orders may lead to different circuit implementations.) M31 deduces a good variable

order for node functions from the structural properties of the provided network. The deduction is

achieved by traversing the network in depth-first-search order starting from the primary outputs,

and on each traversal step picking a fan-in node which is furthest from the primary inputs. When

theprovidednetwork is tooshallow to deducesuchstructure,M31 usestheorderof variablessup-

plied in the netlist. If the total number of BDD nodes exceeds a CUDD’s pre-defined limit the

dynamic variable reordering1 is triggered.

As the network evolves during synthesis the node functions also change. They become re-

expressed in terms of the new variables. It is important to pace these new variables in the proper

positions in a BDD, or the size of BDDs may increase unreasonably. The M31 implementation

maintains a good structure of BDDs by identifying proper locations for newly introduced vari-

ables.Indeed,thesenew variablescorrespondto theoutputsignalsof newly introduceddecompo-

sition functions, and they re-encode decomposition variables. Thus, it is reasonable to conclude

that when new variables are placed in the former location of decomposition variables the re-

encodedBDD inheritsthestructureof theoriginalBDD. UsingthisobservationM31 placesnewly

introduced variables at the position of the bottom decomposition variables.

The significance of placing new variables in the proper position is illustrated on two practical

examples; namely, on carry-out function of a 16-bit adder, and on the function for the

mostsignificantbit in a6-bit partialmultiplier. For theexampleof the function,its BDD vari-

ables are ordered by placing the most significant bit variables closest to the root, creating the

order. To performdecompositionof this function,four decomposi-

1. this dynamic reordering can be disabled on the command line

cout p11

cout

a15 b15 … a0 b0 cin< < < < <
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tion variables were selected – , and implemented with two majority functions intro-

ducing two new variables and . After re-expressing with these two decomposition

functions we evaluated effect of placing the new variable pair at different levels of BDD. The

curve plotting the position of new variables against the resulting BDD size is depicted in Figure

7.9-a.Onemayeasilyobserve thatasthenew variablesgetplacedfurtheraway from thelocation

of decomposition variables the BDD size increases. This effect is even more pronounced for the

multiplier function.Figure7.9-bdepictsresultof choosingdifferentlocationsfor thetwo new

variables implementing the three signals of the partial bit-products ,  and .

Ourexperimentswith M31 havefurthervalidatedeffectivenessof theoutlinedheuristicfor the

location of new variables. Virtually all BDDs of the composition function constructed in this way

with the re-expressfor thesupport-reducingdecompositionaresmallerthantheoriginal function.

Thus, on each iteration of the constructive synthesis algorithm the representation of unimple-

mentedlogic decreases,resultingin themonotonicreductionof BDDs.Suchareductionalsoelim-

inating the need for reordering BDD variables.

Underapproximation of decomposition solutions.Whenthesymbolicformulationof decompo-

sition leadsto a largeBDD for , wecanreshapeit by underapproximatingits solutionspace.

Theresultof suchunderapproximationis a muchsmallerBDD which encodesfewer decomposi-

tion functions.Althoughsuchunderapproximationeliminatessomeof thefeasibledecomposition
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solutions,this lossis not significantsinceexaminingall feasiblesolutionsis likely to beanexpen-

sive process.

In M31 the underapproximation is invoked when the number of nodes in exceeds cer-

tain threshold,1 and before constraining with the library functions. The CUDD package

provides several routines to obtain a compact BDD using this approach. In the M31 implementa-

tion thisunderapproximationis achievedusingCUDD functionCudd_SubsetShortPaths . It

extractsadensesubsetfrom aBDD with theshortestpathsheuristic.Theresultof thisoperationis

a compact BDD with the large on-set.

7.2.4 Evolving Boolean network

Theevolving Booleannetwork modelsthestateof theconstructive synthesisprocess.Thus,aside

from thetraditionalrealizationof a Booleannetwork, its nodesalsohave attributesto capturethis

state.Thesestateattributesareassociatedwith eachnodein thenetwork, anddeterminetheir eli-

gibility for decompositionon eachiterationof the constructive synthesisalgorithm.In what fol-

lows we describe the significance of these additional attributes.

Figure7.10-adepictssmallevolving Booleannetwork. Its nodesarecoloredaccordingto their

states. As it follows from a table in Figure 7.10-b, each node can have up to four states; they are

encoded with two binary variables: f i xed and act i ve. Initially only input nodes are marked

with the implemented state . Other nodes are unimplemented and marked , or should not be

decomposed and marked . A node may get marked either in a pre-processing step, or it may

or duringsynthesisif it is deemedundecomposabledueto someconstraints.The markdenotes

anactivenodewhich thealgorithmis currentlydecomposing.A nodeobtainsits state only if all

1. a threshold of few thousand nodes

G Γ( )

Ls Γ i( )

Figure 7.10: Evolving Boolean network and its state attributes

Node
State attributes

Meaning
Fixed Active

0 0 unimplemented, not active

0 1 unimplemented, active

1 0 implemented

1 1 undecomposable

a) sample network b) attributes in the network and their meaning
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of its fan-innodesaremarkedeither or , i.e. they arefixed.Any nodemarked mayeventu-

ally turn , if for some reason synthesis process decides not to decompose it further. These

semanticsdefinea transitionrelationbetweenthestatesof thenetwork nodes.Therelationreflects

an advancing wavefront of the constructive synthesis algorithm, and is described in terms of the

following state transition graph:

As the graph suggests, all nodes in the final network are marked either  or .

7.3 Experimental Analysis

Thegoalof thissectionis to empiricallyevaluatetheconceptsintroducedin thiswork. Theimple-

mentationof theseconceptsin M31 allowsusto conductexperimentswith thebenchmarkcircuits,

andevaluatetheirpracticalvalue.In ourexperimentalanalysisweuseSIS-1.2asa referencepoint

to judge quality of the M31-synthesized circuits.

7.3.1 Setup

Weevaluatethesynthesisqualityof theM31 andSIS-1.2programsusingtwo technologylibraries:

themcnc standardlibrary,1 andits supersetmcnc+. We createdthemcnc+ library by extending

themcnc library with 3-inputexclusive-or, 3-inputmajority, and2-to-1multiplexer gates.These

primitives were addedto createa “functionally complete” library enabling support-reducing

decompositionwith respectto thevariablespossessingsimplesymmetry, andalsomultiplexer-like

symmetry.

Using these two different libraries, mcnc and mcnc+, the programs were evaluated on the

same set of MCNC combinational benchmarks [123]. These benchmarks vary in the extent of

symmetry they have. The detailed symmetry profiles of variable partitions for the benchmark cir-

cuits are given in Table 7.1. The table lists the number of symmetry groups of various sizes for a

representative sample of the MCNC benchmark circuits. For example, the z4ml benchmark with

7 inputs and 4 outputs has 5 groups of 2 symmetric variables and 4 groups of 3 symmetric vari-

ables(countedindependentlyfor eachoutput).Thesymmetryratioslistedin thelasttwo columns

1. The standardmcnc library is provided with SIS-1.2,and it containssimple and
complex aoi/oai gates with up to four inputs.
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of thetablegive a roughmeasureof symmetryin thelogic specificationsandarecomputedasthe

reciprocalof thenumberof symmetrygroupsfor theleastandmostsymmetricoutputs.A symme-

try ratio of 1 corresponds to a fully symmetric function (one symmetry group containing all vari-

ables),whereasann-input functionthatlacksany variablesymmetrieshasasymmetryratioof 1/n.

The benchmarks were provided either as two-level or multi-level specifications. M31 con-

structedsymbolicrepresentationsfrom thesespecificationsbeforecommencingthesynthesispro-

cess. SIS was run wi th s c r i pt . r ugged. Using this script, mul ti level ci rcui ts were

synthesizedfrom boththeoriginal specificationandfrom collapsedtwo-level forms;theresultsin

Table 7.3 report the best variant. For the my_adder and comp netlists, only the multi-level

forms were used since SIS-1.2 was unable to generate their two-level forms due to their large

sizes.For the parity circuitsSIS-1.2wasalsonotableto completeits synthesiswithin onehour

of the execution.

7.3.2 Results

In Table7.2andTable7.3we characterizethequality of thecircuitssynthesizedby M31 andSIS-

1.2in termsof their topologicalproperties(nodeandwire counts,numberof logic levels,andaver-

Table7.1: Symmetry-induced partition of variables in benchmark circuits

Cir cuit Symmetry group counts of size Symmetry
ratio

Name Inputs Outputs 1 2 3 4 5 6 7 8 9 ≥10 Min Max

 rd53 5 3 3 1.00 1.00
 rd73 7 3 3 1.00 1.00
 rd84 8 4 4 1.00 1.00

9symml 9 1 1 1.00 1.00
parity 16 1 1 1.00 1.00
 z4ml 7 4 5 4 0.33 1.00
pm1 16 13 4 6 7 1 3 1 0.25 1.00

 count 35 16 63 2 1 1 1 1 1 1 1 7 0.20 0.25
pcler8 27 17 24 19 2 2 2 2 2 1 1 0.17 1.00
pm4 16 8 3 10 10 5 0.17 1.00
 lal 26 19 22 31 5 2 1 1 1 1 0.12 1.00
sct 19 15 24 34 6 13 0.14 1.00

comp 32 3 48 0.17 1.00
c8 28 18 67 2 1 1 1 1 1 2 0.17 1.00

 t481 16 1 8 0.12 0.12
x4 94 71 175 50 39 27 4 9 0.11 1.00

my_adder 33 17 135 17 0.06 1.00
apex7 49 37 220 26 12 4 1 2 8 0.06 1.00

i2 201 1 13 3 5 0.05 0.05

n
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Table7.2: M31 synthesis results: without and with the pre-computed symmetry library

Cir cuit
gates wir e count logic levels avg. top. wir e

length aoi/oai non-mcnc gates
(mcnc+)

mcnc mcnc+ mcnc mcnc+ mcnc mcnc+ mcnc mcnc+ mcnc mcnc+ maj3 xor3 mux21

 rd53 26  10 56 33 6  3 1.34 1.15 5 0 2 2 0
 rd73 62    8 125 24 10 3 1.76 1.25 11 0 4 4 0
 rd84 71  18 151 45 11  5 1.85 1.27 13 6 4 3 0
9sym 72  13 144 36 14  5 2.07 1.08 15 0 4 4 0
parity 15 8 30 23 4 3 1.53 1.04 0 0 0 7 0

my_adder 206  98 355 278 17 5 2.76 1.29 54 0 74 8 0
pm4 188 47 373 108 19 8 2.39 1.50 27 4 5 7 0

 comp 98  78 198 157 17 9 2.31 1.44 13 6 24 0 0
 z4ml 18  6 39 18 5 3 1.51 1.67 3 0 3 3 0
 t481 23 23 46 40 5 5 1.21 1.20 0 0 2 0 0
pm1 29 29 77 77 4 4 1.56 1.56 1 1 0 0 0
c8 103 66 216 148 5 5 1.52 1.45 0 0 0 0 25
x4 320 235 644 518 8 8 2.37 2.25 44 16 0 0 51

 count 91  81 219 195 7 6 1.90 1.88 16 5 0 0 11
pcler8 117 78 251 194 8 7 1.61 1.79 16 10 0 0 12

 lal 59 59 119 119 6 6 1.51 1.51 2 2 0 0 0
sct 59 52 117 107 7 6 1.79 1.72 3 2 0 0 3

apex7 358 154 998 325 14 10 1.99 2.17 134 24 0 0 8
i2 95 90 311 302 9 9 1.19 1.18 10 6 0 0 5

Avg. 105.7 60.6 235.2 144.5 9.2 5.7 1.79 1.49 19.3 4.3 6.4 2.0 6.0

Table7.3: SIS-1.2 synthesis results: without and with the pre-computed symmetry library

Cir cuit
gates wir e count logic levels avg. top. wir e

length aoi/oai non-mcnc gates
(mcnc+)

mcnc mcnc+ mcnc mcnc+ mcnc mcnc+ mcnc mcnc+ mcnc mcnc+ maj3 xor3 mux21

 rd53 21  21 47 48 8  8 1.98 1.98 7 7 0 0 1
 rd73 40  44 86 92 17  16 2.83 2.80 7 8 0 0 2
 rd84 77  76 184 166 13  11 2.15 1.79 27 20 0 0 2
9sym 120 120 310 309 13  13 2.19 2.19 37 36 0 0 1
parity 15 15 15 30 4 4 1.00 1.00 0 0 0 0 0

my_adder 156 156 285 285 35 35 4.91 4.91 19 19 0 0 0
pm4 172 150 399 341 19 19 4.08 3.63 49 36 0 0 5

 comp 85  85 168 168 13  13 2.04 2.04 16 16 0 0 0
 z4ml 22  22 47 47 10  10 2.49 2.51 8 7 0 0 2
 t481 23  23 38 38 5  5 1.21 1.21 0 0 0 0 0
pm1 32 32 64 64 8 8 1.59 1.59 3 3 0 0 0
c8 65 65 168 168 10 10 2.54 2.54 31 31 0 0 0
x4 231 229 514 510 17 16 2.95 2.95 79 77 0 0 2

 count 90 90 203 203 20  20 5.39 5.39 24 24 0 0 0
pcler8 69 61 140 128 12 12 3.32 3.61 14 10 0 0 4

 lal 65  68 132 140 12  12 2.08 2.09 9 9 0 0 4
sct 52 52 108 108 31 31 6.44 6.44 11 11 0 0 0

apex7 151 151 331 331 15 15 3.10 3.10 41 41 0 0 0
i2 81 81 293 293 8 8 1.31 1.31 9 9 0 0 0

Avg. 82.4 81.1 185.8 182.5 14.2 14 2.82 2.79 20.5 19.1 0.0 0.0 1.2
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agetopologicalwire length)aswell astheirutilizationof thelibrary primitives(countsof theused

complex aoi/oai gatesprovided by the mcnc library, andof the addedsupport-reducinggates).

This characterization is done for the circuits synthesized using bothmcnc andmcnc+ libraries.

Since the gate count and the number of logic levels give only a rough estimate of the circuit

quality we also estimated physical properties of the synthesized circuits. To collect their physical

characteristics the circuits synthesized by M31 were evaluated within the SIS-1.2 environment;

they werefirst library-mapped,andthentheir characteristicswerecollected.Sincethetechnology

mapperin SIS-1.2doesnotutilize theextragatesin mcnc+, wehave limited themappingprocess

to the mcnc library. The results obtained from this mapping process are given in Table 7.4. The

table characterizes each of the circuits in terms of SIS-reported area and delay.

7.3.3 Evaluation

The obtainedexperimentaldataenablesus to make somekey observations.We first analyzethe

resultsin Table7.2andTable7.3.As theresultsin thesetablesshow, circuitssynthesizedby M31

usingmcnc+ library have many fewer logic levels,muchlower averagetopologicalwire lengths,

andfewer connectionswhencomparedto SIS-1.2.Suchan improved synthesisquality confirms

Table7.4: Characteristic of the M31 and SIS-1.2 circuits as estimated by SIS-1.2 after they were
mapped intomcnc library

Benchmark
Cir cuit

Ar ea Delay M31/SIS ratio

SIS-1.2 M31 SIS-1.2 M31 Area Delay
rd53 50 56 17.9 14.3 1.12 0.80

rd73 98 75 35.6 17.4 0.76 0.49

rd84 205 107 26.4 22.6 0.52 0.86

9sym 310 84 35.8 18.9 0.27 0.53

parity 75 75 12.4 15.5 1.00 1.25

my_adder 285 667 57.3 26.0 2.34 0.45

pm4 410 289 48.8 42.3 0.70 0.87

comp 168 240 24.0 25.3 1.43 1.01

z4ml 50 59 25.3 14.5 1.18 0.57

t481 53 56 11.8 11.9 1.06 1.01

pm1 87 72 11.1 10.8 0.83 0.97

c8 175 187 27.5 18.5 1.07 0.67

x4 522 624 38.3 22.2 1.19 0.58

count 216 272 58.6 23.3 1.26 0.40

pcler8 142 235 23.5 16.9 1.65 0.72

lal 146 166 22.5 15.6 1.14 0.70

sct 113 129 57.9 16.2 1.14 0.28

apex7 332 358 33.6 29.2 1.08 0.87

i2 296 295 21.7 17.9 0.99 0.82

Avg. 196.4 212.9 31.05 19.98 1.08 0.65
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thata judiciouschoiceof library primitives,coupledwith a carefully-tuneddecompositionproce-

dure,yieldsmuchbettersynthesisquality thangenericdecompositionsin termsof arbitraryprimi-

tives.Indeed,theimprovementis mostpronouncedfor thefunctionsrich in symmetries;it reduces

gradually as synthesized functions become less symmetric.

The synthesis quality of the M31 program is very much dependent on the library used. This

high degree of variation is a direct implication of the tight integration of decomposition with an

outfitted library. On the other hand, no such extensive variation can be observed for the circuits

synthesized with SIS-1.2 due to the serialization of technology-independent and technology-

dependent transformations.

Comparison of the gate types used by each of the tools shows that SIS-1.2 makes very little

use of the extra support-reducing gates added to the MCNC library. M31, on the other hand,

instantiates these gates extensively as it repeatedly applies support-reducing decomposition. The

utilization of extra gates by the M31 program is roughly proportional to the amount of functional

symmetriespresentin a circuit beingsynthesized.Sucha correlationis theresultof applyingpre-

characterized decompositions to the symmetric decomposition variables.

Therun timeof M31 for thesynthesizedbenchmarksis underoneminute;for thecircuitswith

many symmetries the tool completed its synthesis in a few seconds. The experimental runs show

that the utilization of the decomposition cache is a significant factor contributing to the improved

efficiency. The run time increases when there are fewer symmetries due the increased computa-

tional effort in selecting decomposition variables and decomposition functions. In this case selec-

tion of decompositionfunctionsis thenmoreoftendoneon thefly, andis moreexpensive astheir

encoding function tend to be larger.

The results in Table7.4 characterize synthesized circuits in terms of their physical properties.

Overall, thedatashowsthatM31 circuitshaveamuchbetterdelay, while theirareais only slightly

increased. We should point out that the comp and par i t y benchmarks, for which M31 has

slightly larger delay SIS-1.2, were synthesized from completely different starting points using

these tools: while SIS-1.2 used the original multi-level form as a starting point, M31 synthesized

the netlist from a flat form.

We mustemphasizethatall of thesynthesizedcircuitshave at leastsomesymmetries,making

them good candidates for the M31 implementation. Thus, these benchmarks are especially suited

for the M31 synthesis. In particular, all these circuits were synthesized using support-reducing
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decompositionselectingat mostfour decompositionvariables.We areawarethoughthatthereare

many functions which may not have apparent semantic structure, or whose structure is not

accounted in the M31 implementation. For these circuits support-reducing decomposition using a

small number of decomposition variables may not be a feasible decomposition technique. An

example of such functions is a class of non-symmetric unate functions. Their decomposition is

likely to require a different decomposition template than the one used in the current M31 imple-

mentation.However, ourexaminationof themulti-level MCNC benchmarksshows thatthemajor-

ity of circuits in the suite can be fully synthesized using support-reducing decomposition with a

fan-in bound of four. The table in Appendix D on page 157 provides data for the amount of logic

synthesized under these constraints usingmcnc+ library.

7.3.4 Highlights

Our furtheranalysisalsopointsto someimportantobservationsandfeaturesof theM31 synthesis;

they are listed below.

Circuitssynthesizedby M31 oftenexhibit goodstructuralproperties,reflectingtheir semantic

regularity. This is illustrated in Figure 7.11, comparing r d73 circuits synthesized by SIS-1.2 and

M31. The M31 circuit is more compact than the SIS-1.2 circuit; it is also composed of larger

blocks, simplifying its layout. As the figure suggests capturing semantic properties of a function

a) SIS circuit

b) M31 circuit

Figure 7.11: Schematics for therd73 circuit, synthesized with SIS-1.2 and M31
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may have a profound effect on synthesis quality.

Thereis asignificantextentof logic sharingin theM31 circuits.This is dueto theconstructive

synthesis flow in which the gates of partially implemented circuits are made available on the sub-

sequent iterations of the forward, yet undecomposed, logic. The r d73 circuits in Figure 7.11

illustrates this point – each of its non-output gates has fanout of at least 2.

The results of the M31 synthesis also show that carefully planned automatic synthesis may

leadto new circuit structuresevenfor thoroughlystudiedfunctions.In Figure7.12wegivea16-bit

addersynthesizedby M31. Its schematicdepictsanunconventionalvarianton thecarry-lookahead

adder with only five levels of logic. It computes its carry chains without using their conventional

generateandpropagateencoding.For moredetailedinsightinto its structurewereferthereaderto

AppendixD onpage154.In Table7.5wecharacterizethisclassof -bit adders,for , 8, 16,

32, 64. The area and delay measurements were reported by SIS-1.2 after it mapped each of these

addersinto themcnc library. Thetableillustratesa virtually logarithmicincreaseof their delayin

the number of bits.

Although the support-reducing and fan-in-bounded decomposition template used in the M31

Figure 7.12: A 16-bit adder circuit generated by M31

Table7.5: Characteristics of the adders synthesized by M31

Word length, Gates count Logic levels Ar ea Delay

4 16 3 109 13.5

8 40 4 273 17.9

16 96 5 667 26.0

32 231 6 1575 25.9

64 526 7 3572 31.1

n

n n 4=
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implementation is by no means complete for all circuits, it is able to synthesize a wide range of

practical functions, leading to compact implementations. Examples of such functions include

many arithmetic circuits: adders, counters, rotators, etc. Functions which do not admit our con-

straineddecompositiontemplatedirectlycanbesynthesizedby re-codingthemin a largerdomain.

We have done such a re-coding in Section 5.6 on page 90 for a 16-bit multiplier function. The

resulting partial multiplier functions are rich in symmetries. The re-coded function was then syn-

thesized with M31, yielding a 16-bit array style multiplier. The schematic of the synthesized cir-

cuit is depicted in Appendix D on page156.

7.4 Summary

In this chapterwe showedhow a symbolicformulationof decompositioncanbeincorporatedinto

a constructive synthesisflow. Theconstructive synthesisalgorithmbasedon this formulationhas

beenimplementedaspart of the M31 symmetry-basedsynthesistool. The implementationrelies

on binary-decisiondiagrams,providing a basicmechanismto manipulatefunctionsin the unre-

stricted functional domain.An empirical evaluationof M31 shows that linking functional and

implementationstructuresthrougha carefully-planneddecompositionin termsof pre-computed

decomposition patterns is an effective synthesis paradigm.
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Chapter 8

Conclusions

In this work we addressedthe problemof multi-level circuit synthesiswith a novel, non-tradi-

tional, synthesisapproachthat infers circuit structurefrom the semanticpropertiesof a function.

Thelogicalprogressionof reasoningleadingto thisapproachis summarizedbelow. Themaincon-

tributions of the dissertation are then listed. We conclude with new directions for future work.

8.1 Summary

We began our explorationby addressingcurrentadvancesin ICs, wherewires,andhencecircuit

structure,becomeincreasinglymoreimportant.In responseto thesenew challengeswe developed

a constructive synthesisapproachthatis cognizantof thestructuralimplicationsof decomposition

during circuit synthesis.To test the effectivenessof the approach,an algorithmthat follows the

constructive synthesisparadigmwasimplementedin theM32 program.M32 manipulatessum-of-

productsexpressionsusingavariantof algebraicdivision; themaingoalin its implementationwas

to understandthe implicationsof this novel constructive synthesisflow (e.g.its ability to control

implementationstructure)asopposedto fine tuning its individual steps.The exercisehelpedto

pointout thearbitrarinessof algebraicdivisionasadecompositiontool sinceit bearsnorelationto

thenatureof the functionsbeingsynthesized.UnrestrictedBooleantransformations,on theother

hand, are infeasible except for small-scale problems.

We conjectured that a middle ground can be found: a Boolean decomposition strategy that

relates structural properties of the functions being synthesized to the structural attributes of the

implementation network. To validate this conjecture we began the formulation of a theoretical

framework for library-aware constructive logic synthesis. In this framework the decomposition
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choices are described symbolically, enabling their natural software implementation in the modern

technologyof binarydecisiondiagrams.We appliedthis formulationto thesynthesisof functions

with symmetries, and showed that significant improvement in circuit quality is possible without

unduerun timecomplexity. Theimprovedqualityof thesynthesizedcircuitsis theresultof acoor-

dinated strategy that ties functional structure (symmetries in this case) to appropriately outfitted

decomposition patterns through a decomposition procedure that is aware of both.

8.2 Contributions

The primary contributions of this dissertation are summarized below.

• Constructivesynthesisparadigm: Weintroducedaconstructivesynthesisparadigmas

analternativeto conventionalsynthesis.Its algorithmperformsdecompositionin the

contextof a given library of decompositionprimitives. The algorithmconsidersthe

structural implications of candidate decompositions.

• New theoretical decomposition framework: We developeda solid theoretical

foundationfor library-awarestructurallogicsynthesis.It restsonasymbolicformulation

of decompositionthatcoversall decompositionchoicesin constructivesynthesis,i.e. it

allows the derivation of all circuits realizing a given function.

• Exploration of semantic structure: We showed that rigorous techniquesin

decompositionexploiting the semanticstructureof a functionalspecificationleadto

improvedsynthesisquality–theyallowaguidedexplorationof complexdecomposition

formswhilereducingtheruntimecomplexityof thesynthesisalgorithms.Theapproach

was validated for functions with symmetries.

• Symmetry identification: Weclassifiednewformsof functionalsymmetriesbasedon

groupswapsanddevelopednewalgorithmsfor their identification.Wealsoperformed

a comprehensive study of the symmetries in publicly available benchmark circuits.

• Practicality of the approach: We showednew ways for leveragingthe modern

technologyof binarydecisiondiagramsin asynthesissystem.Theexperimentalresults

showedthatcircuitssynthesizedwith our prototypeimplementationoftenhavebetter

delay characteristics than circuits generated by conventional synthesis tools.
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8.3 Future Work

Thecontributionsof this dissertation,of course,do not give a completeanswerto themulti-level

synthesis problem. Various extensions of this work are possible, some of which are given below.

• Further exploration of semanticproperties: Thesymmetryinsightsdevelopedin this

dissertationmay get further exploredin structure-awarefunctionaldecompositionto

yield “natural” decompositionpatterns.Theregularstructureof datapath-typecircuits

makesuchexplorationsparticularly appealing.Beyondsymmetriesthereare other

semanticpropertiesofafunctionwhichcanbeexploredtoimprovesynthesisquality.For

example,unatenessof controllogic maygetexploredto limit thedecompositionspace,

and to infer structure of the implementation circuit.

• Libraries of larger granularity: In theimplementationof oursynthesisalgorithmwe

havelimiteddecompositionprimitivestothosewith asmallfan-in.Sucharestrictioncan

belifted to exploretheeffectof largerdecompositionblockson circuit quality.These

blocksmaycomein avarietyof netlisttopologies,formingaclassof implementations

for a block. As the constructive synthesisprocessprogresses,an instantiated

representativeof the classmay get replacedwith otherclassmembers,whosenetlist

topologyis moreappropriatein view of theevolvedBooleannetwork;for example,a

netlistthathasmoreinternalsignalsavailableto theforwardlogic maygetinstantiated

instead.

• Extraction of a certain semanticcore: Therearemanyfunctionswhichdonotappear

tohavemuchsemanticstructure.However,slightmodificationsto theirrepresentations

mayyieldafar improvedsemanticstructure.Wehaveillustratedsuchamodificationon

a multiplier functionby expressingit in termsof the partial bit-products.The re-

expressedfunction was constructedin termsof the internal signalsof the provided

network,promptingthequestion:How doesoneidentify portionsof a networkwhich

satisfy a certain semantic structure?

• New decomposition templates: We have illustrated a symbolic formulation of

decompositionthatimposespracticalfan-in-boundingandsupport-reducingconstraints.

For the decompositionof somefunctions,however,theseconstraintscould be too

limiting. Thus,otherdecompositiontemplatesshouldbeexplored.Forexample,support-

maintaining,or support-increasing,decompositiontemplatesallow usto re-encodethe

functionin termsof newsignals,andtherebyimproveits semanticstructure.Although,

n
2
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suchdecompositiontemplatesdonotreducethecircuit width oneachof thesuccessive

levels,they simplify synthesison subsequentiterationsof the constructivesynthesis

algorithm.

• Enumeration of decompositions:Implementationdetailsof thesymbolicformulation

of decompositioncanbefurtherexplored.For example,theM31 approachto caching

decomposition solutions may be well suited for enumerating decomposition

possibilities, instead of selecting them greedily.
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Appendix A

Theorem Proofs

Chapter 2 Proofs

Lemma A.1 (Lemma2.1) For a givenfunction anda basisfunction , thesubfunction

 is vacuous in  and satisfies

(A.1)

if and only if it is equal to the cofactor , where is a minterm on such that

.

Proof: ( ). Supposethat satisfies(A.1) andis vacuousin the variables.We maythenhave

derivation:

(A.1) theorem constraint

cofactor containment property (Table2.1)

cofactor distributivity (Table2.1)

cofactor definition

relation  definition

Thus,  is the unique cofactor .

( ). Cofactor is vacuous in the variables according to its definition. We must also

show that  satisfies bounds (2.6). The derivation below establishes this fact:

cofactor approximation property (Table2.1)

expansion

monotonicity of +

The derivation holds for any minterm  such that . We must therefore have:

f y z,( ) t i y( )

f i y z,( ) y

t i y( ) f y z,( )⋅ f i y z,( )≤ t i y( ) f y z,( )+≤

f m y z,( ) m y

t i m( ) 1=

⇒ f i x

t i y( ) f y z,( )⋅ f i z( )≤ t i y( ) f y z,( )+≤

t i y( ) f y z,( )⋅( )
m

f i z( )( )
m

t i y( ) f y z,( )+( )m≤ ≤⇒

t i y( )( )
m

f y z,( )( )m⋅ f i z( )( )
m

t i y( )( )m f y z,( )( )m+≤ ≤⇔

1 f m y z,( )⋅ f i z( ) 1 f m y z,( )+≤ ≤⇔

f m y z,( ) f i z( )=⇔ ≤
f i z( ) f m y z,( )

⇐ f m y z,( ) x

f m y z,( )

m f y z,( )⋅ m f⋅ m y z,( ) 0=⊕

m f y z,( )⋅ f m y z,( ) m f y z,( )⋅ f m y z,( )⋅+⋅⇔ 0= ⊕

m f y z,( )⋅ f m y z,( )⋅ 0=( ) m f y z,( )⋅ f m y z,( )⋅ 0=( )∧⇔
m t i m( ) 1=
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monotonicity of +

(2.3)identity

The last step in the derivation corresponds to (2.6) ■

Lemma A.2 (Lemma2.3)

Proof: ( ). Wefirst show thatif a functionis containedin thenit is alsocontained

in . Omittingdependenceonthe variables,supposethatthereis somefunction

suchthat , and . Accordingto the interval cofactordefinition theremust

alsobe function in suchthat . Since , the containmentpropertyof the

cofactoroperationalsoimpliesthat . This however, contradictsour original assump-

tion that . Hence, functions in  must be also contained in .

( ). We now show that if a functionis containedin thenit is alsocontainedin .

Suppose that there is function such that  and . This implies that

(A.2)

For the function , on the other hand, following derivation holds:

monotonicity of ·

monotonicity of +

condition

Shannon expansion

Thelaststepof thederivationgivesusfunction in the interval suchthat

. This however, contradicts(A.2) requiringthatno suchfunction is containedin .

Therefore, function  must be in . ■

Lemma A.3 (Lemma2.4)

Proof: We show that function is containedin if andonly if it is containedin

 and in  by means of following derivation:

interval definition

(2.3) identity

m f y z,( )⋅ f m y z,( )⋅
ms.t. t i m( ) 1=

∑ 0= 
  m f y z,( )⋅ f m y z,( )⋅

ms.t. t i m( ) 1=
∑ 0= 

 ∧

t i y( ) f y z,( )⋅ f m y z,( )≤( ) f m y z,( ) t i y( )≤ f y z,( )+( )∧⇔

l x( ) u x( ),[ ]xi
l x( )xi

u x( )xi
,[ ]=

⇒ l x( ) u x( ),[ ]xi

lxi
x( ) uxi

x( ),[ ] x g

g l u,[ ]xi
∈ g lxi

uxi
,[ ]∉

f l u,[ ] g f xi
= l f≤ u≤

lxi
f xi

≤ uxi
≤

g lxi
uxi

,[ ]∉ l x( ) u x( ),[ ]xi
lxi

uxi
,[ ]

⇐ lxi
uxi

,[ ] l u,[ ]xi

g g lxi
uxi

,[ ]∈ g l u,[ ]xi
∉

f f xi
g= f l u,[ ]∉⇒( )∀

g

lxi
g≤ uxi

xi lxi
⋅ xi g⋅≤ xi uxi

⋅≤⇒≤

xi lxi
⋅ xi lxi

⋅+ xi g⋅ xi lxi
⋅+≤ xi uxi

⋅ xi lxi
⋅+≤⇒

xi lxi
⋅ xi lxi

⋅+ xi g⋅ xi lxi
⋅+≤ xi uxi

⋅ xi uxi
⋅+≤⇒ xi l⋅

xi
xi u⋅

xi
≤

l xi g⋅ xi lxi
⋅+≤ u≤⇒

f xi g⋅ xi lxi
⋅+= l u,[ ]

f xi
g= f l u,[ ]

g l u,[ ]xi

l1 x( ) u1 x( ),[ ] l2 x( ) u2 x( ),[ ]∩ l1 x( ) l2 x( )+ u1 x( ) u2 x( )⋅,[ ]=

f l1 l2+ u1 u2⋅,[ ]

l1 u1,[ ] l2 u2,[ ]

l1 f≤ u1≤( ) l2 f u2≤ ≤( )∧

l1 f 1=+( ) f u1 1=+( )
l2 f 1=+( ) f u2 1=+( )

∧ ∧
∧

⇔
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monotonicity of product

distributivity

(2.3)  identity

The last step of the derivation corresponds to . ■

TheoremA.4 (Theorem2.6)Thefunctioninterval , definedin (2.11)on page26,

representsthesetof all functions that are vacuousin . In otherwords,for

all functions  that arevacuous in it must be that:

Proof: ( ). We needto prove thatevery vacuousin function from theabstractedinter-

val is containedin . This canbe doneby merelyshowing that the

abstractedinterval is containedin theoriginal one.Indeed,the fact follows immediatelyfrom the

establishedin (2.12) identity , implying that is also

contained in .

( ). Supposethatvacuousin function is contained . Thenecessarycondi-

tion of thetheoremrequiresusto show that function it is alsocontainedin theabstractedinterval

. Since is vacuousin it must be that and

. Thesetwo cofactorsareequal,andthereforeaccordingto definition of

the interval product and (2.12) must be contained in . Furthermore,

, implying . ■

Corollary A.5 Let becomposedfrom a subsetof variablesof . For an interval

and all functions vacuous in it must then be:

Proof: ( ). According to the TheoremA.4 sufficiency proof makingan interval vacuousin a

singlevariableleadsto its shrinking.Applying this stepiteratively for eachvariablein we must

thereforeobtainan interval containedin the original interval. This implies that vacuousin the

variables function  from  must be also in .

( ). Suppose that vacuous in the variables function is contained . The nec-

essaryconditionof thetheoremrequiresusto show thatfunctionis alsocontainedin theabstracted

interval . The proof is done by induction on the number of variables in :

(Basis.)Thecasewhen is composedof a singlevariableis beenestablishedasa necessary

l1 f+( ) l2 f+( ) 1=⋅( )
f u1+( ) f u2+( ) 1=⋅( )

∧⇔

l1 l2⋅ f 1=+( ) f u1 u⋅
2

1=+( )∧⇔

l1 l2+ f≤( ) f u1 u⋅
2

≤( )∧⇔

l1 l2+ u1 u2⋅,[ ]

xi l x( ) u x( ),[ ]∇

f x( ) l x( ) u x( ),[ ]∈ xi

f x( ) xi

f x( ) xi l x( ) u x( ),[ ]∇ f x( ) l x( ) u x( ),[ ]∈⇔∈

⇒ xi f x( )

xi l x( ) u x( ),[ ]∇ l x( ) u x( ),[ ]

xi l x( ) u x( ),[ ]∇ xi l x( ) xiu x( )∀,∃[ ]= f x( )

l x( ) u x( ),[ ]

⇐ xi f x( ) l x( ) u x( ),[ ]

xi l x( ) u x( ),[ ]∇ f x( ) xi f xi
x( ) l x( ) u x( ),[ ]xi

∈

f xi
x( ) ∈ l x( ) u x( ),[ ]xi

xi l x( ) u x( ),[ ]∇

f x( ) f xi
x( ) f xi

x( )= = f x( ) ∈ xi l x( ) u x( ),[ ]∇

y x l x( ) u x( ),[ ]
f x( ) y

f x( ) y l x( ) u x( ),[ ]∇ f x( ) l x( ) u x( ),[ ]∈⇔∈

⇒

y

y

f x( ) y l x( ) u x( ),[ ]∇ l x( ) u x( ),[ ]

⇐ y f x( ) l x( ) u x( ),[ ]

y l x( ) u x( ),[ ]∇ y

y
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condition to TheoremA.4.

(Induction.) Suppose now that the condition holds for , i.e.

According to (2.12) we may re-write above relation as

If function is alsovacuousin variable thenaccordingto reasoningof basispart it

must be that

Applying (2.12) and commutativity of the abstraction operation we have:

This induction completes proof of the necessary condition. ■

TheoremA.6 (Theorem2.7) Let , , and be functionsas describedabove.Any

function  such that

Proof: Supposethat is acompletelyspecifiedfunctionselectedby arbitrarilyassigningdon’t

cares of . Then following derivation holds:

care set definition

implication property

(2.3) identity

expansion

distributivity

monotonicity of+

 (2.3) identity

This two-way derivationshows that is in the interval if andonly if it canbeobtainedfrom

 restricted to , thereby proving the result. ■

y y1 … yi, ,( )=

f x( ) y l x( ) u x( ),[ ]∇∈

f x( ) yl∃ x( ) y∀ u x( ),[ ]∈

f x( ) yi 1+

f x( ) yi 1+ yl∃ x( ) y∀ u x( ),[ ]∇∈

f x( ) yyi 1+ l x( ) u x( ),[ ]∇∈

f x( ) c x( ) g x( )

g x( )

g x( ) f x( ) c x( ) f x( ) c x( )+,⋅[ ]∈

g x( )

f x( )

c g f=( )→

c g f≡( )≤⇔

c g f⊕( )⇔ 0=

c g f g f⋅+⋅( ) 0=⇔ ⊕

c g⋅ f c g f⋅ ⋅+⋅ 0=⇔

c f g 0=⋅ ⋅ c f g 0=⋅⋅∧⇔

c f⋅ g≤( ) g f c+≤( )∧⇔
g x( )

f x( ) c x( )
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Chapter 4 Proofs

TheoremA.7 (Theorem4.1)

(A.3)

Proof: The computationalform of this theoremis proved by re-writing (4.16).The computation

corresponding to the lower bound in that equation can be expanded as:

Multiplying out the above two summation, and applying annihilation we get

(A.4)

We can similarly re-write complement of the upper bound part in (4.16).

Multiplying out each summation with  gives

Re-arranging terms in above expansion we obtain

Absorbing term  we have

G Γ( ) Ζ y xg∃ mi xg( ) y γi≡( ) ζσ i( )⋅ ⋅
i 0=

2s 1–

∑ 
 
 

xg∃ mi xg( ) y γi≡( ) ζσ i( )⋅ ⋅
i 0=

2s 1–

∑ 
 
 

+
 
 
 
 

∀∀=

C xg y Γ, ,( ) F xg Ζ,( )⋅ y j γi j mi xg( )⋅
i 0=

2s 1–

∑≡
j 1=

t

∏ 
 
 

M i xg( ) ζ i⋅
i 0=

r 1–

∑ 
 
 

⋅=

mi xg( ) y γi≡( )⋅
i 0=

2s 1–

∑ 
 
 

mi xg( ) ζσ i( )⋅
i 0=

2s 1–

∑ 
 
 

⋅=

mi xg( ) y γi≡( ) ζσ i( )⋅ ⋅
i 0=

2s 1–

∑=

C xg y Γ, ,( ) F xg Ζ,( )+

C xg y Γ, ,( ) F xg Ζ,( )⋅=

mi xg( ) y γi≡( ) mi xg( ) ζσ i( )+( )
i 0=

2s 1–

∏⋅ ⋅
i 0=

2s 1–

∑=

mj xg( ) y γ j≡( )⋅
j 0=

2s 1–

∑ 
 
 

mi xg( ) ζσ i( )+( )⋅
i 0=

2s 1–

∏=

mi xg( ) ζσ i( )+

mj xg( ) mi xg( ) y γ j≡( ) mj xg( ) y γ j≡( ) ζσ i( )⋅ ⋅+⋅ ⋅
j 0=

2s 1–

∑ 
 
 

i 0=

2s 1–

∏=

mj xg( ) y γ j≡( ) mj xg( ) y γ j≡( ) ζσ i( )⋅ ⋅+⋅
j 0=
i j≠

2s 1–

∑ mi xg( ) y γi≡( ) ζσ i( )⋅ ⋅+
i 0=

2s 1–

∏=

mj xg( ) y γ j≡( ) ζσ i( )⋅ ⋅
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Factoring out the  terms we have

Multiplying out eachof the summationsin the above expansionwe find that all termsin the

square brackets are annihilated by  terms, giving

(A.5)

Substituting results of (A.4) and (A.5) into and (4.16) we have (A.1). ■

mj xg( ) y γ j≡( )⋅
j 0=
i j≠

2s 1–

∑ mi xg( ) y γi≡( ) ζσ i( )⋅ ⋅+
i 0=

2s 1–

∏=

mi xg( ) y γi≡( ) ζσ i( )⋅ ⋅

mi xg( ) y γi≡( ) ζσ i( )⋅ ⋅ mj xg( ) y γ j≡( )⋅
j 0=

2s 1–

∑⋅
i 0=

2s 1–

∏=

2
s

mi xg( ) y γi≡( ) ζσ i( )⋅ ⋅

mi xg( ) y γi≡( ) ζσ i( )⋅ ⋅
i 0=

2s 1–

∑=
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Chapter 5 Proofs

TheoremA.8 (Theorem5.1) If two ordered disjoint variable groups, and

, are symmetricin function , thenvariables and mustbesymmetricin

function

Proof: Thetheoremproof is doneby contradiction.Supposegroups and aresymmetricin

, andvariables and arenot symmetricin . Symmetrybetween and impliesthat

the cofactor matrix

must be symmetric, where . Since in the symmetric matrix we have

 it must also be true that

Herethe left andright handsidescorrespondto the boxed summationof cofactorsin the upper-

right andlower-left cornersof matrix . Since and occupy themostsignificantbit

positionsin their respectivegroups,it is shouldbeclearthatthesesumsdefinethecofactorsof :

But this impliesthat contradictingtheassumptionthat and arenot sym-

metric in . Therefore and mustbe symmetricin . It is easyto show that the same

holds true for any corresponding pair of variables  and . ■

G1 x1 … xp, ,〈 〉=

G2 y1 … yp, ,〈 〉= f x1 y1

f * G1\x1 G2\y1, f( )∃=

G1 G2

f x1 y1 f * G1 G2

F G1〈 〉 G2〈 〉, ≡

f 0 0,

f n n,

f i j,

f j i,

n 2
p

1–=

i j f i j, f j i,=[ ],∀

f i j,
i j<
∑ f j i,

i j<
∑=

F G1〈 〉 G2〈 〉, x1 y1

f *

f * x1y1
f i j,

i j<
∑=

f * x1y1
f j i,

i j<
∑=

f * x1y1
f * x1y1

= x1 y1

f * x1 y1 f *

xi yi
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Chapter 7 Proofs

TheoremA.9 (Theorem7.1)Theon-setmintermsof forma subsetof theequivalenceclass

 in  if and only if for a minterm  such that  following relation holds

Proof: ( ). First we show thatif on-setof is a subsetof anequivalenceclassthantherelation

musthold for any minterm on the variablessuchthat . Let be

a function whoseon-setcorrespondto the equivalenceclass , and let be cofactor with

respectto mintermsfrom theclass.Without lossof generalitylet usalsoassumethatfor thegiven

 relation  holds. We then have expansion:

definition of≡

orthonormal expansion

orthonormality of ’s

distributivity, absorption

annihilation, monotonicity of +

Since , and function  corresponds to  the relation  must also hold.

( ). We now show that if subset is contained in , then is a also contained in some

equivalenceclass inducedby theequalityof ’scofactors.Supposethereis nosuch , imply-

ing that there must be a pair of minterms and in the on-set of such that and

 ( ). Let also assume that  and .

Using to the cofactor containment property, and earl ier establ ished expansion the

 relation gives us:

Applying distributive property of a cofactor, and using orthogonality of ’s, we have:

t i xg( )

Ci f xg xh,( ) m t i m( ) 1=

t i xg( ) f m xg xh,( ) f xg xh,( )≡( )≤

⇒ t i

t i f m f≡( )≤ m xg t i m( ) 1= M i

Ci f i

t i t i Ci≤

f f m≡( ) f f i f f i⋅+⋅=

M0 f 0 … M i f i … Mn f n+ + + +( ) f i⋅ M0 f 0+( ) … M i f i+( ) … Mn f n+( ) f i⋅ ⋅ ⋅ ⋅ ⋅+=

M0 f 0 … M i f i … Mn f n+ + + +( ) f i M1 … M i … Mn f 0+ + + + +( ) f i⋅+⋅=

… M0 … M i 1– M i 1+ … Mn+ + + + +( ) f i⋅ ⋅ ⋅

… M0 … M i … Mn 1– f n+ + + + +( ) f i⋅ ⋅ ⋅

M i

M0 f i f 0≡( ) … M i f i f i+( ) … Mn f 0 f n≡( )⋅+ +⋅+ +⋅=

M i≥

t i M i≤ M i Ci t i f m f≡( )≤

⇐ t i f f m≡ t i

Ci f Ci

m m′ t i m Ci∈

m′ C j∈ i j≠ f i f m= f j f m′=

m′ f f m≡( )≤

1 M0 f 0⋅ … M i f i⋅ … M j f j⋅ … Mn f n⋅+ + + + + +( )( f i⋅ ) +≤

M0 f 0+( ) … M i f i+( ) … M j f j+( ) … Mn f n+( ) f i )⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ m′

M i

1 f j f i f j f i⋅+⋅≤
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This however is impossiblesince accordingto theoriginal assumption.Thecontradiction

implies that all minterms in the on-set of must belong to a single equivalence class. ■

f i f j≠

t i
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Appendix B

Modelling BooleanNetwork Optimization With Inter vals

The time spanningresearchin the field of synthesishas seenmany approachesto exploring

degreesof freedomin Booleannetworks. As a result thereexists a vast vocabulary identifying

degreesof freedomwith variousflavors.Thesevarying approachesto describingflexibility have

commonnaturethough:They exploreconditionswhich cannotoccurin thenetwork. During opti-

mizationof a Booleannetwork theseconditionsdescendfrom previously imposedoptimization

constraints.A commontypeof suchconstraintsassumesthatonepartof a network hasbeenfixed

while theotherhasbeenoptimized.In suchascenariotheformerpartof anetwork givesriseto the

degreesof freedomin theoptimizationof a laterpart.In thediscussionbelow we show how inter-

vals (described in Chapter 2) can capture fundamental degrees of freedom described in literature.

Single-node flexibility

A commonstepin theoptimizationof Booleannetworksis to minimizethelocal functionof each

nodeusingdon’t caresderivedfrom theenvironmentof anode.It wasshown in [4] thatdon’t cares

allow to make nodefunctionsvacuousin its redundantfan-insignals.Traditionallythedon’t cares

of a Booleannetwork aredividedinto threegroups:satisfiabilitydon’t cares(SDC),observability

don’t cares(ODC),andexternaldon’t cares(EDC).Both SDCandODC arerelatedto thecircuit

structure,andareimplicit. They includesignalpatternswhich cannever occurin thenetwork. On

theotherhand,EDC areexplicitly providedby a userin termsof theexternalsignals.Thesethree

types of don’t cares are described below.

Satisfiabilitydon’t caresrefer to theimpossiblecombinationsof variablevaluesfor thenodes

which topologically proceed some given node. For a given node function and its output signal

, they arerepresentedasa sumof don’t carefunctions for nodesenclosedbetweenpri-

mary inputs and a node been optimized. Suppose that the following set of equations defines a

Boolean network:

f i

yi yi f i⊕

s x1x2 x1x2+=
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When simplifying , its SDC is

Valuesof function at thesepointscanbeassignedarbitrarily. Specifically, thecomplementof

is a care set function, and thereforeaccordingto Theorem2.7 any new is in the interval

. One such function in the interval is .

Observability don’t cares complement satisfiability don’t cares in that they provide flexibility

for single-nodeoptimizationin termsof theimpossibleconditionsof anetwork partwhich is topo-

logically ahead of a given node. They allow the global function at a node to change without this

changebecomingobservableat thenetwork outputs.Thesedon’t caresareillustratedfor theexam-

plecircuit givenin [97] usingtheconceptof intervals(seeFigureB.1).Thecircuit couldbeacom-

plete implementation of a function, or a subcircuit of some combinational block.

Suppose that we would like to minimize node in terms of the network part which is topo-

logically aheadof . To computetheODCfor thisnodewewill first computecharacteristicfunc-

tion of Booleanrelationdescribingflexibility in selecting . Thecharacteristic

function of the Boolean relation is then used to extract ODC for the node.

The care set arising from this network part is represented as a function below:

When selecting the described care set must be obeyed, while the global functions

and preserved. The consistency must hold for all signal

values of and . Theserequirementsare ensuredby selectinga characteristicfunction

 from the interval below:

t x3x4=

k x5x6 x5x6+=

r sk x1x2x3x4k x1x2x3x4+ +=

r

d s x1x2 x1x2+( )⊕( )= t x3x4( )⊕( ) k x5x6 x5x6+( ) )⊕( )+ +

r d

r

r d⋅ r d+,[ ] r ks kst+=

x2
x3

x1
x2

x1
x3

y6

y7

y4

y5

y1

y2

y3

Figure B.1: Example of observability don’t cares for ; they show that  is redundantf 2 y2

f 2ODC2 x1x2 x1x2 x3+ +=

f 2 0 x1x2 x1x2 x3+ +,[ ]∈

y2

y2

F x1 x2 x3 y2, , ,( ) f 2

c y1 x2x3( )≡( ) y3 x1x3( )≡( ) y4 y1 y2+( )≡( )
y5 y2 y3+( )≡( ) y6 y4 y5+( )≡( ) y7 y4 y5+( )≡( )

⋅ ⋅ ⋅
⋅ ⋅

=

f 2

f 6
* x1 x2 x3+ += f 7

* x1 x2 x3+ +=

y6 y7

F x1 x2 x3 y2, , ,( )
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Substituting our functions and abstracting variables we obtain:

(B.1)

Theinterval containsa singlecharacteristicfunctionof a Booleanrelationrepresentingflexibility

in selecting . (As we will observe later such uniquenessis not incidental when computing

ODC.)

The definition of observability don’ t cares requires the values of to bear no effect on the

output values, or, in other words, on the interval consistency. Therefore, all points of the observ-

ability don’t caresmustbeablemapto both and . By abstracting from theBooleanrela-

tion we extract all such don’t cares:

According to these don’t cares

or equivalently

implying that  can be selected as constant 0, and is therefore redundant.

Finally, minimization of a local node function with the external don’t cares is per-

formed by first expressing external don’t cares in the domain of a node’s fan-in variables as

and then combiningthe re-expresseddon’t careswith either ODC or SDC. The effect of such

inclusion of EDC is an expanded interval providing more minimization flexibility .

Multi-node flexibility

In thelastexampleweusedBooleanrelationsto computeobservability don’t cares.Thecomputed

Booleanrelationdescribedasetof all compatiblefunctions ; they representallowablefunction-

ality for a node.Suchcomputationextendsnaturally to computingflexibility for a nodesubset,

arisingdueto theimpossibleconditionsof theforwardnodes.Thus,thenetwork is partitionedinto

a cascade of two subnetworks, fixed and optimized, as illustrated in Figure B.2.

The two interconnected blocks in Figure B.2 depict a hierarchical representation of some

Booleannetwork. Supposethatthefunctionalityof the signalsis providedasa functionof the

y6 y7 f 6
* y6≡( ) f 7

* y7≡( ) c⋅ ⋅ f 6
* y6≡( ) f 7

* y7≡( ) c+⋅,[ ],∀

F x1 x2 x3 y2, , ,( ) y2 x1x2 x1x2 x3+ + + y2 x1x2 x1x2 x3+ + +,[ ]∈

f 2

y2

y2 y2 y2

ODC2 y2 y2 x1x2 x1x2 x3+ + +( )∀ x1x2 x1x2 x3+ += =

f 2 x1x2( ) ODC2⋅ x1x2 ODC2+,[ ]∈

f 2 0 x1x2 x1x2 x3+ +,[ ]∈

y2

f i de x( )

de y( ) x de x( ) f i
* x( ) f i y( )≡( )⋅( )∃=

f 2

z x
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signals, and that block B is fixed while A is been optimized. Cerny [27] formulated all possible

implementationsof A for suchaninterconnection1 in termsof Booleanrelationsin thecontext of

Boolean equations. His approach uses the characteristic function of a Boolean relation to model

consistent behavior of inputs and outputs for a given block. Let , and be

such functions for the blocks A, B, and a complete network, respectively. Cerny shows that all

implementations ofA are expressed in terms of  and  as

(B.2)

All functions compatible with  are valid implementations ofA.

Theequation(B.2) derivesdirectly from theinterval solutionto A. Indeed,when is viewed

as a care set function for the interval solution for  is:

(B.3)

Equation (B.2) then follows directly from the proposition below:

Proposition B.1 [27] If  is characteristic function for a completely specified blockB, then

Accordingto thisproposition,thecharacteristicfunction is uniqueandcanbeobtainedwith two

differentcomputationalforms. Note that this is consistentwith the solution(B.1) for the earlier

ODC example – the interval also contains only one function.

The notion of Boolean relations, however, breaks when we reverse the problem solving for

block B in terms of block A. Savoj showed that expressing implementations for B with Boolean

1. However in his approachblock B also dependson . This requirementis not
arbitrary as it ensures that Boolean relations are well-formed when solving forB in terms ofA.

y
x zA B

A x y,( ) B y z,( )

          î

F x z,( )

Figure B.2: Illustration of Boolean relations in capturing flexibility of a Boolean network

A x y,( ) z F x z,( ) B y z,( )+( )∀=

z F x z,( ) B y z,( )⋅( )∃=

a) hierarchical connections of a network b) flexibility for block A, when block B
and  are givenF x z,( )

x

A x y,( ) B x y,( ) F x z,( )

B F

A x y,( ) z F x z,( ) B y z,( )+( )∀=

A

B

F A

A x y,( ) z F x z,( ) B y z,( )⋅ F x z,( ) B y z,( )+,[ ]∀∈

B y z,( )

z F x z,( ) B y z,( )⋅( )∃ z F x z,( ) B y z,( )+( )∀=

A
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relations is not adequate [97, p. 61]. The reason for the insufficiency of Boolean relations is that

they maybecomenotwell-formed,whichmayallow implementationsof block thatB arenotcon-

sistentwith A. Cerny avoidsthis problemby allowing B dependon thesignalsof . Suchexplicit

dependence on ensures that the Boolean relation of is well-formed. However, this

way block B is redundant in as any of its signals are also allowed to pass through block A.

Chapter 4 addresses this problem expressing flexibility for each individual output in block B by

means of intervals. The the notion of intervals is also used in Chapter 4 to express more general

flexibility where only signal dependence between the blocks A and B is known, allowing them

change simultaneously.

x

x B x y z, ,( )

x
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Appendix C

Symmetry Structures

Symmetry structures for C432

Below we give symmetrystructuresfor eachof thesevenoutputsin thec432 circuit. They illus-

trate hierarchical symmetries which arise in datapath circuits.

…

1 4 102108

…

11 17 21

  9 groups

  

8 groups

1 4 8 102108 1121 4 8 102108112

27 102108 112 115

…  

9 groups
…  

9 groups

output 223GAT(89) output 329GAT(133) output 370GAT(163)

output 421GAT(193)

10E8.26 invariant permutations 10E5.55 invariant permutations 10E5.55 invariant permutations

40319 invariant permutations

14 115
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1 4 8 14 102108 112 11589 95 99 105 50 56 60 6637 43 47 53 63 69 73 79 76 82 86 92

1 4 8 14102108 112 115 50 56 60 66 63 69 73 79 76 82 86 92 89 95 99 105

output 431GAT(194)

output 432GAT(195)

23 invariant permutations

3 invariant permutations

…

1 4 8

  

4 groups

14 102108 112 11563 69 73 79

…

11 17 21

  

4 groups

27 50 56 60 66

output 430GAT(193)

2879 invariant permutations
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Symmetry structures for C499 based on its high-level decomposition

Symmetries of the circuit are described, relying on the signal naming from [57].

The M1 module implements syndrome equations. We first give symmetries for some of its

internal signals:

Thesearemulti-phasesymmetries(i.e.symmetrieswhichholdunderany phaseassignmentsto the

group variables). The remaining inputs to this module have the following symmetries:

 and  form multi-phase symmetries:

The  syndrome signals have the following symmetries in the  module:

D0: I D00 I D04 I D08 I D12 I D16 I D17 I D18 I D19 I D20 I D21 I D22 I D23, , , , , , , , , , ,{ }

D1: I D01 I D05 I D09 I D13 I D24 I D25 I D26 I D27 I D28 I D29 I D30 I D31, , , , , , , , , , ,{ }

D2: I D02 I D06 I D10 I D14 I D16 I D17 I D18 I D19 I D24 I D25 I D26 I D27, , , , , , , , , , ,{ }

D3: I D03 I D07 I D11 I D15 I D20 I D21 I D22 I D23 I D28 I D29 I D30 I D31, , , , , , , , , , ,{ }

D4: I D16 I D20 I D24 I D28 I D00 I D01 I D02 I D03 I D04 I D05 I D06 I D07, , , , , , , , , , ,{ }

D5: I D17 I D21 I D25 I D29 I D08 I D09 I D10 I D11 I D12 I D13 I D14 I D15, , , , , , , , , , ,{ }

D6: I D18 I D22 I D26 I D30 I D00 I D01 I D02 I D03 I D08 I D09 I D10 I D11, , , , , , , , , , ,{ }

D7: I D19 I D23 I D27 I D31 I D04 I D05 I D06 I D07 I D12 I D13 I D14 I D15, , , , , , , , , , ,{ }

H0: R I C0,{ } H2: R I C2,{ } H4: R I C4,{ } H6: R I C6,{ }

H1: R I C1,{ } H3: R I C3,{ } H5: R I C5,{ } H7: R I C7,{ }
Di H i

S0: D0 C0,{ } S2: D2 C2,{ } S4: D4 C4,{ } S6: D6 C6,{ }

S1: D1 C1,{ } S3: D3 C3,{ } S5: D5 C5,{ } S7: D7 C7,{ }
Si M2

E00: S0 S1 S2 S3 S4 S5 S6 S7, , , , , , ,{ }

E01: S0 S1 S2 S3 S4 S5 S6 S7, , , , , , ,{ }

E02: S0 S1 S2 S3 S4 S5 S6 S7, , , , , , ,{ }

E03: S0 S1 S2 S3 S4 S5 S6 S7, , , , , , ,{ }

E16: S0 S1 S2 S3 S4 S5 S6 S7, , , , , , ,{ }

E17: S0 S1 S2 S3 S4 S5 S6 S7, , , , , , ,{ }

E18: S0 S1 S2 S3 S4 S5 S6 S7, , , , , , ,{ }

E19: S0 S1 S2 S3 S4 S5 S6 S7, , , , , , ,{ }

E04: S0 S1 S2 S3 S4 S5 S6 S7, , , , , , ,{ }

E05: S0 S1 S2 S3 S4 S5 S6 S7, , , , , , ,{ }

E06: S0 S1 S2 S3 S4 S5 S6 S7, , , , , , ,{ }

E07: S0 S1 S2 S3 S4 S5 S6 S7, , , , , , ,{ }

E20: S0 S1 S2 S3 S4 S5 S6 S7, , , , , , ,{ }

E21: S0 S1 S2 S3 S4 S5 S6 S7, , , , , , ,{ }

E22: S0 S1 S2 S3 S4 S5 S6 S7, , , , , , ,{ }

E23: S0 S1 S2 S3 S4 S5 S6 S7, , , , , , ,{ }
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The  and  signals form the following multi-phase symmetry groups:

E08: S0 S1 S2 S3 S4 S5 S6 S7, , , , , , ,{ }

E09: S0 S1 S2 S3 S4 S5 S6 S7, , , , , , ,{ }

E10: S0 S1 S2 S3 S4 S5 S6 S7, , , , , , ,{ }

E11: S0 S1 S2 S3 S4 S5 S6 S7, , , , , , ,{ }

E24: S0 S1 S2 S3 S4 S5 S6 S7, , , , , , ,{ }

E25: S0 S1 S2 S3 S4 S5 S6 S7, , , , , , ,{ }

E26: S0 S1 S2 S3 S4 S5 S6 S7, , , , , , ,{ }

E27: S0 S1 S2 S3 S4 S5 S6 S7, , , , , , ,{ }

E12: S0 S1 S2 S3 S4 S5 S6 S7, , , , , , ,{ }

E13: S0 S1 S2 S3 S4 S5 S6 S7, , , , , , ,{ }

E28: S0 S1 S2 S3 S4 S5 S6 S7, , , , , , ,{ }

E29: S0 S1 S2 S3 S4 S5 S6 S7, , , , , , ,{ }

E14: S0 S1 S2 S3 S4 S5 S6 S7, , , , , , ,{ }

E15: S0 S1 S2 S3 S4 S5 S6 S7, , , , , , ,{ }

E30: S0 S1 S2 S3 S4 S5 S6 S7, , , , , , ,{ }

E31: S0 S1 S2 S3 S4 S5 S6 S7, , , , , , ,{ }
Ei I Di

OD00: E00 I D00,{ }

OD01: E01 I D01,{ }

OD02: E02 I D02,{ }

OD03: E03 I D03,{ }

OD08: E08 I D08,{ }

OD09: E09 I D09,{ }

OD10: E10 I D10,{ }

OD11: E11 I D11,{ }

OD16: E16 I D16,{ }

OD17: E17 I D17,{ }

OD18: E18 I D18,{ }

OD19: E19 I D19,{ }

OD24: E24 I D24,{ }

OD25: E25 I D25,{ }

OD26: E26 I D26,{ }

OD27: E27 I D27,{ }
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Symmetry profile for C6288 expressed in terms of its partial product

Symmetryprofilesin thetablebelow aregivenfor a16-bitmultiplier in termsof its partialproduct

signals.Eachrow in the table identifiesa list of groupvariablesthat aresymmetricusing

notation, where  is the number of groups of size.

 Output Symmetry Profile

 545GAT(287)  1(2)

 1581GAT(423)  1(2)

 1901GAT(561)  1(2) 1(3)

 2223GAT(700)  1(2) 1(3) 1(4)

 2548GAT(840)  1(2) 1(3) 1(4) 1(5)

 2877GAT(983)  1(2) 1(3) 1(4) 1(5) 1(6)

3211GAT(1128)  1(2) 1(3) 1(4) 1(5) 1(6) 1(7)

3552GAT(1275)  1(2) 1(3) 1(4) 1(5) 1(6) 1(7) 1(8)

3895GAT(1423)  1(2) 1(3) 1(4) 1(5) 1(6) 1(7) 1(8) 1(9)

4241GAT(1572)  1(2) 1(3) 1(4) 1(5) 1(6) 1(7) 1(8) 1(9) 1(10)

4591GAT(1722)  1(2) 1(3) 1(4) 1(5) 1(6) 1(7) 1(8) 1(9) 1(10) 1(11)

4946GAT(1876)  1(2) 1(3) 1(4) 1(5) 1(6) 1(7) 1(8) 1(9) 1(10) 1(11) 1(12)

5308GAT(2031)  1(2) 1(3) 1(4) 1(5) 1(6) 1(7) 1(8) 1(9) 1(10) 1(11) 1(12) 1(13)

5672GAT(2187)  1(2) 1(3) 1(4) 1(5) 1(6) 1(7) 1(8) 1(9) 1(10) 1(11) 1(12) 1(13) 1(14)

5971GAT(2309)  1(2) 1(3) 1(4) 1(5) 1(6) 1(7) 1(8) 1(9) 1(10) 1(11) 1(12) 1(13) 1(14) 1(15)

6123GAT(2368)  1(2) 1(3) 1(4) 1(5) 1(6) 1(7) 1(8) 1(9) 1(10) 1(11) 1(12) 1(13) 1(14) 1(15) 1(16)

6150GAT(2378)  1(2) 1(3) 1(4) 1(5) 1(6) 1(7) 1(8) 1(9) 1(10) 1(11) 1(12) 1(13) 1(14) 2(15) 1(16)

6160GAT(2383)  1(2) 1(3) 1(4) 1(5) 1(6) 1(7) 1(8) 1(9) 1(10) 1(11) 1(12) 1(13) 2(14) 2(15) 1(16)

6170GAT(2388)  1(2) 1(3) 1(4) 1(5) 1(6) 1(7) 1(8) 1(9) 1(10) 1(11) 1(12) 2(13) 2(14) 2(15) 1(16)

6180GAT(2393)  1(2) 1(3) 1(4) 1(5) 1(6) 1(7) 1(8) 1(9) 1(10) 1(11) 2(12) 2(13) 2(14) 2(15) 1(16)

6190GAT(2398)  1(2) 1(3) 1(4) 1(5) 1(6) 1(7) 1(8) 1(9) 1(10) 2(11) 2(12) 2(13) 2(14) 2(15) 1(16)

6200GAT(2403)  1(2) 1(3) 1(4) 1(5) 1(6) 1(7) 1(8) 1(9) 2(10) 2(11) 2(12) 2(13) 2(14) 2(15) 1(16)

6210GAT(2408)  1(2) 1(3) 1(4) 1(5) 1(6) 1(7) 1(8) 2(9) 2(10) 2(11) 2(12) 2(13) 2(14) 2(15) 1(16)

6220GAT(2413)  1(2) 1(3) 1(4) 1(5) 1(6) 1(7) 2(8) 2(9) 2(10) 2(11) 2(12) 2(13) 2(14) 2(15) 1(16)

6230GAT(2418)  1(2) 1(3) 1(4) 1(5) 1(6) 2(7) 2(8) 2(9) 2(10) 2(11) 2(12) 2(13) 2(14) 2(15) 1(16)

6240GAT(2423)  1(2) 1(3) 1(4) 1(5) 2(6) 2(7) 2(8) 2(9) 2(10) 2(11) 2(12) 2(13) 2(14) 2(15) 1(16)

6250GAT(2428)  1(2) 1(3) 1(4) 2(5) 2(6) 2(7) 2(8) 2(9) 2(10) 2(11) 2(12) 2(13) 2(14) 2(15) 1(16)

6260GAT(2433)  1(2) 1(3) 2(4) 2(5) 2(6) 2(7) 2(8) 2(9) 2(10) 2(11) 2(12) 2(13) 2(14) 2(15) 1(16)

6270GAT(2438)  1(2) 2(3) 2(4) 2(5) 2(6) 2(7) 2(8) 2(9) 2(10) 2(11) 2(12) 2(13) 2(14) 2(15) 1(16)

6280GAT(2443)  1(2) 2(3) 2(4) 2(5) 2(6) 2(7) 2(8) 2(9) 2(10) 2(11) 2(12) 2(13) 2(14) 2(15) 1(16)

6287GAT(2444)  1(1) 2(2) 2(3) 2(4) 2(5) 2(6) 2(7) 2(8) 2(9) 2(10) 2(11) 2(12) 2(13) 2(14) 2(15) 1(16)

6288GAT(2447)  1(1) 2(2) 2(3) 2(4) 2(5) 2(6) 2(7) 2(8) 2(9) 2(10) 2(11) 2(12) 2(13) 2(14) 2(15) 1(16)

n s( )

n s
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A function which has no involution symmetries

Below we give anexamplefunctionwhosesymmetrycannotberepresentedwith our swap-based

symmetry structures; its SOP representation is

The semantic structure of the function is captured in the following graph:.

It is constructedsuchthat its verticesareadjacentif andonly if their variablesbelongthe same

cube of the SOP representation. In the cycle notation [55] the symmetry of this function is

which is clearly not representable with the variable swaps. The example is due to Markov [79].

ab ac af aj bc be bk cd ci dk ej fi gi hj km+ + + + + + + + + + + + + +
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g f
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k

i
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Appendix D

Synthesis Data

Symmetric library computation

Below the module libraries are computed for the 3-to-2 symmetric decomposition:

The output shows that there is total of three libraries, each composed of a single 2-output module.

m31> symm_modules 3 2
Creating Lower bound...bdd size 47
Creating complement of Upper bound...bdd size 47
ORing Lower bound and complement of Upper bound...bdd size 101
Creating G for all pattern functions...bdd size 37
Decoding library solution...bdd size 4
Module libraries are:

{M1}, {M2}, {M3}
Total of 3 functionally complete module libraries
   where modules are:

M2 = < x0*x1*x2 + x0’*x1’*x2’,
 x0’*x1’ + x0’*x2’ + x1’*x2’ >

= < S(0,3), S(0,1) >
        M1 = < x0*x1*x2’ + x0*x1’*x2 + x0’*x1*x2 + x0’*x1’*x2’,

 x0’*x1’ + x0’*x2’ + x1’*x2’ >
= < S(0,2), S(0,1) >

M3 = < x0*x1*x2 + x0’*x1’*x2’,
 x0*x1*x2’ + x0*x1’*x2 + x0’*x1*x2 + x0’*x1’*x2’ >

= < S(0,3), S(0,2) >
Total 3 module types
m31>
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Below the module library are computed for the 2-to-1 symmetric decomposition:

m31> symm_modules 2 1
Creating Lower bound...bdd size 13
Creating complement of Upper bound...bdd size 13
ORing Lower bound and complement of Upper bound...bdd size 23
Creating encoding condition for the pattern functions...bdd size 13
Adding encoding condition...bdd size 53
Creating G for all pattern functions...bdd size 16
Deriving feasible pattern functions...bdd size 4
Creating transitive closure...bdd size 5
Deleting subsumed pattern functions...bdd size 4
Deriving weakest pattern functions...bdd size 5, 3 subproblems
Computing complete library......bdd size 4
Module libraries are:

{M1,M2,M3}
Total of 1 functionally complete module libraries
   where modules are:

M3 = < x0*x1 + x0’*x1’ >
= < S(0,2) >

M2 = < x0’*x1’ >
= < S(0) >

M1 = < x0’ + x1’ >
= < S(0,1) >

Total 3 module types
m31>
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Structur e of the synthesized 16-bit adder

The 16-bit addersynthesizedby M31 has5 levels of logic. It splits computationof the even and

oddsumbits into two independentsubcircuits.Its carrysignalsarecomputedasa treeof majority

gates. Such a tree is given below for the  signal.
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The largest carry trees in the adder correspond to the and signals; their corresponding depth is

and . Tree of the remaining carry signals share subtrees of and

. This sharing is illustrated in the figure below. It depicts computation of odd logic in the adder.
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Synthesized 16-bit multiplier

Schematicfor a 16-bit multiplier synthesizedwith M31. Its circuit hasa regular, arraystylestruc-

turecomposedof themajority andtheexclusive-orgates.Thecircuit has738gatesincluding256

2-inputAND, 2243-inputXOR, and2243-inputMAJORITY; it has31 levelsof logic on its long-

est path.
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Amount of synthesized logic

Thetablebelow givesdatafor theamountof logic synthesizedwith fan-in-bounded(boundof four) andsup-

port-reducingdecompositionusingM31 on theflattenedmulti-level MCNC benchmark.In thesynthesisof

thesebenchmarksthemcnc+ library (seepage119of Chapter7 for its description)wasused.Thefirst three

columnsin thetablecharacterizeabenchmarkin termsof its name,numberof inputs,andnumberof outputs.

Columns4 and5 giveBDD sizesof thelargestnetwork nodesbeforeandafterrunningM31.Column5 gives

numberof nodesthatwerenot completelydecomposedby M31 dueto thefan-inandsupport-reducingcon-

straints. The last column provides percent of logic synthesizedwith M31 measuredusing formula

; and in the formula denote,respectively, sizesof shared

BDDs for the original logic and the final remaining unimplemented logic.

 Circuit Lar gest size of a node
BDD

#of not fully
decomposed

nodes

% of
synthesized

logicname inputs outputs before after

9symml 9 1 24 4 0 100.0

alu2 10 6 86 86 3 4.3

alu4 14 8 135 135 5 3.0

apex6 135 99 107 23 2 97.5

apex7 49 37 42 6 0 100.0

b1 3 4 4 3 0 100.0

b9 41 21 34 6 0 100.0

c8 28 18 13 4 0 100.0

cc 21 20 11 4 0 100.0

cm138a 6 8 6 4 0 100.0

cm150a 21 1 34 3 0 100.0

cm152a 11 1 16 3 0 100.0

cm162a 14 5 17 4 0 100.0

cm163a 16 5 14 4 0 100.0

cm42a 4 10 4 4 0 100.0

cm82a 5 3 7 4 0 100.0

cm85a 11 3 14 4 0 100.0

cmb 16 4 12 4 0 100.0

comp 32 3 47 6 0 100.0

cordic 23 2 48 4 0 100.0

count 35 16 21 4 0 100.0

cu 14 11 18 15 1 81.7

des 256 245 65 44 120 54.9

dalu 75 16 139 157 16 18.8

example2 85 66 28 17 1 97.9

f51m 8 8 20 20 4 16.4

frg2 143 139 59 70 7 90.4

i1 25 16 21 4 0 100.0

i2 201 1 1481 4 0 100.0

i3 132 6 32 4 0 100.0

i4 192 6 132 4 0 100.0

F0 F–( ) F0⁄( ) 100%⋅ |F0| |F |
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i5 133 66 34 4 0 100.0

k2 45 43 222 331 25 14.4

lal 26 19 22 4 0 100.0

majority 5 1 7 6 0 100.0

mux 21 1 36 3 0 100.0

my_adder 33 17 49 4 0 100.0

pair 173 137 177 224 71 50.2

parity 16 1 16 3 0 100.0

pcler8 27 17 28 4 0 100.0

pm1 16 13 12 4 0 100.0

rot 135 107 905 723 28 38.9

sct 19 15 25 4 0 100.0

t481 16 1 78 4 0 100.0

term1 34 10 197 9 1 99.2

too_large 38 3 865 502 3 43.7

ttt2 24 21 32 21 2 85.6

unreg 36 16 12 4 0 100.0

vda 17 39 113 108 30 32.5

x1 51 35 316 50 3 92.0

x2 10 7 16 11 2 59.6

x3 135 99 167 42 2 94.9

x4 94 71 31 6 0 100.0

z4ml 7 4 10 4 0 100.0

 Circuit Lar gest size of a node
BDD

#of not fully
decomposed

nodes

% of
synthesized

logicname inputs outputs before after
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	1.79
	27
	20
	0
	0
	2
	9sym
	120
	120
	310
	309
	13
	13
	2.19
	2.19
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	0.0
	1.2
	Table�7.4: Characteristic of the M31 and SIS-1.2 circuits as estimated by SIS-1.2 after they were...

	rd53
	50
	56
	17.9
	14.3
	1.12
	0.765306
	0.521951
	0.270968
	1
	2.34035
	0.704878
	1.42857
	1.18
	1.0566
	0.827586
	1.06857
	1.1954
	1.25926
	1.65493
	1.13699
	1.14159
	1.07831
	0.996622
	0.80
	0.76
	0.52
	0.27
	1
	2.34
	0.7
	1.42
	1.17
	1.05
	0.82
	1.06
	1.19
	1.25
	1.65
	1.13
	1.14
	1.07
	0.99
	rd73
	98
	75
	35.6
	17.4
	0.76
	0.49
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	0.67
	x4
	522
	624
	38.3
	22.2
	1.19
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	1.08
	0.87
	i2
	296
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	0.99
	0.82
	Avg.
	196.4
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	0.65
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	1(2) 1(3) 1(4) 1(5) 1(6) 1(7) 1(8) 1(9) 1(10) 1(11) 1(12) 2(13) 2(14) 2(15) 1(16)
	6180GAT(2393)
	1(2) 1(3) 1(4) 1(5) 1(6) 1(7) 1(8) 1(9) 1(10) 1(11) 2(12) 2(13) 2(14) 2(15) 1(16)
	6190GAT(2398)
	1(2) 1(3) 1(4) 1(5) 1(6) 1(7) 1(8) 1(9) 1(10) 2(11) 2(12) 2(13) 2(14) 2(15) 1(16)
	6200GAT(2403)
	1(2) 1(3) 1(4) 1(5) 1(6) 1(7) 1(8) 1(9) 2(10) 2(11) 2(12) 2(13) 2(14) 2(15) 1(16)
	6210GAT(2408)
	1(2) 1(3) 1(4) 1(5) 1(6) 1(7) 1(8) 2(9) 2(10) 2(11) 2(12) 2(13) 2(14) 2(15) 1(16)
	6220GAT(2413)
	1(2) 1(3) 1(4) 1(5) 1(6) 1(7) 2(8) 2(9) 2(10) 2(11) 2(12) 2(13) 2(14) 2(15) 1(16)
	6230GAT(2418)
	1(2) 1(3) 1(4) 1(5) 1(6) 2(7) 2(8) 2(9) 2(10) 2(11) 2(12) 2(13) 2(14) 2(15) 1(16)
	6240GAT(2423)
	1(2) 1(3) 1(4) 1(5) 2(6) 2(7) 2(8) 2(9) 2(10) 2(11) 2(12) 2(13) 2(14) 2(15) 1(16)
	6250GAT(2428)
	1(2) 1(3) 1(4) 2(5) 2(6) 2(7) 2(8) 2(9) 2(10) 2(11) 2(12) 2(13) 2(14) 2(15) 1(16)
	6260GAT(2433)
	1(2) 1(3) 2(4) 2(5) 2(6) 2(7) 2(8) 2(9) 2(10) 2(11) 2(12) 2(13) 2(14) 2(15) 1(16)
	6270GAT(2438)
	1(2) 2(3) 2(4) 2(5) 2(6) 2(7) 2(8) 2(9) 2(10) 2(11) 2(12) 2(13) 2(14) 2(15) 1(16)
	6280GAT(2443)
	1(2) 2(3) 2(4) 2(5) 2(6) 2(7) 2(8) 2(9) 2(10) 2(11) 2(12) 2(13) 2(14) 2(15) 1(16)
	6287GAT(2444)
	1(1) 2(2) 2(3) 2(4) 2(5) 2(6) 2(7) 2(8) 2(9) 2(10) 2(11) 2(12) 2(13) 2(14) 2(15) 1(16)
	6288GAT(2447)
	1(1) 2(2) 2(3) 2(4) 2(5) 2(6) 2(7) 2(8) 2(9) 2(10) 2(11) 2(12) 2(13) 2(14) 2(15) 1(16)
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	Appendix D
	Synthesis Data
	Symmetric library computation
	Structure of the synthesized 16-bit adder
	Synthesized 16-bit multiplier
	Amount of synthesized logic
	9symml
	9
	1
	24
	4
	0
	100.0
	alu2
	10
	6
	86
	86
	3
	4.3
	alu4
	14
	8
	135
	135
	5
	3.0
	apex6
	135
	99
	107
	23
	2
	97.5
	apex7
	49
	37
	42
	6
	0
	100.0
	b1
	3
	4
	4
	3
	0
	100.0
	b9
	41
	21
	34
	6
	0
	100.0
	c8
	28
	18
	13
	4
	0
	100.0
	cc
	21
	20
	11
	4
	0
	100.0
	cm138a
	6
	8
	6
	4
	0
	100.0
	cm150a
	21
	1
	34
	3
	0
	100.0
	cm152a
	11
	1
	16
	3
	0
	100.0
	cm162a
	14
	5
	17
	4
	0
	100.0
	cm163a
	16
	5
	14
	4
	0
	100.0
	cm42a
	4
	10
	4
	4
	0
	100.0
	cm82a
	5
	3
	7
	4
	0
	100.0
	cm85a
	11
	3
	14
	4
	0
	100.0
	cmb
	16
	4
	12
	4
	0
	100.0
	comp
	32
	3
	47
	6
	0
	100.0
	cordic
	23
	2
	48
	4
	0
	100.0
	count
	35
	16
	21
	4
	0
	100.0
	cu
	14
	11
	18
	15
	1
	81.7
	des
	256
	245
	65
	44
	120
	54.9
	dalu
	75
	16
	139
	157
	16
	18.8
	example2
	85
	66
	28
	17
	1
	97.9
	f51m
	8
	8
	20
	20
	4
	16.4
	frg2
	143
	139
	59
	70
	7
	90.4
	i1
	25
	16
	21
	4
	0
	100.0
	i2
	201
	1
	1481
	4
	0
	100.0
	i3
	132
	6
	32
	4
	0
	100.0
	i4
	192
	6
	132
	4
	0
	100.0
	i5
	133
	66
	34
	4
	0
	100.0
	k2
	45
	43
	222
	331
	25
	14.4
	lal
	26
	19
	22
	4
	0
	100.0
	majority
	5
	1
	7
	6
	0
	100.0
	mux
	21
	1
	36
	3
	0
	100.0
	my_adder
	33
	17
	49
	4
	0
	100.0
	pair
	173
	137
	177
	224
	71
	50.2
	parity
	16
	1
	16
	3
	0
	100.0
	pcler8
	27
	17
	28
	4
	0
	100.0
	pm1
	16
	13
	12
	4
	0
	100.0
	rot
	135
	107
	905
	723
	28
	38.9
	sct
	19
	15
	25
	4
	0
	100.0
	t481
	16
	1
	78
	4
	0
	100.0
	term1
	34
	10
	197
	9
	1
	99.2
	too_large
	38
	3
	865
	502
	3
	43.7
	ttt2
	24
	21
	32
	21
	2
	85.6
	unreg
	36
	16
	12
	4
	0
	100.0
	vda
	17
	39
	113
	108
	30
	32.5
	x1
	51
	35
	316
	50
	3
	92.0
	x2
	10
	7
	16
	11
	2
	59.6
	x3
	135
	99
	167
	42
	2
	94.9
	x4
	94
	71
	31
	6
	0
	100.0
	z4ml
	7
	4
	10
	4
	0
	100.0
	Bibliography
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