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Chapter 1

Intr oduction

In this dissertatiorwe investigatethe computerautomatednulti-level logic synthesif combina-
tional circuits. Thisis a major stepin the computeraideddesign(CAD) flow of integratedcircuits
andplaysa significantrole in determiningoverall circuit quality. In this chaptemwe establishcon-
text for this problem,briefly review previous synthesisefforts, and outline the remainderof this

dissertation.
1.1 VLSI Circuit Synthesis

Very Large Scalelntegration(VLSI) technologyhasbeenthe key enablerfor implementingmod-
ern digital systems.Today's microprocessoranemoriesand application-specifiéntegratedcir-

cuits (ASICs) are the beneficiarieof a steadydoubling, over the last thirty years,of transistor
countsevery 18 months(known asMoore’s law). This unprecedenteithcreasen integrationlevels
hasled to dramaticreductionsin productioncostsand significantincreasesn performanceand
functionality The designof suchhighly complex systemswvasalsocritically dependenbntheuse
of CAD toolsin all phase®f the designprocesssynthesispptimization,analysis,and verifica-
tion. This dissertatioraddressesne of the synthesisstepsin this automaticdesignflow, namely
the creationof alow-level structuraldescriptionof a designfrom a moreabstracform. The major

synthesis steps in this designaflare depicted in Figure 1.1.

The startingpoint of designsynthesigs typically atextual descriptionjn anappropriateéhard-
waredescriptionlanguage(HDL), of the desiredfunctionalbehaior. At this level, the designis

specifiedin termsof abstractdatamanipulationoperationsvhich areorganizedinto larger blocks



module gample (clk, a, b, c, d, e, f, g, h)
input clk, a, b, ¢, d, e, f;
output g, h; rg g, h;

always @(posedge clk) gm
g=alb;
if (d) begin
if () h=a & ~b; High-level synthesis

else h=b; \
if (f) g=c; else h=a" b;

end else
if (c) h=1;else h=a " b;
end
endmodule

High-level behaioral description

Multi-level logic syn%

s
L [TETTTT

Registertransfer lgel description

Physical synthesis

N

i o pr%

Multi-level logic circuit

Physical layout

Figure 1.1: Major synthesisstepsin the designof digital integrated circuits. This dissertation is con-
cerned with multi-level logic synthesis

using control constructs High-level synthesistransformssucha descriptioninto an appropriate
structuralrepresentatioattheregistertransferdevel (RTL). Typical RTL componentincludedata
storageelementqregisters,memories etc.), functional modules(adders shifters, etc.),and data
steeringlogic (bussesmultiplexors, etc.). The next major synthesisstepcreateanulti-level logic

gate realizationsfor eachof the combinational(i.e. memoryless)artsof the RTL description.



Sud multi-level logic synthesids the primary focusof this dissertation The primitive building
blocksusedin suchsynthesisaretypically 3- to 4-input single-outpuicells from a pre-character-
izedtechnologylibrary. Thefinal synthesistepgeneratea completdayoutof the designby plac-
ing and routing its gate-level implementation,and by synthesizinga suitable power/ground

distribution grid and a clock tree.

Eachof the above synthesissteps(high-level, logic, andphysical) involvesa multiple-objec-
tive optimizationthatseeksanappropriatarade-of amongthedesigns areadelay testability and
morerecently power consumption Area minimizationleadsto increasecthip yields, andhence
lower costs,assmallercircuits canbe manufcturedmorereliably, andareeasierto fit on a chip;
smallercircuits alsooften have decreasedelay Delay minimizationcreatedastercircuits which
areessentiain high-performanceomputingapplicationsimproving thetestabilitypropertieof a
circuit canleadto higherreliability and reducedtesting costs.Finally, minimizing power con-
sumptionhasbecomecrucialwith the proliferationof hand-heldandportablecomputingdevices,

and is becoming a major issue in high-performance designs as well.

Thesedesignobjectivesinteractin complex ways.Synthesizinga circuit thatoptimizesacross
a setof theseobjectivesis a difficult taskdueto the tremendouslyarge spaceof potentialsolu-
tions.Findinga solutionin this spacehatmeetsthe specifiedobjective(s)may, therefore pe com-
putationally quite expensve, if not impossible.In the face of suchcompleity, most synthesis
approachesesortto a serializationof the designcreationprocesshy approximating,or entirely
ignoring, someof the contributing component®f the variousoptimizationobjectves. For exam-
ple, in physical synthesis|ayout generatioris serializedinto the stepsof placementglobal rout-
ing, and detailedrouting. Placements done by making certainassumptionsaboutthe routing
requirementsindtheresultingplacemensolutionbecomes constraintfor the subsequentuting
optimization.In mostcasesthisis anacceptabletratgy thatyields goodlayouts.In somecases,
however, the placementonstraintprecludethe successfutouting of the designor leadto routing
solutionsthat do not meetthe delayobjectives.In suchcasesit is necessaryo iteratethe place-

ment/routing steps until an acceptable solution meeting all olgeas found.

This sameserializationparadigmis currentlythe pre-dominanivay for dealingwith thecom-
plexity of multi-level logic synthesisSpecifically the synthesigrocesss split into two phasesa
tedhnolagy-independenglobalrestructuringof the RTL logical specificationdollowed by atech-
nology mappingof the resultingstructureto a specifiedcell library. The technology-independent

optimizationswork on logic representationshat do not directly model, and henceare uncon-



strainedby, the particularprimitive building blocksin this library. Thetechnologymappingphase,
on the otherhand,is constraineddy the structureproducedn the technology-independemthase
andcanonly achieve local optimizationsasit makeschoiceso producethe gate-lezel implementa-
tion. Iterationbetweenthesetwo phasesnay, therefore be necessaryo achiese “closure’ i.e. to

satisfy all optimization objeatés, especially delay

Therearetwo fundamentakonceptanfluencingresearchn multi-level synthesisaswell as
synthesisn generalderivation of flexibility in theimplementatiorof a design,andexploiting this
flexibility whenoptimizingtheimplementationOnesourceof flexibility is theincompletespecifi-
cationof a design,or the partswithin it. Thus,theimplementatiorchangesemainconsistentvith
thespecificationTheothersourceof flexibility is invarianttransformationsvhich leave thebehar-
ior of the actualimplementationunchangedMost researchhasbeendoneregarding the second
sourceof flexibility asit perceved to be a moredifficult problemandto have a more significant

impact on the design quality
1.2 Multi-Le vel Synthesis: A Short Regiew

The questfor the automaticsynthesisof logic circuits hasa long history. In this sectionwe high-
light thesalientmilestonedrom thelastfive decade®f researctanddevelopmentn thisareaWe
divide the presentatiornnto threeparts:early theoreticalork in thefifties andsixties,tool devel-
opmentandwide-spreadhdoptionin the seventiesandeighties,and modernresearctefforts that

address the limitations okisting approaches in thewevorld of deep submicron (DSM) ICs.

1.2.1 Early work

Early researchin combinationakynthesisvasprimarily concernedvith finding optimalformsfor

realizinga given Booleanfunction.

Two-level synthesis. Synthesisalgorithmswerefirst soughtfor the two-level logic minimization
problem.Quine[91] proposedhefirst solutionto this problemin the 1950s;his methodwassub-
sequentlyimproved by McCluskey [80], and hassincebecomeknown asthe Quine-McCluslkey
two-level minimizationprocedureTheessencef this procedurds a systematiexplorationof the
searchspaceof two-level circuits seekinga realizationwith minimal area.The enumeratie nature
of suchanapproachmakesit exponentiallycomplex in bothspaceandtime, andlimits its applica-

bility to relatively smallfunctionswith, typically, a dozenor fewer inputs. The adwvantageof two-



level forms is that they can be directly implementedin VLSI using programmabldogic struc-
tures—PLAsandPALs [45]—whoseareasanddelayscanbe estimatedwvith high accurag. How-
ever, generaluse of two-level synthesisis hamperedby the computationalinfeasibility of
optimally synthesizindarge functionsin two levels, and by the practicaltechnologicalimits on
the maximumfan-in and fan-outof logic gates.In addition, it can be easily shavn that certain
multi-level realizationsare both smaller and fasterthan the correspondingoptimal two-level
forms. Despitetheseshortcomingsexactandapproximategwo-level synthesids sometimesused

as a step in multi-lesl synthesis algorithms.

Multi-le vel synthesis. Researchn multi-level synthesissmeged soonaftertheinitial solutions
to thetwo-level minimizationproblemwerestated Similarin spirit to thoseof the two-level prob-
lem, the original multi-level approachesvere basedon a systematicexploration of the solution
searchspace.The dominantview at that time wasthat two-level circuits were a specialcaseof
multi-level circuits, andthatthe algorithmicsolutionto the former shouldgeneralizeo solve the

latter.

The fundamentahotion in multi-level synthesidgs that of functionaldecompositioni.e. the
possibility of expressinga given Booleanfunction f in termsof a setof other perhapssimpler
functions g, ..., g . Ashenhurs{2] wasthe first to derive a conditionfor checkingwhethera
functionf has a non-tvial decomposition satisfying the template:

f(xl, Xoy vy xn) = h(g(xl, xs), X411 - s xn)
His obsenrationlaid thefoundationfor classicaldecompositiortheory which wasshortlygeneral-
izedby Curtis[35], andRothandKarp [92], to handleother morecomple, decompositioriorms.
Theseworksrepresenthefirst accountf completemulti-level synthesisalgorithms.Thegeneral
approachwas a searchprocedurethat examinedall possibledecompositiondexicographically
pruningthe searchby somesimple lower boundson circuit cost, and terminatingwhen a mini-

mum-cost realization as found.

Several other enumeratiortechniquedor multi-level synthesiswere exploredin the 1960s.
Hellerman[58] proposedan algorithm that enumeratedll directedagyclic graphs,and tested
whethereachgenerategraphimplementghedesiredunction. Theadvancesn two-level minimi-
zationmotivatedLawler [72] to generalizehe notion of two-level prime implicantsto the multi-
level case.His approachshaved how thesemulti-level implicantscan be usedto obtain “abso-
lutely minimal” factoredforms. Gimpel[50] proposedan optimalalgorithmfor synthesiof three-

level networks in termsof NAND gates.Gimpel’s approachis similar in spirit to the work of



Lawler: it generalizedhe two-level enumeratiorapproacho threelevels. Davidson presentedh
branch-and-boundlgorithmfor NAND network synthesiq38]. The algorithm constructsa net-
work realizationby a sequencef local decisionsstartingfrom the primary outputs,andincremen-

tally introduces n& gates.

Most of this early work on multi-level synthesiswhile theoretically significant, failed to
achieve the elusve goal of generatingoptimal circuits. The compleity of exhaustvely enumerat-
ing the solutionspacdimited the applicability of theseapproache$o very smallcircuits,andren-

dered them impractical for general-purpose synthesis.

1.2.2 The adent of practical synthesis

The growing complity of VLSI in the late seventiesnecessitatethen scalablesynthesigech-
niguesthat soughtapproximateratherthanoptimal, multi-level circuit solutions.Most synthesis
toolsin usetodayarebasedn the premisethatthe searchfor optimal solutionsis intractable and
aredesignedinsteadto find acceptablesub-optimalkealizationsThesetoolstypically operateon
amulti-level representationf the functionsbeingsynthesizedgontinuallytransformingit until a
satishctorysolutionis found,andcanberoughly classifiednto two broadcateyoriesbasedn the
granularity of transformationsised.Local transformationapproachesnodify the current“solu-
tion” incrementallyby making appropriatechangesn its immediateneighborhoodIn contrast,
global transformatiorapproacheseekgoodmulti-level topologieshy makinglarge-scalechanges
to theimplementatiorstructurewhile disregardingtechnologicalconsiderationsa second‘map-

ping” phase insures compliance of the resulting muhllstructure with technology constraints.

Local transformation approaches. Original local optimization methods perform rule-based
transformationswhich area setof ad hocrulesthatareappliediteratively to patterndoundin the
network of logic gates.In the local optimizationmethodeachrule introducesa transformatiorby
replacinga small subgraptof several gatesin the network with anothersubgraphwhich is func-
tionally equivalentbut hasa simplerrealizationaccordingto somecostfunction. Initially the net-
work consistof AND, OR,INV gates;decodersmultiplexers,addersetc. After thesimplification
step theseprimitives are translatedinto an interconnectionof INV to NAND gatesthrougha
sequencesf transformationsTechnologyspecifictransformationsrethenappliedasa final step
in the processSuchtransformationshave limited optimizationcapability sincethey arelocal in
nature.anddo not have globalview onthedesign Examplesof systemsasedn this approactare
LSS [37] and LORES/EX [63].



In thelateryearsinterestin localtransformationfiasshiftedto amorerigoroustheoryof don't
cares[4]. They arisefrom the structuraland external propertiesof a network, and are usedto
describdlexibility requiredto locally optimizeanetwork node.In generaltheuseof don't caress
adifficult tasksincetheir numbemaybecomeunmanageabliarge evenfor a smallneighborhood
of anode.Furthermoreit is not alwaysclearfrom which partof acircuit thedon't caresshouldbe
extracted.Variousalgorithmshave beenproposedo extract subsetof don't cares(seee.g.,[36,
96]). Optimizationwith don't careshasa closerelationto other optimizationmethods,suchas
transductiorn[88], redundang removal [33] andglobal flow analysis[5, 6]; techniquesasedon
thesemethodshave beensuccessfullyimplementedn BooleDozer[111], a synthesisool from
IBM.

Global transformation approaches. The computationalimitations of the classicaltheory for
functional decompositiormotivatedthe developmentof algorithmswhich are effective in parti-
tioning comple logic functions. Theseideasare basedon the notion of algebraic factorization
appliedto sum-of-productgSOP)expressionsthe techniqueis describedn [14] and[21]. Alge-
braic decompositiortechniqueshave experiencedhe mostsuccesso datein the field of multi-
level synthesisThey are capableof handlinglarge combinationablocks,andproducevery good
resultsfor controllogic. However, representindogic of higherlevel abstractiorwith SOPforms
malkesit difficult to explore the structuralflexibility of the original description:It canleadto the
lossof acompacidescriptionof the original equationsandalgebraicdecompaositions too restric-
tive to rediscwer their structure Examplesof systemswhich rely on the algebraictechniquesre
MIS [20], SOCRATES[3], andmorerecentlySIS[103]. In morerecentyearsmuchattentionhas
been also gien to AND-XOR decompositions [116, 30, 59, 41].

The adwent of binary decisiondiagrams(BDDs) [24] andtheir variantsrekindledinterestin
classicaldecompositiortechniquesln recentyearsresearchersave successfullyappliedRothand
Karp decompositionin FPGA synthesig[28, 71, 87, 99, 121]. Theseapproacheslecompose
functionrecursvely until eachof the generategubfunctionsmeetsa givenfan-in constrainttypi-
cally 5. However, sincefan-in countis the only notion of nodecompleity in theseapproaches,
they do not extendeasilyto a library-specificsynthesisA numberof approachesave alsobeen
developedwhich explore the structureof the decisiondiagramrepresentatiof a given function
[8, 41,122,124]. ThecloserelationbetweenBDDs and multiplexer circuits hasalsoleadto sev-
eralapproacheto synthesif passransistordogic (PTL) [7, 12,30, 75]; they areprimarily based
on a mapping of (decomposed) BDDs to PTL.



1.2.3 Addressing “serialization” in synthesis

Most of the currenttools for multi-level synthesissplit the optimizationprocessnto technology
independenandtechnologydependenstagesThetechnologyindependenphasenvolvesdecid-
ing how to partitionthe logic. The goalis to createa technologyindependentepresentationf a
setof Booleanfunctionsin multilevel form. The technologydependenstageis thenresponsible
for implementingeachpartition of the logic. The advantagesf this approachto multi-level syn-
thesisare basically:1) speedsinceall computationaktepsare carefully designedo insurethat
they do not have worst-casexponentialruntime behaior, and?2) flexibility , sinceno assumptions
are madeaboutthe logic specificationdeing synthesizedSuchmulti-stageapproacheso com-
plex optimizationproblemsarecommonin electronicdesignautomatione.g.placementollowed

by routing), and are usually necessitated by tHedify of solving these problems conjointly

This “serialization” also has several shortcomings- the most seriousbeing an inadequate
modelof interconnecht thelogic restructuringstage andthe non-incrementahatureof thetopo-
logical/functionaltransformationsindeed,it implies that decisionsmadein earlier stagesmust
necessariljpe basedn looseestimate®of whatlater stagesanaccomplishAt the sametime, the
solutionsproducedby early stagesplacelimitations on the degreesof freedomwhenimproving
the final implementationof a design.For two-stagelogic synthesisdecisionsmadeduring the
technology-independerstagesignificantly determinethe structureof a circuit. They are made
with noregardfor thedownstreantechnologyWhenthetechnologycharacteristicbecomeavail-
ablein the mappingstageit is oftentoo late to augmenthe effectsof thesedecisionsto improve

circuit quality

To illustratethe impactof a technology—wiresn particular—oncircuit we conductech con-
trolled experimentthat comparedhe layoutsof combinationakircuits that have the sameactive
areasbut differentinterconnecpatterns(The layoutswere generatedisingthe Epoch[43] stan-
dardcell placeandroutetools for a two-layer0.5um CMOS IC process.)The plot in Figure1.2
shaws thatthetotal routing area,aswell asdelayperlogic level asfunctionsof averagetopologi-

cal wire length gien by

# Edges

z L(n)

. , n=1
Avg. topological wire length= #Edges
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Figure 1.2:Effects of wiring on circuit area and delay

whereL(n) is thenumberof topologicallevelscrossedy wire n and#Edgeds thetotal number
of wiresin thecircuit. As thefigure clearly shavs, routing areaincreasesvith increasingopolog-
ical complity, andbeginsto exceedactive areawhentopologicalcompleity is around2. Simi-
larly, signal delay per logic level increaseswith increasedopologicalcompleity. While these
resultsmay be specificto the particularIC technologyand physical designsystemusedin the
experimentthey neverthelesonfirmthe generabelief thatwiring canbe a significantcontriku-
tor to areaanddelay This wiring problembecomesnoreimportantwith advancesn CMOStech-
nology sinceinterconnectiongre becominga major concernin today’s high-performancehigh-
density ASIC designs [66].

Theback-annotatedpproachesyhich performresynthesisftertechnologyspecificinforma-
tion is extractedfrom the mappecdcircuit, compensat@artially for this problem.Given a sign-of
information theseapproachewould typically resynthesizé¢he circuit throughcritical sectioncor-
rection[51, 125, 3, 82, 44, 107]. While this yields improvementin circuit quality, technology-
independentand technology-dependeritansformationsstill remain disconnectedin [74], the
authorsaddresghis problemby dynamically modifying the set of AND2/INV decompositions
while deletingothersbasedn the actualcostfunctionusedin technologymapping.lt allowstech-
nology-independertransformationgo be part of the technologymapping.However, thesetrans-

formations do notxéibit global knavledge about circuit structure and functionality

Realizingthe needfor synthesigo accountfor the “physical” informationof back-endools,
Synopsysnalkesit possibleto choosean appropriatevire-loadmodel[70]. Thewire-loadmodels
specifiedn the Synopsygechnologylibrary arebasedon statisticaldatawhichis designandpro-

cesstechnology-dependentThus, inaccuraciesin wire-load models can lead to synthesized
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designswhich are pessimistic,unroutable,or don't meettight constraintsafter routing is per-
formed.Thesynthesigprocessn Synopsyslsorelieson the methodologyof technology-indepen-

dent transformations, which is not suited to accounting for the final wire lengths of a design.

1.3 Motivation

It is widely acknavledgedthatcurrentelectronicdesignautomatiormustbe evolvedto handlethe
challengesaindopportunitiesof finer-featuredfabricationprocesseslhesemethodologiesrefun-
damentallypremisedon the principle of sepaation of concernsa comple designflow is serial-
izedinto asequencef manageablstepshatarelooselycoupled.n this scenariodecisionamade
in the early stagesof designflow becomebinding constraintson later stages Suchserialization
potentially yields less optimal designsthan a methodologythat simultaneouslyconsidersall
designaspectsThis is unavoidable,however, dueto the practicalinfeasibility of concurrentopti-
mizationof all designparametersandis deemedacceptablaslong asthe constraintdhatarefed
forward canbe met. The methodologybreaksdown completely however, whentheseconstraints
becomeunsatisfiablethe typical actionin suchcasesis an iteration that revisits earlier design
stagedo changesuspectegroblematicdecisions.Suchiterationhasbecomeparticularly neces-
sarybetweerthelogical andphysical synthesistepsdueto theinability of layoutsynthesigo sat-

isfy timing requirements, i.e. achietiming closue.

Ideally, the time-wastingiterationbetweerogic andlayout synthesisn todays designmeth-
odologiescouldbe eliminatedby fusingthesestagedo simultaneoushoptimizethe logical struc-
ture as well the spatial placementof a circuit. This, however, may be formidable task due to
reasonof computationalcomplity. We formulate a more modestobjective: to more directly
relate the functional structure of a logic specificationto the ultimate topolagical and physical

structuresof its plysical realization.

We conjecturehatfunctionalspecification$ave global semanticattributesthat canbe profit-
ably usedto inducea favorablestructuralimplementationyhile reducingthe run time compleity
of the synthesisprocess.Theseattributes can have a profound effect on the suitability of one
decompositiontype over another They canbe further utilized to studyrequirement®n the func-
tionality of library primitivesto make a particulardecompositiontype effective. The effect of the
integrationleadsto improved synthesisquality, reflectingthe global functional propertiesin the

final circuit structure.
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1.4 Owerview

This work containsa studyof anapproacho multi-level synthesisin Chapter2 we introducethe
essentiahotation,and derive fundamentakonceptdor this dissertationThe chapterintroduces

the notion of interals, later used as a basihicle for functional decomposition.

Chapter3 describeghe constructivesynthesisapproachwhich operateson a network. The
basicideain this approachis to constructvely build the implementatiometwork from primary
inputsto primary outputsby interleaving the logic decompositiorandlibrary binding steps.The
advantageof this approachis thatit is ableto considerthe structuralimplicationsof candidate
decompositionsThe chapterdescribesa prototypeimplementationof this approachin the M32
synthesigool. The tool manipulatessum-of-productexpressionsrelying on a form of algebraic
division. The main goal of this implementatioris to understandhe implicationsof this construc-
tive synthesidlow (e.qg.its ability to controlimplementatiorstructure)asopposedo fine tuning
individual steps.The exercisehelpsusto point out the limitations of algebraicdivision asdecom-
positiontool sinceit bearsno relationto the natureof the functionsbeingsynthesizedln particu-
lar, the mannerin which decompositions performedandthe contentof the cell library canhave a
profoundimpacton the solutionquality. UnrestrictedBooleantransformationspn the otherhand,

are infeasiblexeept for small-scale problems.

Theobsenationsmadein Chapter3 motivatetheremainderof this dissertationWe conjecture
thatthe inherentcompleity of the unrestrictedBooleantransformationganbe addresseavith a
stratgyy thatties 1) the semanticpropertiesof the functionsbeing synthesized?) the structural
attributesof the implementatiometwork, 3) and carefully chosendecompositiorprimitives. To
realizethis integration,Chapter4 introducesa novel formulationof decompositionlt is designed
with theintentto capturecompletedecompositiorflexibility arisingin the constructve synthesis
flow. Its symbolicformulationmakesthis formulationparticularlysuitedfor theimplementatiorin

the latest technology of decision diagrams

In Chapterb we study semanticstructureof a functionin termsof symmetriesThe studyin
this chapteris motivatedby our earlierargumentthatwhenguidedby knowledgeof the semantic
structureof a function, synthesisanyield more“natural” implementation®f the function. Thus,
they arestudiedwith the intentionof establishinghe key relationbetweendesirabledecomposi-
tionsandthe library of primitiveswhich makessuchdecompositionpossible.Specifically sym-

metriesallow us to definea decompositiorntype that restrictsits decompositiorfunctionsto a
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smalllibrary of pre-characterizedymmetricprimitives, and yet achiezes a constrainedorm of

decomposition; this is illustrated in Chapter 6.

We validateour synthesisargumentin Chapter7 which focuseson the implementatioraspect
of thestudiedtechniquesThe chaptershawvs thatthe efficientimplementatiorof the symbolicfor-
mulationof decompositioris possibleby leveragingrecentadvancesn therepresentationf func-
tions. In particular we describean implementationin the M31 prototype tool, which links
functionalandimplementatiorstructureghrougha carefully-plannediecompositionin termsof
pre-computediecompositiorpatternsthetool is implementedprimarily to capturethe symmetry
structure Theempiricalevaluationof M31 shows thatrelatingsemantiqropertiesof afunctionto

the final implementation is a perful approach to synthesis.

A perspectie on this wrk and directions for future research angegiin Chapter 8.



Chapter 2

Notation and Preliminaries

This chapterprovidesthe notation,definitions,andtheoreticafoundationsneededhroughouthis
dissertation A quick review of basicsettheoryis followed by a summaryof the primary tech-
niquesfor representingandmanipulatingBooleanfunctions.We thendiscusshe importanttopic
of partial specificationof Booleanfunctionsandtheir variousrepresentation®©neparticularrep-
resentationthe Booleanfunctionintenal, is treatedin detail becausef its centralityto mary of
the computationataskswe describein the restof this thesis.The chapterconcludeswith a brief
summaryof the main datastructuresusedfor the symbolic representatiomf Booleanfunctions

and digital circuits, namely binary-decision diagrams and Boolearorietw
2.1 Sets, Relations, and Functions

Therearemary excellentbooksproviding comprehensie coverageof settheory Amongthoseare
two classicworksby Fraenlel [46] andHalmos[52]; they aresuggestedor furtherreadingasthis

section prgides only the minimum notation and definitions needed tovatetfurther concepts.

Sets. A setis acollectionof objectscalledelementsor membes. If a is amemberof setA then
we write a 0 A; similarly subsetmemberships denotedwith 0. Setscanbe manipulatedwith

various operations, the most common being:

AlOB =4 {alalA or allB} union
AnB =4 {a|alA and all B} intersection
A =4 {alalA} complementation

13
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Theseoperationscanbe appliedin varioussequenceandto arbitrarynumbersof sets.They are
usuallyappliedto make new setsout of othersets.For example,the operationsf intersectiorand

complement enable us to subtract one set from an other:

A-B =4 AnB difference

We oftenfind oursehesneedingto imposean orderingon the elementsf a set. Suchordered
setsaredenotedwith anglebracletsinsteadof bracesFor ary numbern of objectsa,, ..., a,,, an
orderedset fa,, ...,a,C is alsocalledan n-tuple The precisedefinition of an orderedsetis not

really important so long as the faliong condition is satisfied:

(8, ..., a,0= [bl, ...,an:» a = bi, 1<i<n

We may alsorefer to an orderedsetasa vector andencloseits elementsn parenthesed/Ne can
remove one elementfrom an orderedsetto obtain anotherorderedset of lower cardinality We

denote this subtraction operation by:

(&, ..., a,0a

n08 = (L8, .., g, 8,080

n

Repeated application of this operationwabdor the elimination of more than element.
For ary setsA,, ..., A, not necessarily distinct, the set of mttuples
Apx e xAp = By, a0l g OA, 1<i<n}

is their Cartesianproduct. Whenthe setsareidentical,the Cartesiarproductcanbe expressedn
shorthand as:
n x A

= AX ...
df OO oOO
ntimes

A

Note thatAn is a set.

Thepower sebf a setA, written 2A, is the set of subsets 41, i.e.

A
2" = {A | ADA}

A

The notation 2A senesto remindusthatthe numberof elementsn the power setis , where

|Al denotes number of elementsAn

Relations. Many of the computationabpproachesve uselater often rely on groupingsetele-
mentsaccordingto certainpropertiesThis groupingis basedn a fundamentamathematicaton-
ceptknown as a relation Relationsmay exist amongelementswithin a single set, as well as

elements from distinct sets.
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Giventwo, not necessarilgistinct,setsA andB, abinaryrelation R from A to B is asubset
of their Cartesianproduct A x B. Higherordet n-ary relationsare subsetf n-tuplesfrom the
Cartesiarproductof n sets.In this work, however, we are primarily concernedvith binaryrela-
tions. An importanttype of binaryrelationis onethatis definedfrom a setontoitself. Sucharela-
tion RO Ax A is an equivalencerelation on A if for ary membersa, b and c of A the

following three conditions are satisfied:

1. aldR reflexivity
2. if [&, bOO R then alsolb, a0 R symmetry
3. if [, bOOR and [b, cOOR then @, cOOR transitivity

An equivalencerelationpartitionsa setinto subsetsFormally, subsetsA,, ..., A, form apartition
of setA if the following two conditions are satisfied:
(izj))0O AinAj =0, 1<i,j<k

[] A=A
1<i<k

The subsetsA; inducedby an equivalencerelationare calledits equivalenceclassesA relation
which is reflexive and symmetric,but not transitve, is a compatibility relation If the symmetry
condition in the above definition is replacedwith anti-symmetry— &, bOO R and [b, aldd R
impliesa = b—thentherelationdefinesa partial order onthe set.Whentwo elementsa andb
satisfythe partial orderrelationwe write a<b. If all pairsin the partial orderare comparable,
then the order itotal.

Functions. A functionf from setA to setB is amapping,denotedf : A - B, thatassociates
with eachelementffrom A exactly oneelementfrom B it is a specialbinaryrelation. The setsA
and B arecalled,respectiely, the domainandco-domainof f. Therange of f is thesubsebf B
that f canassumelnlike an un-restrictedrelation,eachelementfrom the domainof a function
appearsn exactly onepair relatingit to arangeelementWhentherangeof a functionis identical

with its co-domain, it is called amtomapping.

Viewing functionsas setsof orderedpairs, we can manipulatethemto definenew typesof
relationslLetg: A - B andf : B . C befunctionssuchthatrangd€g) U B. Thecompositiorof

g by f is then defined to be the set of ordered pairs:

fog =4 { (& f(D)J] a0 A b = g(a)} (2.1)

An alternatve notationfor the compositionof g by f is f(g(0). Similarly, the restriction of

f : A - B to subseC of its domain is defined as the set of pairs:
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fe =y { @ f(8)0] a0 C,COA} (2.2)

Functionscanbe alsousedto modelsetmembershipFor asubsetB of setA suchafunction
is definedasa mappingf : A - {0, 1} suchwhich f(a) = 1 if alB, and f(a) = 0 other-
wise. Functionsof this type are commonlyreferredto as characteristic functionsof the corre-

sponding set.
2.2 Boolean Algebra

Booleanalgebraandits propertiess the primary mathematicamodelunderlyinglogic synthesis
algorithms.In this section,we give a brief overview of the algebraicstructureof Booleanalgebra.
For more detailedtreatmentsthe readeris referredto the extensve literature on this subject
including [23, 39, 93].

Booleanalgebra is analgebraicstructure(B, +, ) in which B is a set,calledthe carrier of
thealgebrasymbols+ (join or OR)and L (meetor AND) arebinaryoperationsandelementsof
B satisfy the follaving list of postulate%:

1. Foralla, b OB the following equalities hold
atb=>b+a alb =bla commutativity
2. Foralla, b, c 0B the following equalities hold
a+(blt) = (a+b)Qa+c) al{b+c) = (alb)+(alt) distributivity
3. Forthe + operationthereexistsanidentity elementO [ B, andfor the [ operation
there exists an identity elemehf] B such that
a+0=a alll = a identity
4. For every elemerd [0 B there exists a complement elemarifl B such that
ata=1 ala=0 existence of complement

Complementatioanalsobe viewed asa unaryoperationthatreturnsthe complemenor inverse

of the element it is applied to.

It canbe shovn thata Booleanalgebrainducesa partial orderrelation< on the elementf its
carrier B. Although the meaningof this relation may vary dependingon the natureof the con-

structed Boolean algebra, itxalys remains true that for a| b 00 B the folloving holds:

1. Thisis oneof mary possibleaxiomaticdefinitionsof BooleanalgebraThis particular
set of postulates is due to Huntington [62].
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asb-ab=0-a+b=1 (2.3)
Stoneshowved in [113] that Booleanalgebrashave the samestructureas the setalgebraover a
poNersetZA for somefinite setA. In thisalgebraunion 0 andintersectiom aredirectcounter-
partsto thejoin andmeetoperationswhereaghe emptysetl] and A thencorrespondo the0 and
1 elementsof B. Without loss of generalitywe canthereforeanalyzecomplex Booleanalgebra
conceptdyy visualizingthemassetoperationsThe ability to reasorin termsof setshecomewsery

useful when wrking with Boolean functions which are describegtne
2.3 Boolean Functions

Fundamentallylogic synthesisanbeviewed asthe guidedmanipulationof setsof Booleanfunc-
tionsto achieve desirableforms that are suitablefor circuit realizations An n-variableBoolean
function f (x4, ..., X,) is defined as the mapping [23, 93]
f:B" - B

whereeachy; is aninputvariabletakingvaluesfrom B. Theinputvariablescanalsobeviewedas
avectorx = (Xq, +..s X,) Whosedomainis B", andarecalledthe supportof f. For digital cir-
cuit applicationsthe carrieris commonlyrestrictedto be the 2-elementsetB = {0, 1} where0
and1 correspondo the low andhigh logic levels, respectiely. Functionsof this algebraarealso
referredto asswitching functions! A collectionof thesefunctionsmaybe organizedin an | -tuple,

thereby forming a ector of functions:
f = df (fy, - 1)

The vector f may also be treatedas a function f : {0, 1}n - {0, 1}I with a multi-valued
codomainln thiswork, we referto suchafunctionasa multiple-outpufunction andtreateachof

its components assangle-outpufunctionf;.

An elementm in thedomainB" is an orderedstringof n Osandls,andis calledaminterm,
or point, B" containsatotal of 2" minterms.Theweightof amintermis thenumbersof 1sinit. A
k-subsetof variablesfrom the supportof f specifiesa subdomaian. A pointin sucha subdo-
main canbeviewedasa mintermon the subsebf k variablesit is alsoa cubewith respecto the
entire B" domain.If avariablex; is notin thesupportof f, or if assignmentso x; do not affect

thevalueof f, thenf is vacuousn x; . Recallingthatswitchingfunctionsaremappingsfrom B"

1. Rudeanu terms functionsey 2-element carrietsuth functiong93, p. 29].
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n

to B, the numberof suchfunctions(possiblyvacuousin somevariables)is 2? ; the numberof

n

functions increases 1@' = in the multiple-output case.

Valuesof a completelyspecifiedmultiple-outputfunction partition the function’s domaininto
2I subsetssomepossiblyempty For a single-outputunction the partition consistsof the on-set

andoff-setdefined as:

on-se(f) =gt {mOB" | f(m) =1}
off-se(f) =gt {mOB" | f(m) =0}
Whenthe off-setis empty the functionis the constantl ; analogouslyan empty on-setimplies

thatthefunctionis the constant0 . Obsene thata single-outpuBooleanfunctionis nothingbut a

characteristic function of its on-set.

2.3.1 Operations on Boolean functions

It is well known thatthe setof n -variableBooleanfunctions,aswell asappropriatelyselectedsub-
sets,form Booleanalgebras(seee.g.[23, 54]). In particular equation(2.3), which is statedin
termsof Booleanvariables,is alsoapplicableto Booleanfunctionsanddefinesa partial orderon
them.Givenfunctions f (x) andg(x), f(x) <g(x) indicateghat f (x) precedeg(x) in thepar-
tial order Furthermorethe“lessthanor equal’relationbetweenf (x) andg(x) canbeexpressed

by the folloving two equvalent forms:
fF)<g(x) = F() @) =0« F(x)+g(x)=1 (2.4)

Recallingthatthe algebraof setsis alsoa Booleanalgebraijt is oftenusefulto view operations
on Booleanfunctionsin termsof correspondingetoperationsSpecifically the meet( [) andjoin
(+) of functionsf andg betweercanbe seenyespectiely, astheintersectiorandunionof their

on-sets. Br each functiorf, its complement is a function whose on-set is thé-sét of f .

Asidefrom thebasicBooleanalgebraoperation®n n-variablefunctions,thereareotheroper-
ationsthatareinstrumentato mary synthesisalgorithms.Onesuchoperation calledthe cofactor
[15], restricts wariablex; of functionf to a constant and is usually denoted as:

[P TR SR & = 4 f(Xgy oo 0,000 Xp) negative cofactor

fxi(xl, e Xiy ey X)) = g f(Xp o Lo X)) positive cofactor

1. Over the yearsvariousnameswere usedin referenceto the cofactor; they include
Boolean quotienf23, p. 53]ratio [49], X; -residue[81, p. 169], andestriction[24].
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Table 2.1: Some poperties of the cofactor operation € is a cube)

Distributivity (f+9). = fo.+0, (f ). = f. O,
Approximation c+f=c+f, cOf = cOf,
Complementation (f)e = f,
Containment f<gO f.<g,

Wheneer f)_(i < fXi we saythatf is monotonencreasingin x; ; conversely if fXi < f).(i thenf is
monotonedeceasingin x;. f is vacuousin x; if f)_(i = fxi. It is importantto note that these
cofactorsarethemselesfunctionswhosesupportdoesnot includethe variable x; . To emphasize
this point, we may sometimesienotethe explicit dependencef a cofactoron the remainingvari-

ables byf, = g(x\x;). Function monotone in all of itsaviables isunate

The cofactor operationcan be appliedto more than one variableat once. Applying it with
respecto a cubec yieldsthe cofactor f . whichis obtainedby settingappropriateunctionvari-
ablesto either0 or 1 asspecifiedby c. In generalcofactorsof n-variablefunctionsarerelatedas
givenin Table2.1. Thenotion of a cofactoralsoenables/ariableabstractioraccordingto the two

definitions belwov:
D(if =4 f)_(i+ fXi existential abstraction
Ox; f =4 f).(i Dfxi

Theresultof existentially abstractingx; from f is the smallestfunction,in the partial order that

universal abstraction

containsf andis independentf x; . Analogously theresultof universallyabstractingx; from f is
the largestfunction thatis containedn f andis independenof x; . Suchsingle-\ariableabstrac-
tion extendsin a straightforvard mannerto the abstractiorof variablevectors.Someof the useful

properties for these moperations are gen in Table2.2.

Table 2.2: Some poperties of \ariable abstraction operations

Ox f = Ox f

Complementation i

Ox f = Ox; f

Commutatvity
Distributivity
Non-commutatiity
Non-distrikutivity

Containment

OO = O O f

Dxlijf = ijDxif
Ox;(f [g) = Ox; f x9

DxiD<jf ¢D<J-Dxif

O, (f [g) # D, f g
f<Oxf

Ox;(f +g)#0x f +0x9
Ox f<f
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One of the recurringthemesin this dissertationis the identificationand judicious use of a
function’s semanticstructute. Informally speaking,semanticstructurerefersto any functional
propertythatholdsirrespectve of ary particularrepresentationAn exampleof suchpropertiess
theafore-mentionednatefunctions.Otherexampleghatwe will discusdaterarevarioustypesof
symmetry In generalwe view semanticstructureasareflectionof theinherentrelationsamonga

function’s cofictors.

2.3.2 Expansions of Boolean functions

Expansion®ftensene asanessentiatomponentn therepresentatioandeffective manipulation
of Booleanfunctions.They allow functionsto beexpressedn avariety of formsto suiteparticular
computationsAlternatively, they may simply be usedto obtaincompactor canonicalyepresenta-

tions of functions. Wo important &pansions, with applications in synthesis, are describeevbelo

Shannon expansion. Using the cadictor notation, th&hannon xansionof function af is:
f = >‘<if,(i +xifxi

This expansiondatesbackto the work of Boole [10, ChapterV], andis alsoknown asBoole’s
expansiontheorem.Its formal proof by inductioncanbe foundin [54, p. 98]. In designautoma-
tion, it is usedextensiely asa basicstepwhenworking with Booleanfunctions.For ary function
f, iterative applicationof the expansionwith respecto variablesfrom f resultsin the function’s

Shannon xpansion tee

Orthonormal expansion. The Shannorexpansionis a restrictedform of a moregeneralexpan-
sion, known as an orthonormalexpansion.This expansionis definedover a setof k n-variable

functions{ty(x), ..., t, (x)} whose on-sets partition their domdh such that:
(i2)0 () @;(x) =0, 0<i,j<k orthogonality

t(x) =1 normality
0<i<k

If asetof functionsmeetsthe above two conditions,thenwe saythatit forms an orthonormal
basisin B". Given a Booleanfunction f(x) and an orthonormalbasis{ ty(x), ..., t,(x)} , the
orthonormal epansionof f is the &pression
f(x) = Z t,(x) Of , (x) (2.5)
0<T=k
As shavn in [23, p. 49], for the ab@ identity to hold it must be that all subfunctiohssatisfy:
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t:(x) Of (x) < f,(x) <t;(x) + F(X) (2.6)

The orthonormalexpansionover a given basisis, therefore,not unique.For example,usingthe

orthonormal basi¢ x;, X;} yields the gpansion
f(x) = % Of o(x) + % Of 1(X)
wherex; [f (x) < f5(x) < X+ f(x) andx; Uf (x) < f1(x) <%+ f(X).

For synthesisapplications,it is useful to apply a slightly modified version of (2.5). Let
x = (y,z), i.e. partition the input vector into two sub-\ectors. Using an orthonormalbasis
{to(y), ..., t, (y)} whosecomponentsrevacuousn z, the expansionof f(x) is now givenby
the pression:
fy.2) = ti(y) tf;(y, 2) 2.7)
0<1<k

where

t,(y) Of(y, 2) < fi(y, 2) < t;(y) + f(y, 2) (2.8)
While the subfunctionsf, (y, z) canbe chosenarbitrarily aslong asthey satisfythesebounds,n
the context of synthesist may be desirableto make themvacuousin the basisvariablesy . With

such a choice, these subfunctions become unique a® $fyathe follaving lemma:

Lemma2.1For a given functionf (y, z) and a basis functiotj(y), the subfunctior;(y, z) is
vacuous iny and satisfies (2.8) if and only if it is equal to the cofadtfy, z) , wherem is a

minterm ony such that;(m) = 1.

Proofof this resultis givenin AppendixA. An immediateconsequencef the lemmais thatthe
orthonormal gpansion becomes unique anddsithe form:
fly2) = > 4O Hy.2)
0<1=<k
t(m) =1
Therearemary otherexpansiorformsdescribedn theliterature For example expansiongan
be definedover a Booleanring, replacingthe + operationwith [ [39].1 However, the orthonormal
expansionis sufficient for our purposesasit is generalenoughto enablethe derivation of ary

combinational circuit. In this sense, it subsumes all otgaresions.

1. Thisresultis madepossibledueto thefactthatBooleanalgebracanbe definedover a
Boolean ringletting join and meet to and AND, respectely [112,113].
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2.4 Partial Specification of Boolean Functions

In additionto completelyspecifiedunctions,it is necessaryn synthesisapplicationgo modeland
reasonaboutpartially specifiedfunctions. Suchfunctionsarise naturally in this contet asthey
representhe flexibility availableto synthesisalgorithmsfor optimizing circuit implementations.
Partially specifiedfunctionshave mary representationthat differ in their expressvenesscom-

pactness, and the ease (ofidlifity) of manipulating them.

The mostexpressve, but leastcompact,representatioms an explicit listing (a set) of all the
completelyspecifiedfunctionsthat are possiblechoicesfor a given partially specifiedfunction.
For examplethesetF (x4, X,) = { X4, X; + X,} canbeusedto indicatetwo possiblechoicesfor a
two-input  single-output partially specified function. Similarly, the function set
G(Xq, X5) = { [Xq, Xy X0 [Xq + X5, X1 [Xg + X, X4 + X[} indicatesthree choicesfor a two-
input two-outputfunction. Suchexplicit representationare not very usefulin practice,however,

because of their potentiallxgonential size in the number of inputs and outputs.

Onepossibleapproacho dealwith this complexitywhile providingreasonablexpressiveness
is to dropthe mary-to-onerestrictionimposedon the mappingof functions,andto represena par-
tially specifiedfunction by a mary-to-mary relation R from B" to BI - ROB" x BI . In thefield
of synthesisand verification such relations are known as Booleanrelations [22].1 Although
implied by the notion of function mapping,Booleanrelationsmustbe well-formedin that each
pointfrom BM" mustbein arelationwith atleastonepointfrom B! . For computationapurposesa
Booleanrelationsis usually modeledby an associateccharacteristidunction f : B" x BI - B
such thatf (m, m') = 1 if and only if Cm, m'00 R.

To illustrate Boolean relations, consider the characteristic function
f(xl, Xo, 24, 22) = X XoZyZy + X XoZy 2y + R X522 + X X5Zy + X 2425
for aBooleanrelationthatrepresentsa two-inputtwo-outputpartially specifiedfunction (thefunc-

tioninputsare [X;, X,L andits outputsare [Z,, z,[). This relatiorf is animplicit representatioof

asetof compatible(completelyspecified)functionsthataresuitablechoicesfor implementingthe

1. In classicalfunctionalanalysisfunctionswhosebehaior is not uniquein a point of
theirdomainareknown asmultiple-valuedunctions[68, PartIl]. In thefield of designautomation
this term, havever, is resered for the functions whose range is defined on multipleed logics.

2. When clear from context we will referto a relation and its characteristidunction
synorymously
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partially specifiedfunction. Compatiblefunctionsfor the above Booleanrelationareenumerated
in the table belw:

Boolean relation Compatible functions

(X1, XL [z, 2,0 (X4, XL f(Xq, X5)
00 00, 11 00 00 | 00 | 11 | 11
01 01 01 01 01 01 01
10 10 10 10 10 10 10
11 10, 11 11 10 11 10 11

The table reeals a set which consists of four compatible functions:

{ (X, Xq %ol [Kq, X500 TKq + Xy, X410 K + Xo, X + sz}
The compactnessf the Booleanrelationrepresentatiomomesat the price of reducedexpressve-
ness:not all function setscanbe capturedoy Booleanrelations.For example,the three-element

functionsetobtainedby remaving [X;, X,L from theabove setcannotberepresentetly a Boolean

relation.

Whenusedto modelsingle-outpufpartially specifiedfunctions,Booleanrelationsturn out to
be equivalentto two othercommonly-usedepresentationglon’t-carespecificationsandBoolean
functionintervals. For example theBooleanrelation X, + X,z + X,z representfour possiblecom-

pletely specified functions as st by the truth table bela

Boolean relation Compatible functions
(X4, X, z (X4, X500 f(xl, x2)
00 0,1 00 0/0f1]1
01 0,1 01 0/1/0]|1
10 0 10 0/{0|0]|O0O
11 1 11 111|111

These same four functions can be ealgintly captured by a dartare representation in which:

* rowsin the abovetruth tablewherethe outputcanbe either0 or 1 (thefirst two) are

used to define a don’t-care %e& = Xy,
 rows in which the output must be 1 are used to define an a;set x;x,, and

* rows in which the output must be 0 are used to define an off;get x;X,.

1. Again, we are representingthis set by its characteristicfunction and liberally
speaking of this function as being the actual set.
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Thesethreesetsform a partition of theinput domain,andary two of themsuffice asthethird can
be easilyderived (e.9. 2,4 = (z,, + 24))- In addition,a careset z,, ratherthana don't-careset,
canbespecifiedwherez, = z;. In ary casethe Booleanrelationrepresentinghe partial specifi-
cationof a single-outputfunction canbe representedby a pair of completelyspecifiedfunctions

defined on the domain of the inputriables.

A secondequialentrepresentatiothatalsorequiresa pair of completelyspecifiedfunctions
to modela single-outpupartially specifiedfunctionis aninterval in the function spaceof n-vari-
ableBooleanfunctions.Thisis therepresentatiowe adoptin thiswork, andit is furtherdeveloped
in the following section.While they have the sameexpressienessand similar computational
attributes(for single-outpufunctions)to Booleanrelationsanddon't-carespecificationsBoolean
function intenals arise naturally while solving setsof Booleanconstraintg23]. As we demon-
stratethroughouthis work, mary optimizationsthatareperformedduringsynthesisanbe castin

this fashion and their solutions ergernaturally as Boolean function intats.
2.5 Boolean Function Interals

A functionintervall is a set of completely specified Boolean functions defined as

(1), u()] =g {10 [1(x) = £(x) <u(x)} (2.9)

The functions I(x) and u(x) representwo distinguishedmembersof the interval, namelyits
lower andupperboundsrespectiely. An interval is non-emptyif andonly if 1(x) < u(x) is satis-
fied. Examplesof function intervals include the subfunctionsarisingin orthonormalexpansion.
For instancethe subfunctionf;(y, z) in (2.8)is anon-uniquepartially specifiedfunctionthatcan

be expressed as the function intahft; (y) Of (y, 2), t;(y) + (v, 2)] .

Functionintervals cannotrepresentrbitrarysetsof completelyspecifiedfunctions.However,
they areparticularlyusefulin synthesissincethey frequentlyrepresenthe entiresetof completely
specifiedfunctionsthat satisfy a given constraint.As such,it is advantageoudo develop some

facility, aninterval algebra, for symbolically manipulating function inteals.

For aninterval [I, u] andits memberfunction f the following propertiesare readily estab-

lished from the partial order relation [95]:

1. In [88] function interals are termegdermissible functions
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1of =1 u+f =u

IOf =0 u+f =1

_ B (2.10)
f<I usf

L +fF=1 alf = o

|_+f:1 aldf =0

Thesepropertiesprovide aninsightinto the computationahatureof theinterval boundslin partic-

ular, they yield the follaving expressions of the bounds:

| = ﬂ f lower-bound
fOrl

u= D% f upper-bound
f , U]

Thesebasicpropertiesallow us to derive useful computationaforms for manipulatingfunction

intenals.

Beingsetsof Booleanfunctions functionintervals canbe combinedusingboth Booleanoper-
ators (OR, AND, inverse,etc.) as well as set operators(union, intersection).Given intenals
F = [1,(x),u;(x)] andG = [I,(x), u,(x)] , andaBooleanoperatoil,] we defineF [IG to bethe
set

FOG = {flg | f OF,g0G})

As thefollowing lemmashaows, thesesetsturn out to beintenalsthemselesandcanbeefficiently

computed by operating solely on the bounds of the iakgrv

Lemma2.2[95]  [1;(x), u; ()1 + [15(x), uy(x)] = [13(x) +15(x), ug (x) + uy(x)]
[11(x), ug ()] LL15(x), Uup(x)] = [5(x) Ha(x), ug(x) LU, (x)]
[10), u()T = [u(x), 1(x)]

It is interestingto point out thatalthoughthe functionsin aninterval form a Booleanalgebrathe
intenalsthemselesdo notform aBooleanalgebraThisis because¢heinterval complemenbper-

ation does not olyethe complement \as of Boolean algebra.

Another useful Booleanoperationis the cofactor of anintenal. Let H(x\x,) = F, bethe

cofactor of interal F(x) = [I(x), u(x)] with respect tox; which is defined as foltes:

HOAX) = [Lul, =, {f, [1<f<u}
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Interval cofactor can be efficiently computed according to the following lemma:
Lemma 2.3 [1(x), u(x)], = [1(x),, u(x),]

Thislemma,whoseproofis givenin AppendixA, basicallystateghatcofactoringafunctioninter-
val yieldsanotherfunctioninterval in the (n — 1) -dimensionaBooleanfunctiondomainobtained
by settingx; = 1. Computationallythisimpliesthatwe cancofactoraninterval by just cofactor-

ing its bounds.

Viewed assets,functionintervals canbe combinedwith setoperatorsSpecifically the inter-
val intersectionF n G is the setcomposedf thosefunctionsthatbelongto both F and G. As
thefollowing lemmashaws, interval intersectioncanbe computedoy performingBooleanopera-

tions on interal bounds.

Lemma2.4[1,(x), uy(x)] n [15(x), uy(x)] = [11(x) +15(x), u;(x) Cuy(X)]

Theunionof two intenals,i.e. thesetthatconsistof functionsthatbelongto eitherinterval, is not
necessarilaninterval. We definethe interval union F 0 G to bethe smallestinterval containing
theunionof thetwo intervals. Thefollowing lemmagivesa computationaform for interval union

in terms of Boolean operations on their bounds.
Lemma 2.5 [1;(x), u;(x)] O [15(x), us(x)] = [I1(x) O5(x), us(x) + uy(x)]

It is sometimeausefulto extractthe subsebf a functionintenal [1(x), u(x)] containingonly

those functions that ar@euous inx; . Let Ux;[1(x), u(x)] be defined as folles:
O[04, uG)] =4 [1(x), u()]g n [1(x), u(x)], (2.11)

Recalling the definition of interval cofactorsfrom Lemma2.3, note that the function interval
definedabove is in the (n - 1) -dimensionalBooleanfunction spaceobtainedby eliminating x;

from the \ariable domain.

Theorem 2.6 The functioninterval Ox;[1(x), u(x)] , definedin (2.11), representghe setof all
functions f (x) O [1(x), u(x)] thatare vacuousn x; . In otherwords,for all functions f (x) that

are vacuous inxi it must be that:

f(x) O Ox[1(x), u(x)] = £(x) O [1(x), u(x)]

An immediateconsequencef this theoremwhich is provedin AppendixA, is thatthe interval
[1(x), u(x)] containsfunctionsthat are vacuousin x; if andonly if Ox[I(x), u(x)] is non-
empty It is alsoimportantto notethattheinterval Ux;[I(x), u(x)] is constructedn the (n—1)-

dimensionafunctiondomainin which variablexi is absentj.e. it canbe denotedasthe function



27

asa Efficient computationaformsfor (2.11) canbereadily obtainedby applyingLemma2.3 and

Lemma2.4:
Ox; [1(x), u(x)] = [Ixi’ Uxi] N [Ixi, uxi]
= [Ig + 1y, ug Ty ] (2.12)
= [Ox;l, Ox;u]
Finally, theseresultsfor a singlevariableextendby inductionto an arbitrarynumberof variables

(see CorollanA.5 on pagel34).

As mentionedin the previous section,function intervals and don't care specificationsare
eguialentin the sensehatthey denotethe samesetof completelyspecifiedfunctionsthatrepre-
sentthe possiblechoicesof a partially specifiedfunction.Let F bea single-outputpartially speci-
fied function given by the intenal [I,u], and let f,r,c, and d denote,respectiely, the
characteristidunctionsof its on-, off-, care-,anddon’t-caresets.Thesefive functionsarerelated

according to:

f =1 on-set is same as lower bound

r==a off-set is complement of upper bound
d=ul don’t-care set is difference between bounds
c=1+0 care set is complement of don’t-care set

A situationthat arisesoften during synthesids the needto find the setof functionsthatare
identicalto a givenfunctionin a subsebf thatfunction’s domain.Specifically giventhe function
f(x) andacaresetc(x), find all functionsg(x) suchthatg(x) = f(x) whenc(x) = 1; when
c(x) = 0, thefunctionsg(x) areunspecifiedThe solutionsetturnsoutto bethefunctioninter-

val given in the folleving theorem:

Theorem2.7Let f(x), c(x), and g(x) befunctionsasdescribedabove Anyfunctiong(x) such
that

g(x) O [F(x) C&(x), f(x) +c(x)] (2.13)
satisfies the state@quirements.
Theformal derivation of this resultis givenin AppendixA, andillustrationsof its usein a variety
of network optimizationscenariogregivenin AppendixB. Indeed jt canbearguedthatmostsyn-
thesistaskscanbereducedo thederivationof a caresetthatmodelsthe“fix ed” portionof the net-
work beingsynthesizedfollowedby applicationof (2.13)to determineghe “flexibility” thatexists

in designingthe “variable” portion of the network. In somecasesthe desiredresultrequiresfur-



28

thermanipulationof theintenval in (2.13),e.g.to extracta sub-intenal whosefunctionsarevacu-

ous in certain &riables.
2.6 Binary-Decision Diagrams

Representinddooleanfunctionswith a binary-decisiondiagram(BDD) was originally proposed
by Lee[73] andAkers[1]. However, it wasonly with thework of Bryant[24] in 1986thatBDDs
becameavidely used.His work broughtout the canonicahatureof BDDs in representingoolean
functions.Thework alsointroducedeffective algorithmsto manipulatehem.Sincethenthe useof

BDDs has entered virtuallyery area of synthesis andrification.

A binary-decisiondiagramrepresents& Booleanfunction as a rooteddirectedacgyclic graph
(DAG). It hastwo typesof vertices:iterminalandnon-terminal Terminalverticesareleavesin the
graphcorrespondingo the 0 and 1 valuesof a function; they have no outgoingedgesAll other
nodesin the BDD arenon-terminalandthey represena Shannorexpansionaboutsomevariable
X; - Eachnon-terminainodecanbe viewed asaroot nodeof somenon-constanfunction f, andit

has alo(x;) and ahi(x;) child. If v is a non-terminal node with inde, then itsf,, function is

fy = X Uoey % iy

\

To represenafunctionwith aBDD atotal orderis imposedonits variablesNodevariableson
eachof theroot-to-terminabathsobey thisorder A reducedBDD is constructedisingtwo reduc-
tion rules:

1. Nodes whose two edges point to the same child are deleted.

2. Isomorphic subgraphs are shared.
BDDs areuniquefor a given variableorderingand henceprovide canonicalforms for the repre-
sentationof Booleanfunctions.This canonicitymakesthemwell suitedfor symbolic manipula-
tion. They arealsousefulof representindarge combinatorialsets.A comprehensie treatmenbf
BDDs can be found in [26].

Variableorderingis known to have adramaticeffectonthesizeof aBDD. Unfortunatelythere
is no known methodwhich canquickly detectan optimal variableordering.Most of the variable
orderingtechniquegely on heuristics.The earlierwork on this subjectcouplesvariableordering
techniqueswith topologicalinformationfrom the circuit for which the BDD hasbeenconstructed
[47,78,84]. A later heuristic,basedon variablesifting, wasdevelopedby Rudell[94]. In the sift-

ing algorithm, eachvariableis moved up and down to greedily find its bestlocation. Sinceits
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introductionthe algorithmhasbeenintegratedinto mary BDD packagesndapplicationsn vari-
ous flavors [59, 65, 83, 90].

The re-orderingtechniquesof ary typical packageare appliedonceby an explicit function
call, or they canbeinvoked dynamically[94] by animplicit function call triggeredby somemem-
ory consumptioncriteria. In mary applicationssuch asynchronouse-orderinghasa profound
effect on the resourcexonsumediuring the manipulationof BDDs. However, the dynamicreor-
deringof variablesstill remainsan expensve operationandmay take a significantpartof a com-
putation.Applicationswhich are aware of variableordersimplied by the intrinsic natureof the
problemarethereforethe mostdesiredapproacto reducingBDD sizes.For somefunctionshow-
ever, thesizeof aBDD may be exponentialin the numberinputsregardlessof the variableorder-

ing; ann-bit multiplier is an gample of such functions [25].

Oncethe BDD for afunctionis constructednary operationson it have goodcharacteristics.
For example,taking functioncomplementor checkingif thefunctionis satisfiablecanbe donein
constanttime. In generalthe spaceandtime requirementgor the binary operationsare propotr-
tionalto thenumberof nodesn thetwo composed®DDs. Decidingif two functionsareequivalent
requiresa graphisomorphismcheck,whosetime compleity for thelabelledDAG is linearin the
numberof nodes.The checkis even more efficient whenthe two given functionsdependon the
samesetof variableslIf two suchfunctionsareequialent,atypical BDD packagemplementation
would ensurethat they residein the samememoryspace.This is achieved by virtue of a unique
table[13], which guaranteethatat ary time thereareno isomorphicsubgraphsThusthe equiva-
lencechecktakesconstantime. The uniquetablealsoallows a singlemulti-rootedDAG to repre-
sentall createdunctions.To reducememoryconsumptionmodernBDD packageslsoattemptto
sharenot only isomorphicsubgraphsbut subgraphof their complemenfunctionsaswell; thus

subgraphs fof and f are identical.

2.7 Boolean Netwrks

TheBooleannetwork [19] is the basicdatastructureusedby multi-level synthesisalgorithms.This
sectionbegins with the definition of a Booleannetwork. A Booleannetwork is a directedagyclic
graphwhoseconnectionsnodelthe dependencbetweena setof Booleanfunctions.Its primary
inputs are nodesidentifying externally controllable signals. Similarly, its primary outputsare
nodeddentifying externallyobsenablesignals All othernodesin thenetwork areinternal or con-

stant and are collectively called logic nodes.For every nodei in the network (except primary
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inputs)thereis anassociatedepresentationf a Booleanfunction f;, anda Booleanvariabley; .

It is alsoconvenientto have variablesx, andz; assynorymsto thevariablesof primaryinputsand
primary outputs respectrely. Functionsof the outputnodesaresingle-\ariablefunctionsof some
othernodein the network, i.e. fi(yj) = Y- We alsoimposea corventionthat variablesof pri-

mary outputnodesmustnot be usedin ary function.If variabley, is in the supportof somenode
function f; thentheremustbe a nodein the network correspondindo y; . Nodesin the Boolean
network canalsohave associatedion't carefunctionsd; expressedn termsof don't caresgiven

for the netvark outputs, and other implicit ddrcares devied from the netark structure.

Thereis anorientedconnectiorfrom nodei to nodej, denoted(i, j), if andonly if fj is not
vacuousn y; . A nodei is afan-inof nodej if thereis aconnection(i, j) ; similarly, anodei is a
fanoutof nodej if thereis aconnection(j, i). The (i, j) connectionsn thenetwork definea par-
tial orderonthe network nodessuchthat (i, j) impliesi < j. A total orderinducedby this partial
orderis calledtopolagical. With eachnodein the network we may associate depth which corre-
spondsto the maximumnumberof connectiondeadingto the nodefrom a primary input node.
The networkdepthis definedasa maximumdepthover all fan-insto outputnodes A wire corre-
spondgo anedgein the network, andits topolagical lengthis the differencebetweemodedepths

connected by the wire.

Function f, associatedvith nodei is referredto asthe nodes local function. It is expressed
in termsof theimmediatefan-ins.For eachnodei in the Booleannetwork thereis alsoanimplicit
global function ff thatexpresseshe functionality of its outputsignalin termsof a subsef pri-
mary inputs. The function can be computedby recursvely traversingnodefan-insand applying
the compositionoperation,startingfrom a given node i . Formally, the global function ff of a
nodei expressed in terms of primary inputds computed as

i i1
fi = Efi(f?‘, N otherwise (2149)
D k
where f, is thelocal function associateavith nodei, and ffj 's areglobalfunctionsof its fan-in
nodes Equation(2.14)readily extendsto the computationof global functionsexpressedn terms
of internalnodevariablesThisis achievedby simplyincludingin | ary desiredsetof theinterme-

diate \ariables.
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2.8 Summary

In this chaptemwe introducedhe elementaryfoundationfor therestof thedissertationThefunda-
mentalconceptf Booleanfunctionswereintroducedllustratingtheir set-theoreticahature. The
summarizedasicmanipulationoperationson Booleanfunctionswill be usedthroughouthe dis-
sertationPartially specifiedBooleanfunctionswerethendiscussedThey areinherentto synthesis
algorithms.The conceptof intervals was developedto addresartially specifiedfunctions.The

expressie paver of intenals was demonstrated in the optimization of Boolean ngts:



Chapter 3

Constructive Synthesis

In this chapterwe describea constructve synthesisapproactthat differs from currentpracticein

logic synthesigechnologyin oneimportantrespectinsteadof serializingthe stepsof technology-
independentdecompositionand technology mapping, the constructve approachinterleaves
decompositiormndmappingthroughouthe synthesigprocessThis synthesiglow yieldsanimple-
mentationnetwork that evolvesincrementallyfrom the primary inputstowardsthe primary out-
puts,and makesit possiblefor future decompositiordecisionsto be mademore judiciously by

accountingfor the structureof the partialimplementatiorcreatecthusfar. We illustratethis syn-
thesisflow by meansof a prototypetool that experimentallydemonstrategts benefits,and that

gauges its feasibility as an alterwatito traditional synthesis.
3.1 Constructive Synthesis Flav

Oneof the commonly-citedshortcomingf the dominanttwo-stagesynthesidlow is thatit fails
to properly accountfor the effects of wiring in deepsubmicron(DSM) ICs. This is readily
explainedby the built-in biasof traditional synthesigowardsoptimizing active logic (gates)and
thefactthatwiresin DSM chipscanno longerbeignoredasmajor contritutorsto areaanddelay
Constructve synthesisattemptsto addresghis shortcomingby intertwining technology-indepen-
dentBooleanoptimizationandtechnology-dependemiappingin analgorithmicflow thatis cog-
nizant of the structuralimplications of optimization decisions.The overall processis depicted
schematicallyin Figure 3.1. The primary datastructureunderlyingthe processs a Booleannet-
work n thatis continuallymodified as synthesigproceeddo reflectthe evolving implementation

structureof thefunctionsbeingsynthesizedeachnodev in this network hasanassociatedool-

32



33

Initial network

\ Partial |mplementat|on
network
Final implementation
:%% \ network
B F2 — ) o F1
= ST o

%D__D E3

AR
Y

0
AVAY)

I - Unimplemented
1 — Implemented

0

Figure 3.1: Schematic illustration of constructive synthesis

eanfunction f,, thatcomputeghelogic valueat the nodes outputin termsof the logic valueson
its inputs; it is the local function of the node.A nodeis consideredo beimplementedf its local
functionis equialentto oneof the functionsin a givengatelibrary L, andunimplementedther-
wise.To insureanontomappingfrom thegatesin L to thenodesin the network, thelibrary must,
ataminimum, have inverterandpass-throughvire gatesaswell asary 2-inputgatethatmalesit

functionally complete (e.g. AND2 or NORZ2).

As the synthesis process evolves, the functions of unimplemented nodes are successively
decomposeih termsof thoseof alreadyimplementechodesyesultingin a seriesof partial imple-
mentation networks. The decomposition is closely tied with the given library of decomposition
primitives, and leads to the creation of new implemented nodes, i.e. nodes that correspond to
library primitives.Eachimplementechodev introducesanew variabley, whichcannow beused
to simplify the functions of downstream unimplemented nodes. The effect of these successive
decompositions is an expansion of the network from the primary inputs towards the primary out-
puts as more implemented nodes are created and as the functional complexity of unimplemented
nodes is reduced. The synthesis process terminates when all nodes become implemented yielding

afinal implementatiometwork.

The constructive creation process facilitates management of the structure of the evolving
implementationindeed by decomposinginimplementegbortionsof thelogic directly in termsof
library primitives, as opposed to the delayed binding of conventional approaches, the structure of
theimplementatiorcanbe globally controlledyielding higherquality resultsthatcanbeincremen-
tally modified to satisfy varying area/speed objectives. Additionally, by identifying useful func-

tional properties, the functional content of gate libraries can be chosen, and coupled with
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Boolean netwrkn;

set of SOPxpressions F;  // Set of local functions, in SOP form, of unimplemented no
I Initialized to SOP specification of output functions to be
Il synthesized;

while existsf, OF do {
k — SelectFunctiof) ; /I Determine lagestf,, 1<k<n;
P — GeneratateDivisor(f,); // Select atomic disor P;

y, < IntroduceGates(P); I/l v is output node of subcircuit implementifg

F — Substitute(P, y,); /I Re-pressF in terms of the nely implemented logic;

Figure 3.2: Overall algorithmic flow in M32

decomposition, more judiciously to produce implementations that reflect the semantic nature of

the functions being synthesized.
3.2 M32: A Prototype Constructive Synthesis Pogram

In this sectionwe provide a ratherinformal descriptionof M32, a synthesigool that was devel-
opedto evaluateconstructve synthesisThe tool usescube-list(i.e., SOP)representationfor all
functions,employs aslightly extendedalgorithmfor algebraiadivision [103], andassumes prim-
itive library consistingof 2-input NAND gates. Theseparticularimplementationchoiceswere
motivatedby a desireto quickly develop a basicunderstandingf the majortradeofs in construc-
tive synthesisSpecifically we wantedto assessheeffect of sucha synthesidlow onthestructural
“quality” of theresultingimplementationsandto contrastit with the quality of implementations
obtainedusingtraditionalsynthesisin later chaptersye developa moregeneralsymbolicframe-
work for constructve synthesighatremovestheimplementatiodimitationsof M32 andallows for
a more fundamentalunderstandingf its benefits.To avoid cluttering the discussionwe omit
definingmary of the commonnotionsfor manipulatingSOP expressionsThey canbe foundin

virtually ary modern book on logic synthesis (see e.g. [18]).

3.2.1 Algorithm overview
Themainloop in M32 is shavn in the pseudo-codef Figure3.2. The algorithmoperateson two
primary datastructuresthe implementatiometwork n describecearlier andthe setof functions

F correspondingo n’'s unimplementechodes.Initially, n consistsof primary input nodesand
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unimplementechodesthat correspondo eachoutput function being synthesizedthe set F is

assumed to begn in SOP form for each of these output functions.

In eachiteration,the functionsof unimplementeshodesareexaminedandoneof them, f, , is
selected for a decomposition step. An atomic divisor P is extracted from f, by an appropriate
division procedure. The divisor is subsequently implemented by a small subcircuit of 2-input
NAND gates leading to the expansion of the implemented part of n . The decomposition step is
completed by substituting the variables y,, of the newly-created nodes into the functions of the
unimplementechodes.Theiterationstops signalingcompletionof the synthesigprocesswhen F

becomes empty

It is helpfulto re-iteratethatthe maindifferencebetweerthis constructve flow andtraditional
synthesigs thatfunctionaldecompositior{GenenteDivisorandRe-epress andtechnologymap-
ping (IntroduceGates) are interleaved throughout the synthesis process. This, in turn, allows con-
structive synthesigo considerthe structuralimplicationsof candidatedecompositionsA detailed
descriptionof how thisis actuallydonein M32 is describedext. In this descriptionwve usethefol-
lowing definitions. A literal on anode variable y,, will be denoted as y,,. The depth of literal vy, ,
depth(y, ) , is thetopologicaldepthof its correspondingiodev in n ; thedepthof aprimaryinput
is definedto be 0. Whencalculatingthe structuralcostof a divisor (seebelow), the depthof a neg-
ative literal y,, is takento bethe sameasthatof its positive counterparty, ; thisis justified by not-
ing that at the stage of selecting divisors, phase assignments in their implementation may not be
known. The depthof an SOPexpressionkE , written deptiE) , is the maximumdepthof ary of its
literals plus one. The set of literals appearing in E will be denoted suppor{E) . The nhumber of
timesaliteral y,, occursin E will bedenotedoy occurrencgy,, E), andsizeE) will denotethe

number of literal occurrences in.

3.2.2 SelectFunction

Theorderin which thefunctionsof F aredecomposedlearly affectsthefinal synthesizedmple-

mentation.In eachiterationof the algorithm,the setof nodesthatare candidatesor decomposi-
tion is the subsetof unimplementednodes whose fan-ins are already implemented. The

SelectFunctiomoutineidentifiesthe next functionto decomposéy greedily choosingthe candi-

datenodewhosefunction hasthelargestnumberof literalsin its cuberepresentationlhis choice
is motivatedby the expectationthatlarger, richer, functionsyield moredivisorsthatcanbe shared
amongtheunimplementechodes More sophisticatedelectionstrat@iescanbeeasilyervisioned,

especially when the initial specification is a multidenetvwork.
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3.2.3 GenerateDivisor

Like mostmodernsynthesisalgorithms,M32 relieson an efficient division procedureio decom-
poseafunctionf into theform pq+ r . Themostcommonly-usedlivision procedures weakdivi-
sion[20] which is appliedto an SOPexpressiorfor f andis equivalentto excludingall Boolean
transformationsxceptfor the AND-over-OR distributive law. While primarily motivatedby the
needfor a fastdivision operationweakdivision hasbeenempirically shovn to yield acceptable
decomposition#n practice Still, the quality of thedivisors,asmeasuredby thetotal numberof lit-
eralsin theresultingfactoredform, canbe improved by judiciousapplicationof additionalBool-
ean transformations.The division operationin M32 augmentsthe distributive law with the
annihilation(a & = 0) andidempoteng (a[a = a) propertiesto generatebetterdecomposi-

tions. This additional flability comes at a modest computational cost.

Example 3.1 Suppose that we would like to obtain a factored form of
f = abcg + abe+ acde + abcd + abe + aceg + cdg

A possible algebraic decompositionfobbtained using weakwdsion is

f = (ab+d+ae)cg + abe+ acde + abcd + abe
which hasa literal costof 21. Use of annihilationand idempoteng yields the more compact
decompositionf = (ab + cd + ae)(ae + cg + ab) whoseliteral costis only 12. Unlike the alge-
braic decompositiorwhich yields factorswith disjoint support,this decompositiorproducedac-

tors that hae joint support. "

Divisor selectionin M32 is accomplishedhroughsuccessie factorizationusingthe distribu-
tive law, of repeated literals from an SOP expression f. Among all possible divisors, the one
returned by GenerateDivisor is found by greedily choosing and further factoring the least-cost
divisor at each level of literal factorization. This amounts to a 1-level lookahead strategy which
was &perimentally found to be adequateviSor cost is computed according to the formula:
[depth( f/x) —depth(y, )]

occurrencgy,, f/x)
sizg f/x)

cost(f/x) = yy O support( f/x)

(3.1)

wherex is acandidatditeral in expressionf and f/x is thequotientresultingfrom algebraiaivi-

sionof f by x. Intuitively, the differencedepth( f/x) —deptH(y,) correspondso the topological
wire lengthfrom theimplementechodev to theunimplementechodeof f/x. Thesimplereason-
ing behindthis heuristiccostfunctionis thatwe would like to minimize the literal-weightedsum

of wire lengthsconnectingo thedivisor (numeratoipart), while keepingthedivisor large (denom-
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S, = 85(b1Yg+ CinYe) + b1CinYe + b1CinYe + 81Y3Y6

p
level O 1 2 3 4 literal|topol. length occurrence

a Y

Y6 by 4 1
N ::y D ANEE
BZ 5 Cin 4 1

1 \
Cin cos(p) = 1/2+421+4/1 = 2125
~
Implemented Unimplemented
a)levelizednetworkpartfor thefan-in connection®f divisor p b) evaluated cost of divisqy

Figure 3.3: Example calculation of structural cost of a divisor according to formula (3.1)

inator part). The numeratomparttendsto be smallerwhenliterals repeatmore often, therebyalso
suggestinghat morefactoringof the divisor is possible Divisorschosermaccordingto this metric
accountfor the structureof the partialimplementatiometwork andallow for a moreorderly con-
struction processthan is possiblewith two-stagesynthesis.The chosendivisors are further
improved by invoking the annihilationandidempotenyg transformationgo modify the resulting
guotientandreducethe literal costof the decompositionThe following examplesillustrate the

structural cost calculation and theidor selection process.

Example 3.2 In synthesizingan n-bit adder,the unimplementedunction of the secondsumbit

may be given by the SOP expression
s, = 81 (b1Yg + CinYe) + D1CinYe *+ b1Cin¥s * 31Y3Y6
We can thenwaluate the cost of its candidateidor
SHlay = P = b1y +CpYe

by consideringthe fan-in connectionorrespondingdo the literals of p. Thesearetheincoming
connectionsfrom the already-implementegbart of the circuit, and thereforetheir topological
lengthcanbe accuratelydeterminedrom the levelizedcircuit (seeFigure 3.3). For example,the
topologicallengthof b, is depth(p) —depth(b;) = 4—0 = 4 andit occursoncein p yielding
a contrikution of 4 to the numeratorof (3.1). The structuralcostof using p asa divisor is thus
found to be 2.125. "
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S, = ayb1yg+a;CiYe + b1CinYe + b1CinYe + a1Y3Yg
ay by Cin Ye Y6
cost [ 2.125] [ 2125 [ 2.125] | 3.25 0.25 '\ cos{p) = 0.25
3,/ by Cin a,b; +a,¢,, +b;C, |
cos(p) = 1_00/' 1.00 || 1.00 | 1.00
p=b+g,

Figure 3.4: 1-levellookaheadsearchtree usedin devisor selection;costsare basedon the implementa-
tion network of Figure 3.3-a

Example 3.3 Thedivisorwhosecostwe just calculateds notthe bestamongall possibledivisors
of s,. The huntfor the bestdivisor, usingthe structuralcostmetric (3.1), is shownin Figure 3.4
with the aid of a searchiree.Theroot of the treehassix branches—theesultof factoringout six

different literals. The leastcostdivisor at this levelis a,b; + ac; , + by ¢;,,; its costis 0.25andis,

in
therefore selectedor subsequerfactoring.At the secondevel of the searchiree,all divisorsend
up havingthe samecostof 1.00. Thus,oneof them,say p = by + Ci,,» Is selectecarbitrarily and
checkedfor furtherfactorization,which is not possiblein this case.Thus,the procesderminates

and returns this as the atomic divisor. n

3.2.4 IntroduceGates
Unlike corventionaltechnologymappersthat operateon an intermediate‘optimized” Boolean
network obtainedin a prior technology-independemthase M32 ties its creationof gateswith
functionaldecompositionAs soonasa divisor p is found by GenerteDivisor, IntroduceGates
proceed$o mapit to thegivengatelibrary. The mappingprocesss alsodifferentfrom thoseused
in corventionalsynthesigools: no intermediatesubjectgraphis constructedSimilarly to Gener-
ateDivisor this procedureas awareof the structuralimplicationsof its choices andinvolvesiterat-
ing the follaving steps untip is fully implemented by libraryages:
1. A gatefromthetechnologyibrary with suitablevariablesupportrom p is selectedor
instantiation as node
2. Thenode v, along with possiblefan-in inverters,is instantiatedand addedto n;
variabley,, is associated with the new node

3. The divisorp is re-expressed in terms @f
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Meta rule Py Ph;;e Pp Implemented as
D HEE D
e DR el
3. y._ap 0o 0 o0 O‘%Dy

yoa+p 1 0 0 pio

Figure 3.5: Meta rules describing variable support selection and construction of the circuit

The implementation of IntroduceGates was limited to a small technology library defined by
L = {wire INV, NAND2} . Thus,thegatetypeselectionstepin theabove procedurés unneces-
sary Enhancement® IntroduceGateshatextendits capabilitiesto richergatelibrariesarepossi-
ble, although the division-based decomposition of SOP expression does not seem to integrate
naturallywith comple libraries. The selectionof a suitablevariablesupportin stepl is alsosim-
plified by the library L . Candidate variable subsets are determined by considering all associative
groupings of literal pairsin p, and the best pair is selected. Again, quality in this context is esti-
matedby a structuralmetric:a pair of literalswhich instantiateshenodev of leastdepthis greed-

ily selected.

Thedepthof v in n is derivedfrom the depthof nodesin the subexpressionE of anassocia-
tive grouping while accounting for the possible presence of an inverter on v’s fan-in lines. The
presence of an inverter on the fan-in lines is determined by matching subexpression E to the
NAND2 function under input/output phase assignments. Due to the small number of possible
matchingcombinationsvhenusingonly NAND2 gates,we enumeratehemasmetarulesin Fig-
ure 3.5. To break ties between the candidate supports we use estimated signal arrival times based
on the follaving delay model:

delay = 1 +n><r0><CID (3.2)

g

whererg is theintrinsic gatedelay n is thegatefan-out,t is fanoutdelay and Cp is thecapac-
itanceon a fanoutpin. In the SIS-1.2systemthis modelis known asthe library model In our

experiments we the nominal delay and capacitance weea fattm theMCNdibrary [cite].

After agate's support and its phases are determined, it is introduced into the circuit by estab-

lishing its fan-in connections and placing an inverter (either a new one or by fanning out from a
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previoudly introduced one) on each connection which has negative (0) input phase. No inverter is

placed on theate output rgardless of the output phase.

Finally, divisor P is re-expressedn termsof this newly introducedgate,leadingto areduction
in its size.The processontinuesuntil P is reducedo asingleliteral. This literal is thenreturned

by thelntroduceGatesoutine, and is later used as a substitutdfan F .

3.2.5 Substitute

At eachiterationof the algorithm,the routine Substitutere-expressesunctions f ,, ..., f | of the
unimplementechodesrom n in termsof thenewly introducednodes Thesubstitutionsappliedto
thefunctionsarebasedn thedivision operationIf pq+ r istheresultdividing f by p thensub-
stitutionre-expresses asy, q +r, wherey, isanew literal; the pg +r factoredformsdefinethe
feasiblesubstitutionsin additionto the distributive, annihilation,andidempoteng laws thatare
usedin thedivision operation Substitutealsoappliescubereductionimplementedisingthe sharp
product A#B definedas AB [23]. Application of this operationis performedif it facilitatesdivi-

sion with respectto a given divisor. The examplein SectionlV illustrateshow the useof cube

reduction can lead to a better design.

Substitute re-expresses f,, ..., f, intwo steps: (1) substituting literal vy, (§/V) forthe p (p)
function; and (2) substituting variables of the newly introduced nodes to stand in for their gate
functions, modulo the input phase assignments determined in IntroduceGates. These steps are
applied to each of the functions f,, ..., f,, individually. The routine performs substitution selec-
tively to minimize topological wire length according to (3.1). Thus, quotients containing fewer
cubeghanpossiblemaygetselectedcubesof the quotientcontainingundesirablditeralsmayget
omitted. In the first step, Substitute uses the literal returned by the IntroduceGates routine, which
corresponds to the output node of a subcircuit implementing p. The second step of the routine
implements substitutions of finer granularity. Substitution of gate functions in this step is per-

formed for each of the nodes in topological order

Note that substitution using only the distributive law does not require step (1), since it is sub-
sumed by step (2). We should also point out that the “enhanced” division procedure used in M32
may notyield a uniguequotient.Thisis illustratedin the examplebelav, whereannihilationgives

rise to two distinct decompositions:

Example 3.4 Supposd = abce+ abcd + acde + acde, andlet p = ace+ acd beadivisor of

f. We canthenhavetwo differentquotientsg; = b+ cd + ce andqg, = b+ ad + ae. Thuseither
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Figure 3.6: Synthesis of the full adder in M32 and SIS-1.2

substitutionf = vy, (b+cd+ce) orf =y, (b+ad+ae)is feasible. "

3.2.6 Synthesis example
We illustratethe operationof M32 by tracingthe synthesisstepsfor a full adder M32 first reads

the functional specification

z=alb0Oc = abc+abc+abc + abc (3.3)

c ab+ac+bc (3.4)

out
of thecircuit to be synthesizedn thetwo-level pla format[123]. Thus,F = {z c,} istheset
of unimplementeshodedo besynthesizedT healgorithmthenselectfunction z sinceit hasmore
literals than ¢, . The subexpressionP selectedfrom z by the GenerateDivisor routineis
ab + ab. GeneateDivisorselectghis divisor sinceit hasthe leastcost,with the assumptiorthat
signalc arriveslaterthansignalsa andb. This expressioris thenimplementedusingIntroduce-
Gatesby instantiatingNAND2 gatesy., Y, , and y5 throughthe following sequencef transfor-

mations ofP:
= =2
where the number atze each arne indicates the matching meta rule used from Figuse

The Substitutdunctionthenreplacesab + ab by y3 (complemensubstitutionis alsotried) in

bothz andc,, yielding:
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Z = Cyy+Cy3 (3.5)

Cout = ab+cy, (3.6)

out
Note that ab + ab is not an algebraicdivisor of ab + ac + bc. Thereforesubstitutionbasedon

weakdivision alonewould not bring ary changego ¢ The Substituteoutine makessubstitu-

out "
tionin ¢, possibleby throughcubereductionusingthe sharpproduct.Specifically Substitute
determineghatthe division becomegossibleif cubesac and bc arereducedio abc and abc
respectiely. This is a valid transformatiorsincethe resultof ac#abc and bc#abc, whichis in
bothcasesubeabc, is coveredby thecubeab. It is now easyto seethatab + ab dividesexpres-

sion ab + abc + abc, representing the same carry-out functeqp, : ab + (ab+ab)c.

Thenext stepin the Substituteroutineis to seeif ary of thelocal functionsof nodesy, , y, or

Y5 can be used to re-express either z or ¢ No further substitutions are possible in this case.

out -
This completes the first iteration of the algorithm in Figdie

Onthenext iterationof theloop eitherthe unimplementeshodefor ¢ , or z canbeselected,
since both of their functions have the same number of literals. Figure 3.6 depicts the execution of
the algorithm with the assumption that c ; is selected. ¢, is completely implemented in this

iteration of through the sequence of transformations:

3 1 _ 1_ .. 1
Cout = AD+Y3C = ¥, +YaC S ¥+ Y5 = Vg
Thefinal implementatiorof the circuit has9 NAND2 gatesand4 inverters By way of comparison,

synthesizing the same circuit using SIS-Iuyged script) requires one moreANID2 gate.
3.3 Empirical Evaluation

To determineghe potentialof constructive synthesisapproachwe conductedan experimentaleval-
uationof M32 on publicly available benchmarkcircuits. The primary goal of theseexperiments
wasto seeif the methodhassufiicient merit, comparedvith corventionalsynthesidlows, to war-
rantfurtherexploration.In particular we weremostinterestedn assessingheimpactof thestruc-
tural metricsas a guide for “simultaneous’decompositiorand mapping,while recognizingthat

the specific implementation choices we made for these computations may not be optimal.

3.3.1 Comparatve performance analysis
We evaluatedthe performancenf M32 by synthesizinga setof circuits selectedrom the MCNC

benchmarkq4123] and comparingthe resultsagainst SIS-1.2[103]. The benchmarkswere first
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minimized using ESPRESS(16] prior to multilevel synthesisn M32 or SIS-1.2.We usedthe
delay scriptin SIS-1.2whichis basedon the clusteringscript proposedn [114] andis targeted
towardstechnology-independemhinimization of circuit delay Both systemsusedthe minimal
gatelibrary L = {wire, INV, NANDZ2} , anddelayof theimplementation®btainedby both sys-
tems was estimated using the library delay model of SIS-1.2 and parametersfrom the

mcnc.genlib  library.

Table 3.1 compares the generated circuits in terms of the number of gates, levels of logic,
topologicalcomplity andestimatedre-layoutdelay Theresultsin this tablesuggesthefollow-
ing obserations:

* Eventhoughminimizationof gatecountis nota primaryobjectivein the M32 system,
it generatesmplementationsvith fewer gatesin all but two casesln somecaseshe

reduction in gate count is almost 50%.

* M32-generatedircuits have consistentlyfewer logic levels,in severalcasesbeing
almost half as deep as SIS-generated circuits.

* Thetopologicalcomplexityof M32-generateaircuitsis consistentliylower thanthat
of SIS-generatedircuits. The metric is similar to the fanout range suggestedy
Vaishnavand Pedram[118] for controlling routing comple&ity during technology-
independentiogic synthesis.The topological complexity, however, should not be
interpretedasthe only judgeof circuit quality. This becomesapparenfrom the post-
layout results in Tabl8.2.

* The pre-layoutcircuit delaysof M32-generatectircuits are consistentlylower than
those of SIS-generated circuits, the average improvement in delay being about 30%.

Theruntimesof M32 werecomparabldo thoseof SIS-1.2for all benchmarkssuggestinghatthe

use of more pwerful decompositions and substitutions is computationally feasible.

To get a better indication of synthesis quality, the netlists produced from M32 and SIS-1.2
werelaid out usingthe Epochstandardell placeandroutetools[43] from CascaddesignAuto-
mation. The layouts were generated using cellsin a 0.5um CMOS process with two layers of
metal, and allowing over-cell routing. I/0O pins were distributed around the perimeter of the stan-
dard cell block. Delays were computed using the Epoch static timing analyzer TACTIC. These
results, shown in Table 3.2, indicate a 23% average improvement in total area, routing length and
post-layout delay for M 32-generated circuits. The layouts generated for a representative circuit,

thecordic benchmark, are stum in Figure3.7.
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Table 3.1: Pre-layout synthesis esults

Cir cuit SIS-1.2 M32 Norm.
Name |"jny Toutp]/Cubel Gated Levels [Compl] Delay || Gates|Leveld Compl] Delay|| Delay
z4ml 7 4 59 75 12 1.96 17.6 44 8 1.55 11.6 || 0.65
vda 17 | 39| 793|| 1573| 29 248 | 62.3|| 1115 16 | 1.56 | 34.3|| 0.55
inc 7 9 | 42 152 20 220 | 30.2|| 133 | 10 | 155 | 17.2|| 0.56
count || 35| 16 | 184 || 311 17 255 | 24.1| 201 | 13 | 219 | 21.1| 0.87
ldd 9 19| 70 139 13 196 | 189| 110 | 10 | 1.84 | 15.4| 0.81
b9 41| 21 | 141 || 176 12 169 | 17.8| 177 | 10 | 1.60 | 14.8| 0.83
ex4 128| 28 | 620 | 690 20 1.73 | 28.0|| 665| 15 | 1.43 | 19.3| 0.68
cordic || 23| 2 |1180|| 182 18 165 | 2344 133 | 11 | 1.39 | 14.6| 0.62
cps 24 | 109| 654 || 2162 | 35 252 | 61.9] 1625 17 | 1.93 | 41.3| 0.66
duke2 || 22 | 29| 120|| 743 20 217 | 35.0|| 534 | 13 | 1.68 | 24.8| 0.70
vg2 25| 6 | 110|| 239 16 188 | 21.6|| 152 | 11 | 1.36 | 155 0.71
apex2 || 39| 3 | 438|| 564 33 292 | 446 484 | 18 | 1.83 | 25.4| 0.56
sqrt8 8 4 | 88 79 14 184 | 183| 76 12 | 1.72 | 17.6| 0.96
bw 5 28 | 110 232 16 191 | 28.9| 206 9 158 | 18.3|| 0.63
clip 9 5 | 167 240 26 255 | 313 309 | 14 | 1.75 | 175 0.55

Table 3.2: Post-layout synthesis esults
. Sis-1.2 M32 M3z | SIS12
?\}E‘%Jg Totalarea] Routing | Delay || Total areal Routing | Delay|| Total | Rout- | Delay

(mil?) length (ns) (mil?) length | (ns) || area | ing

(pm) (pm) length
z4ml| 33.59 6592.0 2.66 21.55 4212.2 181 0.64 | 0.63 | 0.68
vda 1159.20| 326400.4| 7.45 || 715.642 | 189921.6| 5.87| 0.61 | 0.58 | 0.78
inc 77.58 | 170415 4.21 62.24 14039.6 | 2.52|| 0.80 | 0.82 | 0.59
count 137.7 28675.4 | 3.63 81.51 169416 | 3.62 || 0.59 | 0.59 | 0.99
ldd 60.73 12220.2| 2.96 48.09 9123.3 | 2.18 || 0.80 | 0.74 | 0.73
b9 74.95 15136.6 | 2.88 76.93 15519.5| 2.10 || 1.02 | 1.02 | 0.72
ex4 311.72 | 66272.5 4.16 29492 | 60746.6| 3.15 | 0.94 | 0.91 | 0.75
cordic 70.82 13996.6 3.55 54.59 10751.4| 198 || 0.77 | 0.76 | 0.55
cps 1414.44 | 393693.7| 8.19 1032.2 | 271116.8| 5.74 || 0.72 | 0.68 | 0.70
duke2 || 414.28 | 106240.6| 4.87 273.10 65001.5| 3.80| 0.65| 0.61 | 0.78
vg2 100.47 208475 3.20 63.17 12526.6 | 2.15| 0.63 | 0.60 | 0.67
ape?2 283.02 | 68251.2| 6.89 237.54 | 54155.8| 4.67 || 0.90 | 0.79 | 0.67
sqrt8 34.44 7245.9 2.74 32.14 6640.8 | 2.41 || 0.94 | 0.91 | 0.87
bw 111.25 | 24798.6 3.71 99.46 22616.8| 2.46 || 0.89 | 0.91 | 0.66
clip 116.79 | 25814.6 5.87 156.59 | 34502.7 | 3.71 || 1.34| 1.33 | 0.63

Average Impreement: 0.81| 0.78 | 0.71
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SIS-1.2 (script.delay) M32

Figure 3.7: Cordic relative layout areas (shown to the same scale)

3.3.2 Effects of richer gate libraries

The most severe implementationchoice in M32 was the restriction of the primitive library to

NAND?2 gates.To insurethatthecomparatre edgeM32 hasover SISis dueto its overall construc-
tive flow andnot to the severehandicapmposedon SIS by limiting it to a NAND2-only library,

we conductednemoreexperiment.In this experiment,arichergatelibrary is usedin bothtools.
However, sincethe only library supportedoy M32 is the simple NAND2/INV library, we hadto

resortto aless-than-idealvork-aroundo generateircuitsbasedn otherlibraries.Usingthe SIS-
1.2 map commandthe NANDZ2/INV circuits producedby M32 were technology-mappetb the

mcnc.genlib  library. The samemappingprocessvasalsoappliedto the NAND2/INV circuits

generatedby SIS-1.2.Theresultsof this experimentareshovn in Table3.3. The columnslabeled
“Area” and“Delay” record,respectiely, the active areasandcircuits delaysof eachimplementa-
tion as reported by the mapper

An examinationof theseresultsindicateghat,overall, the circuits producedrom M32 arestill
faster and smaller than those produced from SIS-1.2. However, the improvement is not as pro-
nounced as it was for the NAND2/INV library. This outcome is hardly surprising since the above
mapping process is decidedly antithetical to the constructive synthesis philosophy of M32 and
undoegamary of its gains.Specifically mappingby treecoveringis ill-suited to a highly optimized
DAG and we conjecture that exact DAG covering may have produced better results. It must be
noted, however, that DAG covering is notoriously difficult and no published agorithms that can

effectively handle large circuits have been demonstrated. This strengthens our belief that a more



46

Table 3.3: Results flom mapping to a richer technology library

SIS M32

Circuit " -
NAND2/INV mcnc.genlib NAND2/INV mcnc.genlib

Name Area | Delay | Area | Delay || Area | Delay | Area | Delay
z4ml 142 17.6 131 12.0 84 11.6 85 11.2
vda 2731 | 62.3 | 2188 | 21.6 || 1870 | 34.3 | 1558 | 20.1
inc 268 30.2 223 13.8 236 17.2 189 10.8
count 521 24.1 394 14.4 340 21.1 277 17.2
Idd 237 18.9 198 12.7 194 15.4 167 12.1
b9 280 17.8 224 12.6 297 14.8 261 10.8
ex4 1149 | 28.0 888 18.5 || 1078 | 19.3 843 15.6
cordic 301 23.4 244 17.2 216 14.6 163 111
cps 3641 | 61.9 | 2862 | 29.5 || 2753 | 41.3 | 2368 | 20.0
duke2 1263 | 35.0 | 1039 | 18.6 898 24.8 779 15.6
vg2 394 21.6 297 12.9 239 15.5 174 14.1
ape2 963 44.6 797 28.9 797 25.4 649 215
sqrt8 133 18.3 111 12.4 130 17.6 110 115
bw 395 28.9 333 14.3 349 18.3 328 11.3
clip 413 31.3 338 23.9 521 17.5 437 15.7

" Technology mapping a&s done using the SIS-1.2 commanap -s -n 1 -AFG -p

natural approach for solving this problem is the extension of the M32 algorithm to handle richer

gate libraries directlyThis efort is described in subsequent chapters.

3.3.3 Dynamic execution highlights
We illustrateM32'’s operationusingtwo benchmarlcircuits, clip  andcordic , to highlightthe

dynamic nature of the construaiapproach to synthesis.

One advantage of building a circuit implementation in this manner is that we are able to esti-
mate progress during the execution of the algorithm. Indeed, at any given point we may take as a
measure of progress the fraction of logic implemented so far to the original logic specification.
Specifically, let F represent the remaining unimplemented logic at a certain point during synthe-
sis,and F, denotetheinitial functionalspecificationThe percentof logic implementedy a par-
tial circuit can then be measured as ((|F0| - |F|)/|F0|) (1100%, where | [] denotes function size
in a given representation. Since M32 uses the SOP form to represent functions, a suitable size
measuras thetotal numberof literalsin an SOPexpressionA visualindicationof progresss pro-
vided by a dynamicexecutioncurvethatshaws the percentag®ef implementedogic asa function

of circuit size, in gtes, at each synthesis iteration.
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Figure 3.8: Dynamic execution curves for theclip  circuit using two different covers

An exampleof this curve for two differentM32 synthesigunsfor theclip  circuitis shavnin
Figure 3.8. Two distinct covers were used as the initial starting points. In both cases, the depen-
dence of “synthesis progress’ on circuit size seems to fit the exponential template 1 — e_(ax *h)
whosecoeficientscanbeviewedasindicatorsof synthesiguality for a givencover. The behaior
of thecurwe is dominatedby a, denotingthe averagerateat which the amountof unimplemented
logic is reducedat eachiteration. Thesecurvessuggesthatwe shouldstrive to make a aslargeas
possible, while keeping b relatively small. In general the value of the coefficient a has much
greaterimpacton final circuit sizethanthe sizeof theinitial form usedto represena function.In
the Figure 3.8 experiments, these coefficients vary due to the distinct covers used in the synthesis

of theclip  circuit.

One rather odd outcome of this experiment is that the larger initial cover produced a smaller
implementation. This essentially defies the common practice of many multi-level synthesis algo-
rithms of applyinga two-level minimizationstepbefore,or during (suchasdonein Booleandivi-
sion [119]), decomposition of a function. It would seem that the best synthesis algorithms would
belesssensitve to theinitial form representing function,or would have a betterquality measures

evaluating the form.

The ability of constructive synthesis to dynamically adjust the implementation topology is
illustrated in Figure 3.9 for the cor di ¢ benchmark. The two variants shown in the figure were
forced to diverge after the 28th iteration of the synthesis loop (about 1/3 of the total). The gates
markedwith « in bothvariantscorrespondo the commonportionof theimplementedschematics.

The implementation in part (a) of the figure corresponds to the results shown in Table 3.1 and
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a) Synthesis with topological constraints: 1338eg, 11 Ieels

b) Synthesis with relaxed structural constraints:ldieg 13 leels

Figure 3.9: Two incrementally-different implementations of thecordic
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Table 3.2, and reflects the incorporation of topological complexity constraints. The implementa-
tion in part(b) wasgeneratedby relaxingtheseconstraintsafterthe 28thiteration.This incremen-
tal synthesis capability can prove invaluable when the generated netlists marginally fail to meet

specifications and must be fine tuned in the neighborhood wéa golution
3.4 Constructive Synthesis Objecties

Within the constructve synthesigparadigmthereare mary choicesto be made.In particular the
mannerin which decompositionis performedandthe contentof the library canhave a profound
impacton solutionquality. In M32 we usedalgebraiaivisionanda NAND?2 library; themaingoal
wasto understandheimplicationsof this novel constructve synthesiglow (e.g.its ability to con-
trol implementatiorstructure)as opposedo fine tuning its individual steps.The exercisehelped
point out the limitations of a division-basedlecompositiorapproactsincebecausef its reliance
on particularfunctionalforms (e.g. SOP)thatbearno relationto the semantionatureof the func-
tions beingsynthesizedUnrestrictedBooleantransformationson the otherhand,areimpractical
exceptfor small-scaleproblems.The simple examplebelow illustratesthe difficulty in applying

Boolean properties to sum-of-produckpressions to obtain good decomposition forms.

Example 3.5 Consider the decomposition of the following function

f = abcd + abcd + abed + abed + bede + abde + acde + bede
It is not difficult to checkthata [0 b O ¢ is a gooddivisor for the function. Usingthis divisor the
functionf can be decomposed into fallimg equations:

f = (sum+e)dc, , 0d)

out
sum=alb0Oc
Coyt = ab+ac+bc
Theseequationareespeciallyattractive whencomplex modules suchasfull addersarepresenin
the implementatioriibrary. Unfortunately derving themfrom the original equationsequiresan
arsenalof Booleanpropertieswhoseapplicationis non-otvious. Indeed,it is easyto checkthat
flatteningtheseequationaunderdistributivity, annihilation,andidempotencegields the SOPform
f = f+abde+ acde, which s clearly differentfrom the original f — it is redundantn the two
cubesabde andacde. Remwing thesetwo cubeswould recreatehe original f, but requiresthe
useof the additionalabsorptve propertyof Booleanalgebra.This examplealso illustratesthat

minimal SOP form may not be the best starting point for the decompositigpretsions. =
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Semantic attribute
of a function

Decomposition
type

Library

Figure 3.101ntegration of decompositiontype and library via semanticproperties of afunctional spec:
ification

To address the inherent computational complexity of decomposition in the unrestricted Bool-

ean domain we therefore suggest a Boolean decompositiomgtitadé ties together:

1. thesemantic attributesf the functions being synthesized

2. thestructural attributesof the implementation network

3. thefunctional contenbf the basic decomposition primitives
The centralideabehindthis integrationis the premisethat functional specificationshave global
semanticattributesthat can be profitably usedto induce a favorable structuralimplementation,
while reducingthe run time compleity of the synthesigprocessTheseattributescanhave a pro-
foundeffect onthe suitability of onedecompositiortype over anotherThey canbefurtherutilized
to studyrequirement®n the functionality of library primitivesto make a particulardecomposition
typeeffective. Thus,by judiciously couplingthe decompositiortype with a library usingsemantic
attributesof a function we are able to meige the traditionally separatdibrary-independenand
library-avaresynthesistageqseeFigure3.10. The effect of suchintegrationis the reflectionof

global functional properties in the implemented circuit structure.

Establishing a direct relation between the functional structure of alogic specification and the
ultimate topological and physical structure of its physical realization is, therefore, our primary
objectivein thefollowing chaptersin particular we addresshekey pointsneededo establistthis
relation in the follaving order:

* An understandingof the completedecompositionspaceavailablein constructive
synthesis.This implies that decompositionoperationsshould be deined to be
independent of the actual representation of a function.

* Gaining insights into the semantic properties of functions, particularly symmetry.

e Evaluationof the semanticattributes(symmetry)of a functionandtheir implications

on the decomposition type and decomposition primitives.
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* Leveraging available technology in scalable software implementations.

3.5 Summary

In this chaptenwe introduceda new approacho synthesisbasedon a constructve paradigmthat
differsin a fundamentalvay from the two-stagesynthesisstyle in commonusetoday This para-
digm wasvalidatedby creatinga prototypesynthesigool thatwasusedto asses#s potentialand
to suggestvaysto improve it. This investigation clearly shovedtheinherentbenefitsof construc-
tive synthesislt also highlightedthe disadwantagesof couplingdecompositiortoo closelyto a
specificrepresentationf thefunctionsbeingsynthesizedTheexperimentalsoled usto conjecture
thata muchcloserintegrationof the semanticattributesof functions,circuit structure andprimi-

tive libraries would make constructve synthesismore effective. This integration essentially
amountsto inferring appropriatedecompositiontypes and decompositionprimitives from the
semantigropertiesof afunctionandmotivatesthework describedn theremainderof this disser-

tation.



Chapter 4

Decomposition Space in Constructe Synthesis

This chapterprovides a formal analysisof the decompositiorchoicesthat arisein constructve
synthesisThey aredescribedsymbolically andarenot tied to a specificrepresentationf a Bool-
eanfunction. Thus the available decompositionchoicesremaingeneralenoughto allow circuit
implementationsvhich capturesemantigropertiesof a givenfunction, ratherthanits representa-
tion form. The symbolicformulationof decompositionis thendiscussedhn the context of practical

synthesis constraints tgting its computational ffiency.
4.1 Symbolic rmulation of Decomposition

In this sectionwe usea symbolicmodelfor functionaldecompositiorthat allows usto poseand
answersereralkey questiongelatedto scalablesynthesisincludingthe existenceof a decomposi-
tion, andthe existenceof universalprimitivesthat allow the decompositiorof certainclassesof

functions.

4.1.1 Generic decomposition template
Givenann-variableBooleanfunction f (x), andk n-variableBooleanfunctionsg, (x), ..., g,(x) ,
we saythat f hasan n-to-k decompositiorwith respectio g,(x), ..., g9, (x) if andonly if there

exists ak-variable functiorh such that
f(x) = h(gy(x), ..., 9y(x)) (4.1)
A pictorial representatiorof this decompositiontemplateis shavn in Figure 4.1; h will be

referredto asthe compositiorfunction whereasy,, ..., g, will becalledthe decompositioriunc-

tions. Thesefunctionsintroduceintermediatevariablesyy, ..., y, into the network thatsere as

52
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the supportof the compositionfunction. The decompositioris support-educingif k<n. Thek
decompositionfunctions can be viewed as a single multi-output decompositionfunction
9(x) =(9,(x), ..., 9 (x)), and the intermediatevariables can be representecdby a k-vector
y =(Yy, ---» ¥y) - Referringto FigureB.2 on pagel44,the multi-outputfunction g(x) corresponds
to block A in the hierarchicalconnectionsschematicfunction h(y), on the otherhand,corre-

sponds to blocB in the schematic.

The decomposition template in (4.1) is sufficiently general to encompass all types of func-
tional decomposition described in the literature, including simple and complex disjunctive and
non-disjunctve decomposition§35]. As we show later, support-reducinglecomposition terms
of fan-inboundeddecompositiorfunctionsareparticularlyattractve from a practicalperspeciie.
Before such restrictions are imposed, though, we show in the remainder of this section the rela-
tions that must exist between the composition and decomposition functions for equation (4.1) to
hold.

4.1.2 Computation of composition function
To determineif the decompositiorin (4.1) exists, we cansolve for h(y) in termsof g(x) and
f (x) . Thesolution,in generaljs notuniqueandcanbeexpressedsafunctioninterval. Theinter-
val solutionfor h(y) correspondso a partially specifiedfunction,whoseflexibility is modeledn
terms of the follwing function:

c(x,y) = (y1=9,(x)) .. Ly, =9, (x)) (4.2)
This is a characteristidunction (discussedn Chapter2) which captureghe consisteninput-out-
put assignment®f the subcircuitcorrespondingo the decompositiorfunctions.In recentyears
characteristi¢dunctionshave beenusedto describaheflexibility thatarisesn designoptimization.
Viewed asBooleanrelations,Braytonand Somenzi22] describechow they canbe usedto com-
putetheflexibility in optimizinghierarchicadesignsSavoj usedthe outputcharacteristiédunction
to studyflexibility in theoptimizationof Booleannetworksin the context of obsenability relations
[97].

y
g, ()2
n Y,
X 9,(X)—

g (K

Figure 4.1: Generic decomposition step
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Function c(Xx, y) represents the constraints introduced by the decomposition functions which
canviewedasa caresetwhenselectingh(y) . Indeed for eachpoint (X, ¥) from this setthevalue
of h(y) must agree with the value of f(X); at all other points outside of c(x, y) the values of
h(y) can be chosen arbitrarily. This flexibility in selecting h(y) can be described by means of a
partially specified function H(y) which identifies all valid selections for h(y) . We perform the
dervationof H(y) in two stepsfirst, thefunction H(x, y) is definedwithin the extendeddomain

of functionc(x, y), and then its domain is reduced to obtdify) .
The first step readily leads to the foliog expansion forH(x, y) :

H(x,y) = [cx, y) Of (x), c(x, y) + (X)] (4.3)
This solutionis obtainedby directapplicationof Theorem?2.7 andits validity is easilychecledby
consideringwo casesc(x,y) = 1 andc(x,y) = 0. Thedependencef H(X, y) onthe x vari-
ablesin the intenal of (4.3) makes the solution unconditionallyconsistentjmplying that for a
given c(x, y) thereis alwaysanon-emptyH (X, y) . However, thedependencen x in H(x,y) is
not consistentwith the decompositiortemplatein (4.1) — the templaterestrictsthe composition
function h to be vacuousn the x variableswhile H(x, y) is not. To make H(x, y) vacuousn
the x variableswe mustensurethatfor ary givenassignmeng , valuesof H(x, y) agreefor all
assignments . This requirementcan be satisfiedby invoking Theorem2.6 and equation(2.12)

yielding the function intera:
H(y) = OxH(x,y) = [X(c(x, y) Lf (x)), Ox(c(x, y) + £(x))] (4.4)

Theexistentialanduniversalquantificationof x from the lower andupperintenal boundscor-
responds to the removal of these variables from the support of possible composition functions h
makingthemfunctionsof justthe intermediatevariablesy, therebyreflectingthe structureof Fig-
ure 4.1. If the interval (4.4) is non-empty, then there is a Boolean function h which is vacuousin
X, and which belongs to this interval. We say that decomposition exists when the interval is non-
empty; otherwise the decomposition does not exist. In the examples below we illustrate how the

choice of decomposition functions carffeat the &istence of a decomposition.

Example4.1 Let (X4, X5) = X3 O X5, 91(X3, X5) = X, Gx(Xq, Xo) = Xq +X,, andgs(Xy, X5)

= X,. The input-output characteristic function of these decomposition functions is:
C(X,Y) = (Y =Xq) HY, =X +X5) LYz =X5)

Using this function we compute thener bound for the inteat in (4.4) as

X(c(x,y) Of (x)) = ¢(0,0,y) Tf (0, 0) + c(0, 1, y) LIf (O, 1)
+¢(1,0,y) Of (1,0) +c(2, 1,y) Of (1, 1)
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= Y1Y2¥3 L0 +Y1Y,Y3 L+ Y3Y,y5 Ll +y;Y,y5 [0

and the upper bound as

Ox(e(x,y) + £(x)) = (yp+¥,+y3+0) Ly, +y, +ys+ 1)
Hy;+Y,+y3+ 1) Uy, +y,+Y3+0)
Theseboundsdefineaninterval of sixteendifferentcompositionfunctionsh which canbe used

for the decomposition df:

H(Y1 Y2 ¥3) = [Y1Y2Y3+ Y1Y2Ya V1Yo * V1Yo * ¥o¥3 + VoYl
For instance h, (Y4, Yo Y3) = Y1Y3+Y1Yo andhy(yy, Yo, Y3) = V1Y, * Yoy, aretwo functions
from this interval thatrepresentwo possibledecompositionsf f ascanbereadilyverified by sub-
stitution in(4.1). ]

Example4.2 Let f(xg, Xo, X3) = Xq U X, 0 X3, g1(X1, X5, X3) = Xy + KXo, @nd gy(Xq, Xy, X3)
= X5. TheH(y,, y,) interval in this case is:

H(Y1 ¥2) = [Y1+ Y2 V1Yol
whichis empty* sinceits upperboundis lessthanits lower bound.Thus,f cannotbe decomposed

in termsof the given decompositiorfunctions. If, however, the first decompositiorfunction is

replaced withg, (X4, X5, X3) = X4 [ X,, then (4.1) yields the folleing intenal:
H = [y; Oy, vy, 05l

representing a unique composition function. "

In general, it is always possible to find k decomposition functions that make the interval in
(4.4) non-emptyFor example,whenk = n thedecompositiofunctionscanbeselectedy assum-
ing thatatleastn of thesefunctionsaretrivial pass-throughvirescorrespondingo the supportof
f. Theremainingdecompositiorfunctionscanbe selectedarbitrarily sincetheir outputsignalscan
beassumededundantn h(y). Similarly, whenk < n theinterval canbe madenon-emptyby let-
ting oneof thedecompositiorfunctionscorrespondo f (x). Suchtrivial selectionof decomposi-
tion functions have little practical value, though, and additional constraints on decomposition
functions must be imposed to make such decompositions useful in synthesis. These additional

constraints, and their impact on synthesis quality addressed later

1. [y1 Yo, ylyz] is notemptywheny, = 0. Foradecompositiorio exist, however,
the intenal must be non-empty unconditionally
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4.1.3 Computation of decomposition functions

Equation(4.4) can be usedto computesetsof decompositiorfunctionsthat will guaranteehe

existenceof a decompositioraccordingto thetemplatein (4.1). Computatiorof suchdecomposi-
tion functionsforms the startingpoint for the problemof library constructionwhich we discuss
laterin Sectiond.2.To solve for thedecompositioriunctions,we begin by notingthatanarbitrary
n-variable Booleanfunction canbe expressedn termsof 2" binary coeficientsthat denotethe

function \alue at each point in it@wiable space. Thus, we ca(peassgj(x) as:

2"-1
gj(x) = Z Yij 0, (x) (4.5)
i=0

where Yij 0{0,1} and m/(x) is the mintermon x whosebits form the decimalvalue i ; for
example, m,(ab) = ab and mg(cbda) = cbda = abcd. Using I = g [yij] to denotethe
2" x k matrix of coeficientsrepresentinghe k decompositiorfunctions,the caresetc(x, y) can
be re-written as:

K "1

C(x,y,lN) = |_| Y= Z Yij [, (x) (4.6)
j=1 i'=0

An assignmento the ' coeficientsin the abore encodinginducesa binary relationbetweerthe
n
minterm spacesof the x andy variables.Thereis a total of 2k(2" suchassignmentseachof

which completely defines a multi-output functign B" - Bk.
In our net step we mad use of the follaing result, desied from the interal in (4.4):

[Ex(c(x, y) Lf (x)), Ox(c(x, y) + f(x))]
= [k(c(x,y) Of (X)) < Ox(c(x,y) + (X)) interval definition
= [X(c(x,y) Of (x)) + Ox(c(x,y) + f(x)) =1 (2.4) identity

Substituting (4.6) in the last line of the abalervation, and uniersally quantifyingy, we obtain

G(r) = Oy(Ix(C(x,y, ) Lf (x)) + Ox(C(x,y, ') + £(x))) (4.7)
which is a Booleanfunction that encodesall feasibledecompositiorfunctionsg. The universal
guantificationof the y variablesin (4.7) ensuresthat the computeddecompositionfunctions

remain \alid for all combinations of their outpuahues.

Example 4.3 We applyformula(4.7) to compute3-to-2 decompositiorsolutionsfor thefunction

f (X1, X5, X3) = X O X, O X5. The space of 3-to-2 decomposition functions is encoded as:
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C% Y, T) = (yg = (YorXg XoXg + Y 11X XoXg Y1 Xg XpXg + Y31 X) XoXg +
Y41%1%oX3 + Y51X1 XoXg + Y1 X XpX5 + Y 77X XpX3)) [
(Y2 = (VX1 XoXg Y1 9%Xq XoXg + Yo%y XoXg + Y 35X XoXg +
Ya2X1XoXg F V5X XoXg + VX1 XoXg + Y75X1 X X3))
Togethemwith f, thisfunctionis now usedto construcformula(4.7).For thepartcorrespondingo

the lowver bound in the formula we Y&

X(C(x,y, [) OF (X)) = (Y1 =VYo1) LYo =VY0p) DO+ (y; =yq9) LYy, =ygp) ML+
(Y1=Yo7) Y5 =Yy,) L+ (Y, =Y5) HY,=Y5,) O+
(Y1=VY47) QY2 =Vg0) L+ (Y, =Y5) HY,=Y5,) O+
(Y1 =Yg1) Y5 =VYgo) [0+ (Y1 =Y7q) LY, =Y7,) L

Similarly, for the upper bound we Y&

OX(C(x, y, F) + (X)) = ((Y1 O Yo + (Y2 O Ygo) +0) (Y, Oyqq) + (Y, 0yqp) +1) 0
((y, O yaq) +(y, Oyy,) +1) Ly, Oygzq) + (Y, 0ys,) +0) 0
((yp O yg) + (Y, 0yy,) +1) Ly, Oysy) + (Y, 0 ys,) +0) O
((y, Ovyg) + (Y, Oygo) +0) Ly, Oyqq) + (Y, 0yq,) +1)

G(I') can nav be formed combining these dwterms” yielding:

G(I) = Oy[((y; Oyqq) + (Yo, OYyq0)) iy, Ovyyq) + (Yo OYyy,)) O
((Y1 O ya9) + (Y5 O Yy) Ay, Oygq) + (Y, OY0))
+((y, O Yo + (Yo, 0Ygo) H(y, Oyzq) +(y,0Y35)) O
((yp O¥sp) + (Y2 U ¥s52)) (Y1 U Ver) + (Y2 U V)]

Quantifying outy we finally hae:
G(I) = (V11 Y12 UVYo1 +V00) Va1 + Vo) HY71+ V7o) +
(Vo1 Yo2) LV31+V32) UVs55* Vs0) HVg1 + V2))

(Y11 % Y12) LYo1 +Y00) Y1+ Vao) HY7q+Y70) +
(Vo1 Yo2) LV31+VY32) UVs5o*Vs0) UVg1 t Vo))

(Y11 ¥ V12) LYo+ V20) AYa1 +Va0) HY71+V70) +
(Vo1 Yo2) LY31 ¥ V32) LYs5 +V50) HYg1 + Ve0))

(Y11 ¥ Y12) LYo +VYoo) AYa1 * Vao) HY71+Y70) +
(Vo1 Yo2) LY31 ¥ Y32) LYs5o +V50) HYg1 + Vo))

Thisis afunctionof 1812on-setminterms eachcorrespondingo a feasible3-to-2decomposition.
However, only 99 of thesedefinenon-trivial (i.e. with no decompositiorfunction, or its comple-
ment, correspondingo f) decompositiorsolutionsthat are invariantundercomplementatiorof

the decompositiorfunctions. This numbercanbe further reducedby discardingsolutionswhose
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decomposition functions kia redundant signals. Some of the more interesting solutions are:

Solution A: Solution B: Solution C:
g1 = X Uxy 91 = XX+ XqX3 9; = XX,
9o = X3 92 = X XgH X1 Xp gy = X Xg+ KXz + Xy Xo%3  m

Example4.4 Similarly to the previous example, application of (4.7) to f (X4, X,, X3) =
XXyt X Xg also yields 99 3-to-2 non-trivial decompositionsolutions invariant under output

complementation. We list some of them below:

Solution A: Solution B: Solution C:
91 = X1t X 91 = XX, 91 = XX
92 = XX O = XyX3+ X5X3 92 = X1X3 .

Equation(4.7) encompasseall the decompositiorsolutionsfor a givenfunctionf. To find the
decompositiorsolutionsfor anarbitraryn-variablefunctionf, we introducea vectorof 2" encod-

ing coeficients ® = df [¢;] to express the unerse ofn-variable functions as:

2"_1

Fix,®) = Y ¢; 0(x) (4.8)
i=0

Notethata completeassignmento ® representa particularcompletelyspecifiedfunctionf; par-
tial assignmentdo @ denotefamilies of functions. Re-writing (4.7) in termsof F(x, ®) we

obtain:

G(d, M) = Oy(IX(C(x,y, M) [F(x, P)) + Ox(C(x,y, ) + F(x, P))) (4.9)
which is a Booleanfunction that encodesall feasibledecompositiorfunctionsg for ary given

functionf.

Example4.5 We can use equation(4.9) to compute3-to-2 decompositiondor all 3-variable
functions. The universe of these functions can be encoded as:

F(X, @) = 0o X XX3+ §g DX XXz + @) DXy XoXg + 93 (X X X3

04 DX XX+ 05 DX XoXz + P [X  XpRg + 7 LK  XoX3

Usingthis encodingn (4.9) we canidentify all 3-to-2decompositiongor everyassignmento the
@ coefficients.Indeed,computationof G(®, I') showsthattherearenon-trivial decompositions
for everyfunctionin F(x, ®) inducedby theassignmentto ® coefficients.In particular,assign-
ments[0110100]1 and[0011010] tothe ® = [¢yd,0,0:0,05050,] coeficientsinducethe

decompositionsolutions computedfor x; 0 X, [0 X3 and X;X, +X;X, in Example4.3 and

3
Example4.4,respectrely. Note thatassignmentso the @ coeficientsfor the two functionshave
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the samenumberof 0s and 1s, implying a structuralequivalencebetweentheir two functions
which, in turn, explainswhy they have an equalnumberof decompositiorsolutions(ninety nine).

4.2 Enforcing Practical Decomposition Constraints

Althoughthedecompositionemplatein (4.1)is very generaljts computationatompleity makes
its use difficult for scalablesynthesis.In this sectionwe addresshe complity problemsby
imposingpracticalfan-inconstrainton the decompositiorandcompositionfunctions.Thesecon-
straintsare reflectedin a modified decompositiontemplatethat is usedto define appropriate

decomposition patterns deduced from the semantic structure of a function.

4.2.1 Effect of fan-in constraints

Equation(4.7) requires,n theworstcase the constructionof a Booleancharacteristidunction of
2"k encodingcoeficients. Our first decompositiorconstraint,therefore,aims at reducingthe
exponentialin n andis satisfiedoy requiringthe supportof the g(x) functionsto be boundedoy
s, wheres is themaximumallowablefan-inof the underlyingimplementatiortechnologyin cur-
rent CMOS processess is typically four. Sucha requirementeliminatesk [(2n - 25) encoding
coeficientsfrom (4.6), therebyexponentiallyreducingits computationaburden.This reduction,
however, introducesan additionalalgorithmiccomponentvhosegoalis to identify a suitablesub-

setof s-out of-n variablesfrom the input vector x that canact asthe supportof the functions
9(x) .

Although for afan-in of at least 2 it is always possible to find decomposition functions (e.g.
trivial wire functions)which make interval (4.7) non-emptygiven k decompositioriunctions,the
numberof decompositiorsolutionsvariesgreatlydependingn the choserfan-in constraints. In
the worst case, given some k, such that k < n, the decomposition may become infeasible if s is
chosen to be too small. The effect of varying the fan-in parameter s isillustrated in the example

below.

Example 4.6 Supposeghatwe would like to decomposé¢he function of the secondsumbit in an
n-bit adderinto two decompositiorfunctions. The five-input sum-bit function is given in the

following factored form:

s, = a; U by O (aghgy + cy(ag U by))
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Let C(x,y, ') encodethe spaceof decompositiorfunctionsfor k = 2 (asin Example4.3). We
canthencomputethe setof all decompositiorsolutionsfor s; using(4.7).Indeed function G(I"),
computedn (4.7),contains1,116,591939 non-trivial pairsof decompositioriunctionsassuming
invarianceundercomplementatiorof their outputs.Restrictingthe fan-in of the decomposition
functionsto four, the numberof possiblesolutionsreducego just 795. Furtherrestrictionto a fan-

in of three yields only these four solutions:

Solution A: Solution B:
g, =a;0by g, = bgOa; 0Oby
J2 = Cofo+Cobo* by g, = chaghy + Coaghy
Solution C: Solution D:
g9; = ag0a; 0Oby g, = cy0a; 0by
J, = Coaghy +Coaghy G, = Coaghy + Coaghy '

In general, the number of decomposition functions k required to make (4.7) non-empty
increases significantly as the fan-in constraint becomes stricter. Indeed, the existence of a decom-

position according to (4.7) is a function®fandk according to the follwing table:

s K existence of
decomposition
=n =n exists
>n <n exists (4.10)
<n =n exists
<n <n may &ist

Existenceof decompositionin the first three casesis easily demonstratedy choosingtrivial
decompositionsThe fourth casein the table suggestshatrestrictingthe valuesof s andk to be

smaller than the support of the functibmay preclude its decompaosition.

To reflectafan-inboundof s onthe decompositioriunctions,we modify the genericdecom-

position template in (4.1) to become:

f(x) = h(g1(x1), s G(xy)) (4.11)
wherethe x; 's arecomposedrom s-subset®f x . Whenthedecompositiorvariablesx; for each
g; aregivenwe canusethe computationaform in (4.7)to find all feasiblesetsof k decomposi-
tion functions.Solving(4.7)for large k, however, is still computationallyexpensve evenfor small

fan-inbounds.In the next sectionwe showv how the numberof I coeficientscanbereducedur-

ther by modifying the decomposition template.
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yl g(xg):
X : X — yl
a( g) Vi H ¢ X%__ —-- T
X : ol
X, Xs L :
a) partition of the support f (X) into Xg and b) accommodationof non-disjoint de-
X composition Withing(xg)

Figure 4.2: lllustration of the decomposition templatef (x) = h(g(xg), Xp)

4.2.2 Modified decomposition template
The templatein (4.11)imposesa fan-in boundof s on the decompositiorfunctions,but allows
themto have differentsupportslf, insteadwe requireall k decompositiorfunctionsto have the
samesupportwe obtaina new decompositionemplateasshawvn in Fig. 4.2. This templateparti-
tions the input ariables into tw sets X, andx,,, with |xg| = s (see Fig. 4.2-a):

f(xg, Xp) = h(gl(xg), ...,gt(xg),xh) (4.12)
Thefunctionsgl(xg), gt(xg) , or collectively g(xg) , canbe assumedo belibrary primitives,
possiblypass-throughvires. Within this template the generalityof the decompositionn (4.11)is
still preseredif we changethe algorithmicflow in which the equationis solved:insteadof simul-
taneoushfinding all k decompositiorfunctionsfor which (4.11)holds,using(4.12)we find them
iteratively over subsetf x whosesizeis boundedby slA particularsolutionfor eachof the
subsetgpresentaiswith a collectionof decompositioriunctions,which canbe viewed asa multi-

outputmodule.An encodingof a completesetof suchsolutionsusesat mostt 2° I coeficients.

While the structure in Fig. 4.2-a appears to correspond to disjoint decomposition [92], allow-
ing pass-through wires as decomposition functions effectively accommodates, through the itera-
tive application of (4.12), non-disjoint decompositions as well. Thisisillustrated in Figure 4.2-b,
wheresignal x, is usednotonly in thenon-trivial functionsof g(xg) butalsoasthetrivial identity
function gt(xg) = Xg. Thiswire can,therefore pereusedn subsequendecompositiorsteps.The

effect of such reuse preserves the full generality of the decomposition template (4.11).

Example 4.7 Consider the following initial decomposition ©fa, b, ¢, d) = ac+ ad + bd + bd:

1. Of coursejn this new flow, the outputsignalsy; of newly-introduceddecomposition
functionsbecomd@mmediatelyavailablefor subsequerdecompositionshey becomepartof the X
vector
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Figure 4.3: Circuit resulting from two successivelecompositionsteps;it hastwo topological levelsof
logic

f(a,b,c,d) = hy(ab+ac,b,c,d)

This decomposition conforms to template (4.12) vxiéhz {a,b,c} and

g,(a,b,c) = ab+ac
g,(a,b,c) = b
gs(a,b,c) =c

Note that the use of identity decomposition functions, yields a composition function
h,(y,, b, ¢, d) whosesupportoverlapswith theoriginaldecomposition/ariables.xg ={ab,c}.
Thus,in thenext decompositioriteration,function h, (y,, b, ¢, d) canbedecomposedsinganev
set of decomposition/ariablesxg = {b, c,d} thatoverlapthe original setyielding an overall
structure which is non-disjoint. Specifically, (y;, b, ¢, d) = h,(y,, b0 d, cd) with

g,(b,c,d) = b0Od

g,(b,c,d) = cd

The circuit schematiaesultingfrom thesetwo decompositiorstepsis depictedin Figure4.3 and

clearly reflects a non-disjoint decomposition in inputandc of the original function. L]

Using the new decomposition template (4.12), determination of all feasible decomposition
functionscanbecarriedoutsimilarly to theprocedurehatledto (4.7).In particular thedirectfan-
ins of the compositionfunction h arenow representetty the vector [x;,, yC which playstherole
of y in theoriginal template We can,therefore readily expressthe setof all feasibledecomposi-

tion functions by inspection as:

G(I) = Ox,0y(Dxg(C(xg Y, ) LF (X)) + Oxg(CXg ¥, T) + £(x))) (4.13)

Notethatthe caresetin the above equationis written asa function of justthe decompositiorvari-

ablesxg andthe outputsof the decompositiorfunctionsy . This is justified by the fact that the
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caresetcorrespondingo the x,, wiresis really atrivial constraint(y, = x;,) thatis handledoy a

simple re-labeling (i.e. using,, as an alias foy,,).

The computational effort in (4.13) can be further reduced by noting that the partition of the
input variables into two sets allows f (x) to be written as an orthonormal expansion with respect
to the decompositionaviables:

2°-1

f(xg Xp) = z m;(Xq) O (Xp,) (4.14)
i=0

In this expansion the mintermson x_, sene asthe orthonormalbasis,andexpansioncoeficients

g

fi(x,,) arecofactorswith respecto x, whicharefunctionsof just x,,, i.e.they arevacuousn x

g g
(cf. Lemmaz2.1).In generalthe f;(x,) cofactorscanbe arbitrarily complex functionsof the x,
variables.However, their significancein the decompositionlies in their relationto eachother
ratherthantheirindividual dependencen Xp - Thedependencen Xp can,thereforepeabstracted
away allowing usto replacethe cofactorsby a setof coeficients z = df [¢;] suchthatthe same
coeficientis associatedvith identicalcofactors.Thus,for ary valueof n, we encodea particular
n-variable function using at mog&f encoding coditients allaving us to re-write (4.14) as:

r—-1

Fixg2) = 3 Mi(xg) (4.15)
i=0

where Z is avectorof r independenencodingcoeficients(1l<r < 25), and Mi(xg) denotesa
maximalsetof mintermson Xg with identicalcofactors.In otherwords,theon-setof the M, (xg)

functionsare equivalenceclassesnducedby the equalityrelationof cofactors.lt is interestingto
notethatthe (s+ r) -variablefunction F(xg, Z) in (4.15)representaninfinite classof functions
f (xg, X;,) sinceeachcoeficient {; correspondso a cofactorwhichis afunction of potentiallyan

arbitrarily lage number of ariablesx,,. We will refer toF(xg, Z) as gpattern function

Substituting F(xg, Z) for f(x) in (4.13) we finally obtain the following efficient computa-

tional form for all feasible decompositions bfx) :

G(I) = 0zOy([xg(C(xg ¥, T) [F(Xg, 2)) + OXy(C(Xg ¥, T) + F(Xg, 2))) (4.16)

Notethatin additionto replacing f (x) by F(xg, Z), we mustalsoreplacethe abstractiorof the
X;, variablesin (4.13) with the abstractiorof the Z coeficients.Note alsothat equationg4.13)
and(4.16) computeidentical setsof feasibledecompositiorsolutions;the computationin (4.16),

however, is much more efficient asit involvesthe abstractiona setof coeficientswhosesizeis
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boundedby 2°, as opposedo (4.13)which involvesthe abstractiorof n—s variablesfor arbi-

trarily large n.

Example 4.8 The orthonormal expansion of the function
f(a b, c d, e) = abd+ae+ adc+ bed + bce
with respect td a, b, ¢} is easily shan to be
f(a, b, c d,e) = abc D+ (abc+abc+abc) Od+e)+
(abc + abc) [(de) + (abc + abc) [{e)
Thus, we can represehtby the pattern function
F(a, b ¢ g Ly, Ly {3) = abe Ly + (abt +abc +abc) [T, +
(abt +abc) [, + (abc + abc) [T,

where(, {4, {, and{ are independent encoding dogénts.

To find all feasible 3-to-2 decompositions of this function, we first encode the two 3-input
decomposition functions g; and g, with sixteen coefficients yg,, ..., Y71 and yg,, .-, Y75,
respectiely. The corresponding care set cawrie pressed as
C(xg, y, M) =

(v, = (Yo abc +y,,abc +y,,abe + yg,abe +y,,abe + yg, abe + yg,abt + y4,abc)) O
(Y, = (ygpabt +y;,abc +y,,abe + yg,abc +y,,abt + yg,abc + yg,abt + y,,abc))
which, togetherwith the patternfunction derived earliet arenow substitutedn (4.16)to give us
the completexgression forG(I") . Computation of the l@er bound term of (4.16) has the form:
:b(g(C(Xg, y,I) EF(Xg, Z)) = (Y1=VYo1) AY2=VYgo) o+ (Y1 =Yq9) LYo =Yqo) g
+ (Y1 =VYo1) HY5=Y55) Lo+ (Y1 =Y31) LY, =Y30) [,

+ (Y1 =VY41) QY5 =VY40) [Lg + (Y1 = Y51) LY, =Y5,) [y
+ (Y1 =VYg1) HY5=VYg0) L3+ (Y1 =Y71) LY, =Y70) [y

The upper bound term is computed analogously yielding:
ng(c(ng y, I+ F(Xg1 Z)) = ((yyOygp + (Yo Oygo) + o) Ty Uyqq) + (Yo Oyqp) +{3)
(Y1 O Yo1) + (Yo O yp0) +45) Ty, O ygg) + (Yo O Yg0) +45)

CU(Y1 O Y1) + (Yo O Yy0) +{y) (Y, O ¥s5o) + (Yo O Yso) +y)
(Y1 O v¥g1) + (Yo O vgo) +C3) LUy, O y79) + (Y, O Y70) +(y)

Substitutionof thesetwo termsanduniversalabstractiorof thefour Z coeficientsandtwo y vari-
ablesfinally yieldsthe desiredsixteen-codfcient function G(I') thatencodesll feasibledecom-

positionfunctions.The BDD for this functionis shavn in Figure4.4. The function hasa total of
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Figure 4.4: BDD for G() which encodes all 3-to-2 decomposition functions for f =
(abd + ae + adc + bed + bce) of Example 4.8.(Inversion bubblesongraph edgesienote
complementation of the functions associated with their rooted subgraphs.)

24 on-setminterms,eachcorrespondindo a pair of possibledecompositiorfunctions.Assuming
orderinvarianceof thedecompositiorfunctions,andinvarianceof their complementsthe number

of solutions reduces to just three:

Solution A: Solution B: Solution C:
g, = ab+ab+bc g, = ab+ab+bc g, = a+bc
g, = ab+hc+ac 92=a+5c g, = ab+bc+ac
These three solution are highlighted on the BDD of Figure 4.4. n

4.2.3 Effect of support constraints

The introduction of a fan-in constraintfor the decompositionfunctions enabledus to define
decompositioraccordingto (4.12), a computationallyefficient, yet very general template.The
generalityof this template however, alsoleadsto a greatvariety of decompositiorpatternsthat
becomeavailable during the synthesigprocessin additionto the fan-inbounds we canclassify
thesedecompositiompatternsaccordingto the numberof decompositioriunctionst usedduringa
decompositiorstep.Thedecompositiortemplate(4.12)establishea strongrelationbetweerthese
two parametersn the sensehattheir relative valuesdeterminethe degreeof flexibility available
for selectingthe compositionfunction h. Indeed letting t be smallerthans mayimply the non-
existenceof h, andthereforethe non-istenceof adecompositionOnthe otherhand letting t to

beequalto or largerthans maypresenuswith avastnumberof choicesfor h, makingit difficult
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to find a good compositionfunction which improves synthesisquality. The former choice,i.e.
t <s, leadsto a support-reducinglecompositionwhereaghe latter choice,i.e. t = s, yields sup-

port-maintaining or increasing decompositions.

Support-reducing decomposition defines a class of circuit structures whose width, for each
output,decreasemonotonicallyasthecircuit is traversedorwardfrom theprimaryinputs.Froma
synthesis perspective, thisis particularly attractive since each decomposition step guarantees a
reductionin the compleity of the remainingunimplementedogic asmeasuredby the cardinality
of its input signals.As mentionedearlier however, supportreductionusingfan-inlimited decom-
positionfunctionsplacesa restrictionon the classof functionsthatcanbe decomposedccording
to (4.12). Specifically, the existence of an s-to-t decomposition requires that the number of dis-
tinct cofactors induced by the minterm space of the decomposition variables be < 2t. Such a
requirement is easily justified by an information theoretic argument: t binary-valued output lines
candistinguishat most 2! equivalenceclasse®f input patternsThis countingargumenthasbeen
used extensively in the classical theory for disjoint decomposition, rand underlies the notion of
column multiplicity in partition tables [35]. The existence of a support-reducing decomposition,

thus,requireshatthenumberof distinctcofactorsof thefunction f (x) in (4.12)beatmost23_ 1

Example4.9 We use the function f(a, b,c, d,e) = abd+ ae+ adc+ bed + bce from
Example4.8 to illustrate how the existenceof decompositiondependson the choice of
decompositionvariables.The three decompositionvariablesin the earlier exampleinduce four
distinctcofactors0, d + &, de, ande, confirmingtheexistencef a3-to-2reduction.Ontheother
hand,selectinga, b, e asthedecompositiorvariablesyields5 distinctcofactorg0, 1, d, ¢, and

dc) implying the non-existence of a 3-to-2 decomposition in those variables. L]

The number of distinct cofactors induced by s decomposition variables is bounded by
n-s

min%s, 2? % This bound is easy to establish by noting that:

* theorthonormalexpansionn (4.14) has 2° terms,eachpossiblycorrespondindo a
distinct cofactor function; and
n-s

* theuniverseof the (n —s) -variablecofactorfunctionsin (4.14)ha522 functions.

As s approaches this numbereentually becomes smaller thaf.

Figure4.5illustratestherelationshipbetweerthe numberof distinctcofactorsandthe number
of decompositiorvariables The shadedareasn thefigurerepresenthe numberof possiblecofac-

tors that a function can have in s variables. For small s, this number is bounded by 25; for large
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Figure 4.5: Bounds on the number of distinct cofactors as a function of the number of decompositi
variables forn =8

n-s
s, it is boundedoy 22 . The numberof distinctcofactorsin the cross-hatchednddark-shaded

regionsis, respectrely, greatethanandlessthanor equalto 25~ ! . Thus,if thenumberof distinct
cofactors for a given function falls in the cross-hatched region, support-reducing decomposition
would notbepossiblelf, ontheotherhand,thatnumberfallsin the dark-shadedegion, thensup-

port reduction is guaranteed.

In the synthesis scenario suggested by (4.12), we assume that we are given a relatively small
fan-in bound s (say 3 or 4) that reflects a technological requirement (e.g. maximum number of
transistors that can be stacked). If the number of distinct cofactors for our function at this fan-in
bound is less that 2°~ 1 (point A in the figure), then it is possible to perform a support-reducing
decomposition step. If the function has more distinct cofactors at that bound (point B), then sup-
port reduction cannot be accomplished. It must be noted, however, that support reduction can
always be achieved if the fan-in bound is relaxed (e.g. by moving horizontally from point B to

point C).

To illustrate the above concepts with some concrete examples, consider the decomposition
possibilities for the 8th product bit of a 6-bit multiplier and the 6th sum bit of an n-bit adder
showvn in Figure4.6.1n this figure,cofactorsarecomputedor eachpossiblesubsebf s decompo-
sitionvariableg(1 < s< 12). Thenumberof distinctcofactorsarethendeterminecandtheir mini-
mum and maximum are plotted against s. The 28_1 support-reducing threshold line is also

plotted.
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Figure 4.6: Dependence of the distinct cofactor counts on the number of decomposition variable

As the multiplier function plot in part (a) clearly shows, support reduction is not possible for
s< 7. Indeed, the support-reducing threshold line intersects the “minimum distinct cofactors’
curve atsomes betweer7 and8. Thussupportreductioncanonly beachiezed by usinggroupsof
8 or more decomposition variables. Note that this exceeds half the number of inputs. In general,
multiplier functions do not simultaneously admit a fan-in bounded and support-reducing decom-

position.

Theadderfunctionplotin part(b), onthe otherhand,hasa completelydifferentcharacterThe
gap betweerthe minimum andmaximumnumberof distinctcofactorsat eachvalueof s is much
widerthanin the caseof the multiplier function. In addition,support-reducinglecompositionare

possible for ayp value ofs= 2. These results holdgardless of the adder size.

An analysis of the MCNC benchmarks [123] shows that the mgjority of their functions admit
support-reducing decompositions for small values of s, usually less than five. If the number of
decompositiorvariablesrequiredto achiare support-reductioiis largerthanfive, thenthe function
is likely non-symmetric and monotone in most of its variables. Existence of a support-reducing
decompositiorin atypical functionfrom this suiteof benchmarkss very sensitie to the choiceof

decomposition ariables, necessitating their careful selection during the decomposition process.

Finally, it is interestingo notethatthe support-reductiomequirementin the presencef afan-
in bound, establishes a direct link between the structure of a function (namely the number of its

distinct cofactors in a subset of it inputs) and the structure of an implementation of that function
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(namelythe strict reductionin topologicalwidth). This ability to reflectfunctionalstructurein the
resultingimplementatiortopologyis oneof thedistinctive featuresof our synthesidlow. As we’ll
see in Chapter 7, this feature is one of the major factors that lead to improved overall synthesis
quality.

4.3 Computational Considerations

The corecomputatiorof decompositiorsolutionsin (4.16)involvestwo nearlyidenticalterms.In
this sectionwe explore someoptimizationsthatyield furthercomputationabavingsin the process

of solving for feasible decompositions.

4.3.1 Exploring common computational coe

It is possibleto simplify the computationof (4.16) by observingthatthe termscorrespondindo
thelowerandupperboundsn theformulacanbesimplified,andby notingthatthey alsohave vir-
tually identicalstructure Thefirst stepof the simplificationmultiplies out thetwo functionscorre-
spondingto the interval’s lower bound.Let vector y; denotethe i " row of coeficientsin the
r= [yij] matrix,andlet function a(i) identify theindex of acoeficientin Z correspondingo a

cofactor f,(x,,) . We then hae the follaving result:

Theorem4.1
H 21 o -1
G(I) = DzOyxgg $ mixg) Ly =v)) Egyg+ xgg ¥ milxg) Ty =v)) Loy
E =0 0 Li=0

The two summationsn the above formula areidenticalwith the exceptionof complemented?
coeficients, suggestinghat during the computationof G(I') one summandcan be constructed

from the other by a simple complementatiorzo€oeficients.

There is aso another, more significant, observation that follows directly from the structure of
the computational form in Theorem 4.1, which allows further reduction of G’s computational
effort. It follows from thefactthatthe differencen thecomputatiorof the G(I") for any two s-to-
t probleminstancess attributedonly to thefunction o (i) . Thus,it hasa computationatorecom-
mon to all problem instances. This observation suggests that we can compute a generic form
G(I, Z) where (for example) o(i) = i, and then obtain a G(I', Z) that is specific to a given
problem instance by appropriately remapping the Z coefficients. The abstraction of the Z coeffi-
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cients can then be applied to obtain an encoding of all feasible decomposition functions for the

probleminstanceThe examplebelaw illustratesthe significanceof the a(i) functionin G(I', Z) .

Example4.10 We canview G(I', Z) as an intermediateresultwhen computing G(I"') using
(4.16). For the function of Examp#e8 we may writeG(I', Z) as:

3 7
G(r,2)= |_| |: |_| ((Y;1 = 9(K)) + (v;2 =@, (K)) + ZO(i)) +

k=0%i=0
7

((Y;1 = @(K)) + (v;o =@, (K)) + Zo'(i))i|
0

where @ (k) is afunctionreturningthevalueof the i th bit of aninteger k, and o (i) is afunction
remappingntegeri into someotherintegervalue.Onemay easilyobsene thatthe only variantin
theabove G(I, Z) is function o(i) . Intuitively, o(i) tells uswhat equivalenceclasseqi.e. fac-

tors) mintermmi(xg) belongs to. In oun@mple the follaving set of tuples defines this function:
{ 00,00 [, 30) [, 20) [B, 20 4, 10) [5, 10) [6, 30 [7, 10}
Note that the function is consistentwith the pattern function F(a, b, c, {y, {4, {5 {3) in

Example4.8; e.g., minterms 2 and 3 are associated witHficeft (. "

4.3.2 Dealing with lage sets of decompositionariables
As we have seenin Section4.1.3the numberof I coeficientsneededo encodethe decomposi-
tion functionsgrows exponentiallyin the numberof decompositiorvariables.We can eliminate
this exponential dependence by assuming that:

1. the number of decomposition functionss small, and

2. not all of the feasible decomposition solutions need to be computed
Thesetwo assumptionsallow us to obtain a constrainedorm for the computationof function

G(IN) that uses f@er ' coeficients.

To obtainthereductionin thenumberof I coeficients,we begin by adoptingexpansion(4.6)

for the modified decomposition template (4.12); we re-write it as
2°-1

Clxgy. 1) = 5 [m(xg) dy=y)] (4.17)
i=0

Eachvectory; in the above formuladenoteshe i th row of coeficientsin the I = [yij] matrix;

operation= in (4.17)is performedbit-wise. Recallingthe discussiorin Sectiond4.1.3on page56,
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an assignmento the I' coeficientsin C(xg, y, ') mapseachminterm mi(xg) into a point y
from themintermspaceof y. Thenumberof I coeficientsusedby this mappingis t EQS, wheres
is the numberof variablesin Xg- However, we may obtaina substantiafeductionin the I coefi-
cientsby replacingeachminterm function mi(xg) with a factor Mi(xg) whoseon-setforms a
subsetof an equivalenceclass.This way, insteadof mappinga single mintermto a pointin the
spaceof y, asubsebf mintermsgetsmapped.The mappingis reflectedn thefollowing generali-
zation of (4.17):

Clxg ¥, 1) = 3 [Mi(xg) Ty =V))] (4.18)
i=0

As such,the numberof ' coeficientsusedin (4.18)is reducedto t [t . Thus,the new form of

C(x,y, ') suggests an figient computation of subsets of feasible decomposition funcgjons

Theefficientcomputatiorof G(I') using(4.18)is supportedy ourtwo assumptionsThefirst
assumption leads to a small t. The second assumption, on the other hand, helps to keep r small.
Indeed, by letting the on-set of each factor Mi(xg) be an equivalence class we ensure that the
r < 2' relationis satisfied Whenever the s-to-t reductionis feasiblethe computedG(I") encodes

a non-empty set of decomposition functions.
4.4 Summary

In this chapterwe have studiedthe decompositiorchoicesavailablein constructve synthesisWe
began with the genericdecompositiortemplatewhich allows all implementation®f a function.
Thetemplatewasthenmodifiedto accommodatsimple,yet effective, support-reducingndfan-
in-boundedpracticalconstraints The modifiedtemplatewaslinked to the semanticpropertiesof
Booleanfunctions.The analysisof the available decompositiorchoiceswas performedsymboli-
cally enablingusto analyzethemwithout beingencumberedby particularfunctionalrepresenta-

tions.



Chapter 5

Semantic Structure of Boolean Functions

The subjectwe explorein this chapteris motivatedby our earlieragumentthatwhenguidedby
knowledgeof the semanticstructureof afunction,synthesicanyield more“natural” implementa-
tionsof thefunction.We view the symmetryof afunctionasoneway to capturets semanticstruc-
ture. Our main objectve is thereforeto obtain efficient computationalmethodsfor symmetry
identification.We proposea generalizatiorof classicalsymmetrythatallows for the simultaneous
swap of groupsof variablesandwe shav thatit capturesnoreof a function’s invariantpermuta-
tionswith only amodesincreaseén computationatequirementsWe applythenev symmetrydef-
inition to the analysisof a large setof benchmarlcircuits andprovide extensie datashaving the

existence of substantial symmetries in those circuits.
5.1 Introduction and Prior Work

Symmetriesusuallyreferto permutationof an objects parametershatleave it unchangedThey

provide insightsinto the structureof the objectthat canbe usedto facilitate computationon it.

They canalsosene asaguidefor preservinghatstructurewhentheobjectis transformedn some
way. The objectwe studyhereis an n-variableBooleanfunction andthe symmetrieswve explore
arevariablepermutationswith possiblecomplementationthatleave the functionunchangedsee
Figure 5.1).

The study of symmetries in Boolean functions dates back to Shannon [105] who recognized
that symmetric functions have particularly efficient switch network implementations. Since then

se/eralattemptaveremadeto devise synthesigprocedure$or symmetricfunctions[42, 67]. These

72
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Figure 5.1: lllustration of function symmetry
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efforts, however, failed to yield practical synthesis tools and are generally viewed as inapplicable
to thetypesor sizesof functionstypically encountereth today’s designautomatiorernvironments.
In recentyears theincreasinguseof BDDs for the manipulationof Booleanfunctionshassparled
renavedinterestin the studyof functionsymmetriesin [64], for example theauthorsshavedthat
thesizeof aBDD canbereducedy usingavariableorderthatplacessymmetricvariablescontig-
uously. This observation led to the development of sifting procedures for dynamic BDD variable
ordering based on function symmetries [89, 102]. Symmetries were also utilized to improve the
efficiency of functional equivalence checking for functions with unknown input correspondence
[32, 85], and in the conteof Boolean matching [60, 77, 115].

Much of the existing literature on symmetry is based on function invariance under swaps of
variablepairsin thefunction’s support;we’ll referto this type of symmetryasclassicalsymmetry
to distinguishit from themoregenerakymmetrywe describen this chapterFor completely-spec-
ified functions, classical symmetry can be represented as a partition on the set of variables: vari-
ablesthatbelongto a givenblock of thatpartitionareequvalent,i.e. symmetric whereas/ariables
that belong to different blocks are non-equivalent, i.e. non-symmetric. The blocks of such a parti-
tion arecommonlyreferredto asthefunction’s symmetrygroups andvariableswithin asymmetry
groupareequialentin the senseahatthey canbe permutedarbitrarily without changingthe value
of thefunction. The adventof BDDs led to the developmentof efficient symbolicmethodgor the
identification of a function’s symmetry groups. The computational core in such algorithms is the
checkthatdetermineghe equivalenceof a pair of variablesjarger symmetrygroupsarethenbuilt
incrementally using transitivity. Many of the recently-proposed techniques for symmetry identifi-
cationachiere their efficiency throughcarefulanalysisof the structureof the BDD thatrepresents
the function [86, 89, 102]. In [117], the authors approach this problem by using the generalized
Reed-Muller transform to speed-up the computation of symmetries. A notable exception to the
commonly-usedefinition of symmetrywasproposedn [85]. Ratherthaninvarianceunderswaps

of variables, symmetry is defined in terms of equivalence among arbitrary subspaces (i.e. cofac-
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tors) of the function.

We define symmetry as an invariance under arbitrary variable permutation rather than invari-
anceunderswapsof variablepairs.Underthis broaderdefinition, partitionson the setof variables
fail to capture al the invariant input permutations. We explore the relation between symmetry
groups and variable permutations in Section 5.2 and highlight the inherent limitations of variable
partitions as a means of representing arbitrary variable permutations. As an alternative to the
explicit, and computationally infeasible, listing of all invariant permutations, we propose an effi-
cient hierarchical extension to the notion of symmetry groups—a hierarchical partition—that
allows usto represena larger (but not necessarilfhe complete)setof invariantvariablepermuta-
tions. These hierarchical partitions represent higher-order symmetries that arise from simulta-
neously swapping groups of, rather than single, variables. In Section 5.3 we formally state the
conditions under which the classical first-order symmetries exist and provide computational pro-
ceduredor the constructiorof the correspondindlat partition.In Section5.4 we generalizehese
conditionsto definethe higherordersymmetryandshon how the correspondindpierarchicalpar-
tition canbe computedefficiently. In Section5.5we expandthe notionof invarianceto includethe
assignment of inversion phases to the function inputs. In Section 5.6 we report on the results of
applying hierarchical partitioning to alarge set of benchmarks; we also provide detailed analyses
of afew benchmarks to show that additional symmetries, missed by hierarchical partitioning or
hidden through netlist flattening, can still be found. We conclude in Section 5.7 by recapping the

main contrilutions and suggestingwsal possiblexdensions.
5.2 Symmetry as Brmutations

Considerthe six-variablefunction f(a, b, ¢, d, X, y) = abxy + cdxy. It is relatively straightfor-
wardto shaw thatits classicasymmetrygroupsare{ a, b} , {c, d} , and{ x, y} . (Theexactproce-
durefor computingthesegroupsis describedn Section5.3.) To appreciateéhe needfor a broader
notionof symmetryit is usefulto view thesesymmetrygroupsasanimplicit representationf the
variablepermutationshatleave thefunctionunchangedSpecifically agroup G; consistingof n,

variablescorrespondso n;! permutationsthe total numberof permutationsepresentedy all

groupsis the productof the numberof permutationdor eachof the individual groups.Thus,the
three-grougpartition on the variablesof this function correspondso the eight (2! x 2! x 21') per-

mutations:

{ Cabcdxy) Cabcdyx[) Cabdexyl) Cabdeyx [bacdxyl) [bacdyx[] [badcxyl) [badcyx(} (5.1)
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a b c d Xy a b c d Xy
f
HQa, b}, {cd}, {x y}0 i
O - unordered H{a b}, {c d}},{x y}0
[] - ordered

Figure 5.2: Symmetry induced hierarchical partition of variables for function f(a, b, ¢, d, X, y) =
abxy + cdxy

Direct substitutionof eachof thesepermutationsn the expressionfor the function confirmsthat
they do indeedleave it unchangedWe will referto suchpermutationsasthe function’s invariant
permutationsin addition,we will encodethe“flat” partitionthatinducedthemby anorderedlist
of un-ordered groups:

Ha, b}, {cd}, {xy}C (5.2)
Thisencodingemphasizethefactthatthe permutationsn (5.1) aregeneratedrom variableswaps

that are strictlyithin, and not across, groups.

Further examination of this function, however, reveals that it remains invariant under the fol-
lowing additional set of eight permutations
{ Cedabxyl) Cedabyx[) Ccabxyl) [dcabyx [€dbaxyl] Cedbayx[] Cdcbaxyl) [tcbayx} (5.3)
which are not capturedby the flat partitionin (5.2). Note that eachof thesepermutationanbe
derived from a correspondingermutationin (5.1) by swappingthe groups{a, b} and{c,d}.
Thus, a suitableencodingthat actsas an implicit representatiorior all sixteenpermutationsn
(5.1) and (5.3) is the folWing hierarchical partition on the set ofariables:
d{ab},{c d}} {xy}C (5.4)
In both (5.2) and (5.4) we useanglebracletsto indicatea fixed order (single permutation)and
curly bracletsto indicateall possibleordersof theencloseclementsA pictorial representatioof

the flat and hierarchical partitions in (5.2) and (5.4) iswhio Figure 5.2.

This small example servesto illustrate several important points that motivate our desire for a
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invariant permutatio
induced by flat partitions

invariant permutations inducea
by hierarchical partition

all invariant permutations
all permutations /

Figure 5.3: Limitation of symmetry groups to represent all invariant permutations of a function

fresh exploration of functional symmetries:

Functioninvarianceunder unrestrictedvariable permutationsexpandsthe classical
notion of symmetryby identifying more structurein functionsthan can be inferred

from simple variable swaps.

Functional structure may be specified by an explicit listing of all invariant

permutationsHowever,suchalisting maybeinfeasibledueto the exponentiallylarge

number of such permutations.Compactimplicit representation®f this structure
include flat and hierarchical partitions on the variable set that act as “stylized

permutation generators.”The quality of an implicit representationof invariant

permutationscan be measuredn termsof the numberof permutationsdt generates:
representationr; is deemedsuperiorto representationRj if it correspond$o alarger

numberof invariantpermutationsjn somesense,R; identifiesmoreof a function’s

structuregthan Rj . An idealrepresentatiowould identify the completesetof invariant

permutations.

In addition to compactness,an implicit representationshould be efficiently

computable. Compact representationswhose construction procedures require

exponential run times are as infeasible as explicit listings of invariant permutations.

Figure 5.3 depicts a Venn diagram that establishes the relation between the classical and new

definitionsof functionsymmetry Theuniverseis takento betheentiresetof variablepermutations

and e is used to denote the identity permutation, i.e. the normal variable order. The permutations

inducedby flat andhierarchicalpartitionsof the variablesarethusseento be subsetof all invari-

ant permutations. In addition, the permutations induced by hierarchical partitioning are clearly
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P—{}; /I initialize partitionP;
while X#0O do{ /l while not all \ariables inX are partitioned;
selecta X; X « X\a; I pick a representate variables;
G, - {a} /l'initialize nev variable groupG,;
for ObOX do { Il extend G, with variables symmetric ta;
if a andb are symmetrithen
G, « G,O{b};
}
X« X\Gg ; Il remore G, variables fromX;
P~ PO{G,}; /land update partitioR ;

Figure 5.4: Construction of first-order symmetry partition P for a function f with support X

seemasasupersetf thoseinducedby flat partitioning. The shadedsubsetis meantto represenan
alternative implicit representation of invariant permutations that is distinct from those based on

partitions on the ariable set.

In theremainderof this chaptemwe developthe conceptof hierarchicalpartitionson the setof
variables as a means of characterizing functional structure which extends the classical notion of
symmetry It is important,however, to keepin mind that, while provably superiorto flat partition-
ing, hierarchical partitioning may still be too limited in its ability to capture a sizeable subset of
invariantpermutationslt doeshowever, sene asa catalystfor exploring otherimplicit representa-
tions of afunction’s invariant permutations, a point that we will allude to later when we analyze

some of the benchmark circuits.
5.3 Classical First-Order Symmetries

First-ordersymmetriescorrespondo function invarianceunderswapsof variable pairs. Specifi-
cally, if variablesa andb in the support of functiofsatisfy the condition:

f(...,a ....,b ...) = f(...,b, ...,a, ...) (5.5)
thenwe saythatf hasa first-ordersymmetrybetweenvariablesa andb. Thesetwo variablesare
alsosaidto form asymmetrygroup{ a, b} . It is well known, ascanbereadily shavn usingShan-
non expansion thatcondition (5.5) is equivalentto the following equality constrainton the func-

tion’s cofctors:
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fap = faB (5.6)
Equation(5.6) senesasa computationatheckfor first-ordersymmetrybetweenvariablesa andb
in functionf. It alsodefinesanequialencerelationonthe setof variableghatcanbe usedto parti-
tion the setinto its equivalenceclassesi.e. symmetrygroups,in quadratidime. A sketchof sucha
procedurewhich is composedf two nestedoopsthatiterateon the variables,is shavn in Fig.
5.4. TheprocedurausesX to denotethe setof variablesandP to representhe desiredpartitionon
X, i.e. thesetof symmetrygroupsformedfrom X. In the outerwhile loop a variablea from X is
chosenandusedto seeda new symmetrygroup G, . In theinnerfor loop, the symmetryof this
variableto eachothervariableb in X is checled;if b is foundto be symmetricto a, it is addedto
G, - Before proceedingwith the next passof the outerloop, the variablescollectedin G, are
deleted fromX (X\G,) andG, is added td®. The procedure terminates whéecomes empty

The extensionof theseclassicakesultsto higherordersymmetriess facilitatedby adoptinga
matrix formulationof the symmetrycheckin (5.6).As in Chapter4, let m,(x;X,...X,,) denotethe
i " minterm function on the specified ordered set of variables. Cofactors of a function f with

respect to ariablesa andb can nev be expressed as th2 x 2 matrix:

f

my(a), mo(b) T my(a), my(b)| _ | ab

f

f f

f

_ ab
Franmo = (5.7)

my(a), mp(b) | m, a0 my(b) ab fab

When clear from consg, we will also adopt the folleing shorthand notation for this matrix:

f f
Fagmo= !0’0 0‘1] (5.8)

fro f11
wherefi,j is implicitly understood to stand fdrmi(a), m,(b)

Comparisorof (5.7)or (5.8) with (5.6) immediatelysuggestshat(5.6)is equialentto requir-

ing the coctor matrixF rar) ror 1O be symmetric, i.e.:

T -
Fragmo= Fagoo (5.9)
wherethe superscripfl denotesmatrix transposeThis resultshouldnot be too surprisingsince
condition(5.6) expressegunctioninvarianceunderthe swap of two variableswhichin the matrix

formulation corresponds to interchangingvsoand columns.
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5.4 HigherOrder Symmetries

Swapsof variablepairscanbe extendedn a straightforvard mannerto swapsof groupsof ordered
variables. Br example, if \ariablesa, b, ¢, andd in the support of functiohsatisfy the condition:

f(..,a,...,b,...,c,...,d,...) = f(...,c,....,d, ...,a, ..., b, ...) (5.10)
then we say that f hasa second-ordesymmetrybetweenorderedvariable groups [&, bC and
[c,dC. This type of symmetry can be cornveniently expressedby the symmetry group
{ O, b0 L&, d} . Theinvariancein (5.10)correspond$o the simultaneouswap of a with ¢ andb

with d andis readilyshown to be equivalentto thefollowing constrainton thefunction’s cofactors:

.
F rabn redn = F b rede (5.11)
where
Fng(ab), mo(cd)  Fmg(ab), myed)  Fmy(ab), my(cd)  Tmy(ab), my(ca)
F rabs e = ]]:ml(ab), mp(cd) iml Cab my (cd) :ml(ab), my(cd) :ml(ab), med)| (5.12)
my(ab), my(cd)  Tmy(ab), my(cd)  Tmy(ab), my(cd)  Fmy(ab), my(ca)
Fmy(ab), mo(cd)  Fmy(ab), myed)  Tmyab), mycd) T my(ab), my(ca)

Suchaninvariancehasa specialpropertythatwhenappliedtwice it reproducesheidentity. In [55]

it is referred to agmvolutionsymmetry

As an example, consider the six-variable function f = acx + acx + abcy + acdy + abcy

+acdy whose cadictor matrix on(&, bC and [¢, dC is:

X
X
<

y
y

X
X
<l

Fabgman= |~
Yy XX
Yy XX
Sincethis matrix is symmetric,we can concludethat the functionis invariantunderthe simulta-
neousswap of a with ¢ andb with d. This is easilyverified by direct substitutionin the function

expression. It is also instrugd to ekamine the cafctor matrix onfal and [bl:
F _ |(cx+cdy+cdy) (cx+cy)
a0 O ~ _
(tx+cdy+cdy) (cx+cy)
This matrix is clearlyasymmetricthus,while the functionhasa second-ordesymmetrybetween

(&, bC and ¢, d, it doesnothave afirst-ordersymmetrybetweera andb. A similar checkshowvs

the function to lack first-order symmetry betwessmdd.
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As another gample, consider the function
g = x(ab(c+d) +cd(a+ b)) + x(ab)(cd) + y(abcd + abcd)
which has the folleving cofactor matrix onla, bC and L, dC:

bl
X
X

Grapn redo =

X

X
X X X
X X X

X
X X

Thus,g hasa second-ordesymmetrybetween(&, bL and L¢, dC. Unlike the previous function,

however, g also has the first-order symmetries b} and{c, d} since the calctor matrices

6. - |xEd+y(ed) x(cd) +x(cd) ]and
e !X(c_d) +x(cd) x(c+d)+y(c+d)

G....= |X@b)+y(ab) x(ab)+x(ab)
o™ | -
X(ab) + x(ab) x(a+b) +y(a+Db)
are both symmetric. This suggestghat besides{ [&, b[ [&, d} , three additional second-order
symmetrygroupsexist, namely{ [&, b(j [d, c[} , { (b, aj [, d[} , and{ [b, a[j [d, c[} . All four
groupscan, thus, be succinctlyrepresentedby the single second-ordesymmetrygroup on un-

ordered ariables{ { a, b}, {c, d}} which corresponds to eightvizxiant \ariable permutations.

The symmetrystructuredor thesetwo functionsaresummarizedn Figure5.5. Thestructures
represent hierarchical partitions on the set of variables and can be generalized to higher orders
using the follaving construction:

1. (Basig Any variablex; in thefunction’ssupportis symmetricto itself andformsthe
symmetry structur&, = { x;} .
2. (Recursio
a.lf S, ..., S,, are m>2 symmetrystructuresthat are pairwise symmetric,then
S={S,, ..., S} is asymmetry structure.
b. If ES%, . SkD EB,%1 Sk[ are m=2 orderedlists of k>2 symmetry
structureghatarepairwisesymmetricthenS= DES - S?D S:;EE is
a symmetry structure.
3. (Termination) If S, ..., S,, is a collection of m>2 symmetry structuresthen

S= (5, ..., S, is a symmetry structure.
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Eunction f = acx+acx+abcy + g = x(ab(c+d)+cd(a+b)) +
acdy + abcy + acdy x(a+ b)(c+d) + y(abcd + abcd)
ab cd Xy ab cd Xy
c
:§ 3
€ | §
T g
% o
©
o
T
o
o
‘§ [ [& bO e, di}, {x}, {y}U H{a b}, {cd}}, {x},{y}tC0
%)
- OC@abcedxyl) [bacdxyl) Cabdexy badexy O
Invariant
Permutation$ { [abcdxyl) Ledabxyt} EEtdabxyD [edbaxyl] Cdcabxyl) mcbaxyDE

(O —unordered [ — ordered (L to R)
Figure 5.5: Symmetry structures for two example functions

Whenappliedto equal-sizediariablegroupsthathave disjoint supporttheabove construction
induces a hierarchical partition that can be represented by a tree witypes of nodes:
1. Nodes, depicted as circles, that represent un-orderefl.sgts
2. Nodes, depicted as rectangles, that represent ordered séts
Let v beanodein suchatree,andlet |v| bethecardinalityof v, i.e. thesizeof thesetit represents;
notethat|v| is equalto thenumberof v’'simmediatepredecessoiis thetree. The numberof vari-

able permutationscorrespondingo v, denotedby 1(v), can be computedaccordingto the for-

mula:
U
O V! x m(u) if vis unordered
O O Pred
mv) = O ul Pred(v) (5.13)
g Iﬂ i(u) if v is ordered
g ulPred(v)

The symmetry check in the recursive step of the above construction can be performed by
invoking a conditionsimilarto (5.11)onrepresentate variablepermutationgrom eachof thetwo
symmetric structures being compared. Specifically, to check structures S, and Sj for pairwise
symmetry, let [X;... xpE and 0¥, ... ypE be two variable permutations in their respective supports

and F .. %0 .y, be the corresponding cofactor matrix. Then, S; and Sj are symmetric if
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and only if

T

FD<1...xpD By yp0 ~ FD<1...xpD EARAR

(5.14)

Condition (5.14) can be verified by checking the equality of 2P~ 1(2IO —1) pairs of cofactors
on D(l...xpE and Eyl...ypE. Clearly, such a check becomes quite expensive as the structures
grow in size. Fortunately, the complexity of the check is reduced to %p( p+ 1) if the structures
beingchecled consistof pairwisesymmetricsub-structuresthis canbeillustratedfor p = 2 by
notingthat,when{ a, b} and{c, d} areassumedo befirst-ordersymmetrygroupsthetwo mid-
dle columns(resp.rows) of the cofactormatrix in (5.12) becomedentical. This makesit possible
to reduce the size of the matrix to 3 x 3 by merging rows and columns of equal minterm weight.

Such a transformation results in the fallog matrix formF [ab0 CedC:

Fm(ab), my(cd) { T my(ab), my(cd) T my(ab), my(cd)? Fm(ab), my(cd)
Of my(ab), m(edy O OF my(ab), my(cd)y Tmy(ab), myedy 0 Of my(ab), myedy O
0. 0 o f 0 o 0
U'm,(ab), my(cd) L U'my(ab), my(cd)’ ' my(ab), my(cd) U U'my(ab), my(cd) O

Fg(ab), mytea) L Fmycab), myeay Fmy(ab), my(cap? F my(ab), my(cd)
For groups ofp symmetric ariables, the reduction yields(a + 1) x (p + 1) matrix.

To further reduce the computational cost of constructing a function’s hierarchical symmetry
partition,we have developedthefollowing necessargonditionfor two orderedgroupsof variables

to be achangeable:

Theorem5.11f twoordereddisjointvariablegroups,G, = Xy, ..., xpE andG, = yy, ..., ypE,

are symmetric in functiof,, then variablex, andy, must be symmetric in function

£ = 0G,\xg, Gyl () (5.15)

The proof to this theorem is given in Appendix A, and shows how the notion of the cofactor

matrix can be used to study symmetric properties of a function.

To illustrate this theorem, consider the function f = abc + xyz. According to the theorem,
symmetry between [ b, cC and X, y, zL requires that a and x be symmetric in
[[b, c,y, z(abc + xyz)] = a+ x which, trivially, they are. To determine if these two groups are

indeed symmetric, we needwao check the symmetry of the astor matrix:
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00000001
00000001
00000001
00000001
00000001
00000001
00000001
11111111

F raber tyzn =

which is symmetric.

To emphasize the fact that the condition in Theorem 5.1 is necessary but not sufficient, con-
siderthefunction f (a, b, ¢, d) = abd + abd + bcd + bed which hasfirst-ordersymmetrygroups

{a, c} and{b, d} . The cofctor matrix on group$§a, cC and [b, dC is

0000

F _lo110
Cach) (hdO 0110

0110

andis clearly asymmetricThis fact, however, is not detectecby the theorems conditionsincea

andb are trizially symmetric in[ [k, d(abd + abd + bed + bed)] = 1.

Anotherexampleillustratesthe utility of the conditionin the above theoremasaway to prune
unnecessary symmetry checks on large sets of variables. It is easy to show that the function
f = ((adc)x+acy)(bOd) hasfirst-ordersymmetrygroups{ a, ¢} and{b, d} . It is alsoevi-
dent, on the other hand, that a and b are not symmetric in the function
[, d(((ad c)x+acy)(bd))] = x+ay. Thisimmediately implies that there are no second-
ordersymmetriedbetween{ a, c} and{b, d} , andohviatesthe needfor the moreexpensive sym-

metry check implied by (5.11).

It is interestingto notethata variationon Theoremb.1,in which the existentialquantifier(] is
replacedby the universalquantifier, is possible.'Stronger”variationsthatabstracsmallersub-
sets of variables are also possible and may provide useful trade-offs between runtime efficiency
and the accuracy of estimating the function’s symmetry. In general, abstracting variables from f
gives a function fL with more invariances in the remaining variables, while preserving their f
invariances. This observation provides us with a necessary condition for deriving powerful hints

for the identification of symmetry substructures.

For a given function a hierarchical partitioning for a set of its variables may not be unique,
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allowing multiple symmetrystructuresSuchnon-uniquenessf the symmetrystructurecontrasts
to the flat partitioning induced by the equivalence relation of classical first order symmetries,
whichis unique.As anexampleconsiderfunction f = ab + bc + cd + de + ae. Thefunctionhas
5 symmetry structures corresponding to the following 5 hierarchical partitions of its variables:
[ Cach tbe}, {d} [, (bl fedd, {c} [, { [ad0 Ceel}, {b}C, [ [bch Ced},{a}Ll, and
[{ (abl) Ldcl}, { e} L. Observe that permutations from distinct symmetry structures can be com-
posed to derive new invariances of f that are not contained in any of the five listed structures.
Indeed, by composing non-trivial permutations of the first four symmetry structures in the listed
order we obtain a new rotational type [55, 85] permutation [&, a, b, ¢, dC. This compositional
property of the symmetry structures allows us to list implicitly invariances that cannot be

described by a single hierarchical partitioning ohdable set.
5.5 Symmetries Under Phase Assignment

The symmetryconditionin (5.14)canberelaxedto describemoreinvolution invarianceby allow-
ing the variablesbeingswappedo have selectve inversions Specifically let [$,...¢ oC beavec-

tor of binary phase assignmeririables, and replace(5.14) with

T -
EkI)l"'q)p(FD<l...xpDD Cby...0,0 0.y 07 FD<1...xpDD (b;...6,0 [yl...ypli) (5.16)

where the] operation is performed bit-wise.

For example, condition (5.14) applied fi(a, b) = a+ b requires that

T 11| _[10E
(F =F - = 0
a0 o= F g oo o1 |18

which obviously doesnot hold. On the other hand, applying (5.16) relaxes this requirement,

o T T .
replacing it instead witljF o o= F g b0 U(F o o™ Fog b0+ 1€

LY=L old- 1

whosesecondermis trueimplying thetruth of theentirecondition. Thus,the functioncanbe said

to have a first-order symmetry betweanandb, and thaf a, b} is a symmetry group.

Theeffect of introducingthe phaseassignmenvariablesn the symmetrycheckcanbe seenas
a“normalization”of thefunctionthatmalkesit insensitve to theinversionpolarity of its inputs.In

the matrix formulationof the symmetrycheck,differentassignmentso the phasevariablescorre-
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b | |- f=a+b

Normalized a ) .

Function b_c f — g, =a+b bl f -9 =a+b

Variants 1 —0

T a b a b

c | 8

2 | £

2 5

@ o

=5 O]

Q

= 3)

(&) =

s | 3 .

k3 S {a b} {a, b}

T | &
Invariant _ B
Permutations { [abl) (b, al} { CabQ ba}

Figure 5.6: Symmetry under phaseassignment.{ a, b} and {a, b} representtwo equivalentwaysof
denoting the symmetry off with respect toa andb

spond to different row orderings; if one or more such orderings yields a symmetric cofactor
matrix, the function canbe saidto have symmetryunderphaseassignmentAn alternatve formu-
lation of (5.16) in which the phase assignment variables are associated with the y instead of the x
variabless possibleandleadsto anequialentrequiremenbn the functioncofactors.In this case,
however, different phase assignments correspond to different column orderings. For our simple
exampleabove, we would deducethatthe functionis symmetricin a andb implying that { a, b}
is asymmetrygroup.Figure5.6illustratesthe equivalenceof this symmetrygroupwith theonewe
identified earlier and pictorially shows the corresponding inversions on the function’s inputs, the

resulting hierarchical partitions, and/amiant permutations.

Care must be taken when applying (5.16) to check for higher-order symmetries. Specificaly,
theassignmentavailablefor the phasevariablesat ary level of the partitionhierarcty mustneces-
sarily be constrained by their assignments at earlier levels. The only flexibility in choosing phase
assignmentathigherlevelsof the hierarcly is to reversethe polarity of the supportof asymmetry
structure;this amountgo choosingoneof the two alternatve phaseassignmentpropagtedfrom
earlierlevelsof thetree.Symbolically let [$,...¢ pE be a phaseassignmentor which (5.16)held
atsomelevel of thehierarcly tree. Thesymmetrycheckat subsequenevelsin thetreecanthenbe

simplified to:
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0 ?1 dr dy dycg  dycy Codgdy,  Cg dyds
1

a) 4-1 mux circuit b) symmetry with no phases c¢) multiplexer-like symmetry with
_ phase assignments

Figure 5.7: A multiplexer circuit and its semantic symmetry structures

T _
g Xp00 By §p0 .y, 0
T

F _ = F _

( g X0 0160 ...y, 0 g X00 7.6, B/l...yp[?

(F F

0
Ky... x,00 [y... 6,0 Oyy...y E?
poterm e e (5.17)

where complementation of the phase assignment is bit-wise.

As an example of high-order symmetry under phase assignment consider the function
f(a,b,c,d) = ab+td. It has first-order symmetries represented by the symmetry groups
{a, b} and{c, d} . A checkof second-ordesymmetrybetweerthesetwo groupsentailsthe con-

struction of the follving two cofactor matrices:

1000 0001
- ~_ 1000 . _looo01
O™ |1 ggo|’ BRI 15001

1111 1111

Sincethe secondmatrix is symmetric,we caninfer that{{ a, b}, {C, d}} isasymmetrystructure

for this function.

Symmetry under phase assignments also provides a meaningful extension of higher-order
symmetries to the swaps of ordered non-disjoint variable groups. We give an example of such
symmetry for the 4-1 multiplesr function

f = cycqdg+coCqdy +Cocqd, + CoCqds
A circuit implementingthis function, andits two symmetrystructuresaredepictedin Figure5.7.
Eachof thetwo symmetrystructuredn thefigure represents single permutation.The symmetry
structurein Figure5.7-cthough,is differentfrom the onein Figure5.7-bin thatits two ordered
groupsoverlapin the ¢, variable.Indeedit involvesswap of a variable,namelyc,, with its com-

plementWe referto suchsymmetryasmultiplexer-like symmetryOnemay alsoeasilyverify that
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High-order symmetry statistics
# of output High-to-first
Benchmark ng’%'pi?f functions ﬁjﬁ&%ﬁgt Max Max order
suite functions| _ With no with high- order symmetry | P€rmutation
symmetries,  orqer of symmetry| group size ratio

symmetries Min | Max
Multi-level MCNC 1560 76 41 4 64 2 |10E13.37
Multi-level ISCAS85 703 85 16 3 12 2 | 10E6.08
Two-level MCNC 549 68 10 4 64 2 |10E90.91

Table 5.1: Summary of symmetry characterization of benchmark cicuits

compositionof the permutationgepresentethy the symmetrystructuresof Figure5.7-bandFig-
ure5.7-cdescribesll 8 invariance®f thefunctionsunderpermutatiorandcomplementationf its

variables.
5.6 Characterization of Function Symmetry in Benchmark Cicuits

We performedanextensve studyof availablebenchmarlcircuitsto determingheir symmetrypar-
titions basedon the generalizedsymmetrymodel presentedn this chapter Specifically we ana-
lyzedthe 2812 outputfunctionsof the 101 logic synthesisandoptimizationbenchmarkswvailable
from MCNC [123]. These circuits come from three suites:

e the multi-level MCNC benchmarks

e the multi-level ISCAS-85 benchmarks

* the two-level MCNC benchmarks
The multi-level circuits wereflattenedbeforethe symmetrypartitionsof their outputswerecom-
puted;thus,the reportedsymmetrypartitionsreflecttheintrinsic functionalstructureof theseout-
puts rather than ary structuralregularity in their circuit implementationsDetailed symmetry
profilestakulatedfor eachoutputof thesecircuitscanbefoundin [69]. A summaryof theseresults

is shavn in Table5.1.

Several observations can be made from these data. The most striking is the relatively small
number of output functions that do not exhibit any symmetries. Considering the fact that some of
these functions were generated synthetically to stress synthesis algorithms, this suggests that the
majority of functions one is likely to encounter in practical design situations will possess some
degree of symmetry. The data also show that a small number of functions have higher order sym-
metries. In the majority of those cases, the order of symmetry was 2; several functions exhibited

symmetrie®f order3 and4. As ameasuref theadditionalsymmetriefoundby hierarchicabpar-
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titioning, we tatkulatetheratio of the numberof invariantpermutationsnducedby the hierarchical
partition to those induced by the first-order partition. This ratio ranged from a minimum of 2 to a
maximumof 1091. Finally, symmetrygroupsrangedin sizefrom a minimumof 2 to a maximum
of 64.

We should point out that the symmetry structures were computed under a restriction on the
size of ordered groups as well as the variable order within those groups. Specifically, ordered
groups chosen for symmetry checks were selected by partitioning the variables into equal-sized
subsets using their netlist order. This was done for subset sizes from 2 to 10. This restriction was

motivated by the desire teekp the computationalfeft reasonable, i is otherwise arbitrary

We also have conducted an experiment to estimate the extent to which invariances in the
benchmark circuits are captured with our swap-based symmetry structures. The experiment
entailed the computation of symmetries of truth tables for a large number of smaller benchmarks.
Specifically we examined a large set of functions whose either on-set or off-set has at most 2,000
minterms. For each of these functions a subject hypergraph was constructed from its truth table
[76], andits symmetrywascomputedusingthe GRAPE[109] packagdrom the GAP system48].
Surprisingly, we found no benchmark functions whose symmetries are not expressible with our
symmetry structures. This, however, does not imply that they can cover all invariances of a func-
tion. In Appendix C on page page 151 we give an example function whose symmetry cannot be

represented with saps.

In theremaindeof this sectionwe provide a closerexaminationof the symmetriesliscosered
in four of the benchmark circuits481 , C432, C499, andC6288.

Symmetry characterization of t481. This benchmarks interestingbecausdts only outputhasa
4-level hierarchicalsymmetrypartition (seeFigure5.8). The symmetryinvolvesbothorderedand
un-orderedyroupsof variablesandrequiresphaseassignmento normalizethefunction. Thenum-
ber of invariant permutations induced by this partition is 8192 which is 16 times the number of

invariant permutations induced by the flat partition of first-order symmetries. The multi-level

netlist for this benchmark is quite irregular and large (over one thousand gates). Thisis at odds
with the highly regularsymmetrystructureshavn in Figure5.8 andsuggestshatotherimplemen-

tations that are more compact might be possible.

Symmetry characterization of C432 Of the sevenoutputfunctionsfor this benchmarkpnly one

(223GAT (84)) hasfirst-ordersymmetry The second-ordesymmetriesexhibited by the otherout-
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L ] 64 | 64

8192

Figure 5.8: Hierarchical symmetry partition of t481 . Each subtree is annotated at its root with the
number of variable permutations it represents

putsarebetweerorderedgroupsof variableghatrangein sizefrom 3 to 6. Thesesymmetriesor-
respondo a substantiahumberof invariantpermutationgup to 10°° for two of the outputs)that
would have beenoverlooked by classicakymmetry The detailedhierarchicasymmetrypartitions

for all seven outputs are gén in Appendix C on pade46.

Symmetry characterization of C499.C499 has32 outputsnoneof which exhibits any symmetry
in termsof its 41 inputs.Basedon this, onemaybeledto believe, erroneouslythatthesefunctions
lack ary regularity. Closerexamination,however, revealsthat a significantamountof symmetry
exists in this circuit when its high-level structureis recognized.This structureis depictedin
Figure5.9. Thecircuit performssingle-errofcorrection[56] andconsistof two mainmodulesM1
(syndromegeneratorand M2 (error correction)that are quite regular The circuit illustratesthat
completelyasymmetridunctionsmay resultfrom the compositionof highly symmetricfunctions.
It alsosuggestshat a suitablehigh-level decompositiormight help uncover suchlatentsymme-
tries. A characterizationf the symmetryinherentin C499 is detailedin AppendixC onpagel48,

where symmetry partitions are dex@l based on internal signals in addition to primary inputs.

For the moduléM 1 we first gie symmetries of some of its internal sigriajsandH;:

Hi{RIC},D{ID;,..,ID; }  (0<i<7i;0{0,..,31})

These signals then combine to form symmetries oMthesyndrome outputs:

S{D,H} (0<i<7)
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Figure 5.9: High level structure of theC499 single-error-correcting circuit

We first describe thi12 equations in terms of the modwenternal signalg;:

E;:{So ... S7} (0<i<31)
wheredotsabove S 's indicateeithercomplementedr non-complementeghase Togetherwith

ID;’s we can use thg; signals to describe the circuit outputs:

OD;:{E;, 1D;} (0<i<31)

Symmetry characterization of C6288 Another example that lacks first-order symmetry is the
C6288 16-bitmultiplier. In fact,no symmetryhasbeencomputedor this circuit becausd cannot
be flattened due to the exponential memory requirements for its BDD. Smaller multipliers that
could be flattened showed little first-order symmetry. However, under a remapping of the multi-
plier's 32 inputsinto thedomainof its 16° partialproductsathree-level structurethatis rich with
symmetrieemepes.In fact,this structurecanbereadily obtainedby a partialflatteningof thecir-
cuit that stops at the first level of 256 AND gates whose output signals correspond to the partial
products. By expressing the output functions of the circuit in terms of these signals we obtain
functions which are highly symmetric. The detailed characterization of the remapped functionsis

given in Appendix C on padEs0.

Thebenchmarlsuggestsymmetryprofilesfor thegeneraimultiplier circuit. We formulatethe

first-order symmetry of the 32 remapped output functign terms of folleving formula:

51(2) ifk =0

o= [1(2)...1(k + 1) ?f 1<k<15 (5.18)
H(2)...1(30—K) 2(30—k+1)...2(15) 1(16)  if 16<k< 29
H(1) 2(2)...2(15) 1(16) if k = 30,31

With eachoutput p, of the partial multiplier this formula identifiesa list of groupsusing n(s)

notation, where is the number of groups of sizge
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5.7 Summary

In this chapterwe studiedfunctional symmetryrelying on invarianceunderunrestrictedvariable
permutationsThis definition encompassethe classicalnotion of symmetry basedon variable
swaps,asaspecialcase Our studiesarebasedon a new hierarchicabpartitioningschemehatgen-
eralizegheflat partitioningimplied by classicasymmetryandyields moreinvariantpermutations.
The hierarchicalpartitioning algorithmis basedon the symbolic detectionof symmetryin spe-
cially-constructedcofactor matrices. The run time efficiency of hierarchical partitioning was
shavn to bequitereasonablegidedin partby theapplicationof a necessargonditionthatquickly
detectsasymmetry Application of hierarchicalpartitioningto a large numberof benchmarkcir-
cuits revealedthe existenceof significantsymmetriesSymmetryis not the only functionalprop-
erty thatcanshedlight on a function’s semanticstructure In this work it is studiedasanexample

that illustrates h@ semantic properties of a function can be used to wepsgnthesis quality



Chapter 6

Libraries for the Decomposition Rtterns

As we hadestablishecdearlier the decompositiormay or may not exist whenimposingsupport-
reducingandfanin-boundingconstraintsimultaneouslyseetable(4.10)on page60). Relaxingat
leastone of the two constraintspn the otherhand,guaranteesxistenceof decomposition(The
effect of imposingtheseconstraintson the existenceof decompositiorwas examinedin Chapter
4.) We are interestedin the decompositionwhere both of the constraintsare imposedsinceit

breaksfunctioninto “smaller pieces! andthereforeis a goodindicatorof a circuit quality when
appliedin the constructie synthesidlow. Sincethe decompositiorundertheseconstraintsdoes
not alwaysexist, onemustbe carefulhow the decompositiorprimitivesareselectedIn this chap-
ter we thereforepre-computdibrariesfor the decompositiorpatternswhich satisfyboth of these
constraintsvhile ensuringfeasibledecompositionEachof the elementsn thelibrary is a multi-

outputmodule,andcanbe instantiatednto circuit basedon the semantigropertiesof a function;

the particular semantic propertydated in this chapter is symmetry

6.1 Approach

In Chapter4 we have introducedthe notion of a patternfunction. It encodes classof functions
with respectto their “decompositioncore” inheritedfrom the semanticpropertiesof a function.

For example, pattern function

S
Fe(xg 2) = z Si(xg) &, (6.1)
i=0

1. measured as the support size of their functions
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representsa setof functionswhich are symmetricin s decompositiorvariablesxg; functions

from this set hee form:

fs(Xg Xp) = z Si(xg) O (xp) (6.2)
i=0

whereon-setof Sl(xg) is composedrom mintermsof weighti . For the s-to-t patternfunctions
in (6.1), anda given decompositiorpatterns-to-t, we may computetheir decompositiorprimi-
tivesonly once,andthenretrieve themon-demandiuringsynthesisClearly, patternfunctionsmay
vary for a symmetricpropertyof a function,andtherefore suchpre-computatiors not limited to

one case — geral pattern functions may v&same semantic structure.

In this chapter we partition arising decomposition possibilities according the desired s-to-t
pattern, and the maximum number of the Z variables in its pattern function. A set of modules
which makes decomposition feasible for any such s-to-t pattern functionsis “functionally com-
plete.” Collectively, these modules form a complete set of decomposition primitives required to
implementa particulardecompositiorinferredby a certainsemantigropertyof afunction.We are
specificallyinterestedn the support-reducingndfan-in-boundediecompositioror thefunctions

with symmetries.

In the subsequent sections of this chapter we describe how library computation is linked to
structure-aware decomposition. We first describe how alibrary can be computed for a single pat-
ternfunctionsymmetricin its decompositiorvariablegSection6.2). We thenshav how to modify
the symbolic formulation of decomposition such that smallest library is computed for an s-to-t
pattern (Section 6.3). The practical significance of computing the smallest library is that when
decompositiofunctionsareinstantiatedrom this library they aremorelikely to getsharedasthe
synthesisvolves.Thelibrary computatioris doneextendingour symbolicformulationof decom-
position. In Section 6.4 we report the computed libraries, and show how the pre-computation

approach etends to other forms of symmetry
6.2 Library for a Single Rattern Function

To computelibrariesfor a single patternfunction we apply symbolicformulation of decomposi-
tion directly. The patternfunction FS(xg, Z) will be usedto demonstratehis computation.lts
expansionin (6.1) describes classof functionswhoses decompositiorvariablesform a symme-

try group.A functionfrom this classhasat mosts+ 1 distinctcofactorswith respecto the min-
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term spaceof decompositiorvariables:mintermsof the sameweight have samecofactors.The
maximumnumberon the distinct cofactorsimplies existenceof the decompositioowheneer s is
a solutionto therelations+ 1< 2%~ 1 , hamelys > 3. Thus,we canexpressthe cofactorsby the
(s+1)-termsumasgivenin expansion(6.2). The f,(x,) functionsin the expansionrepresent

cofactors off . with respect to<g.

Example 6.1 Suppose we would like to decompose the function
f = abcde+ abcd + abed + abcde + abed + abede + abede + abed
with respecto mutually symmetricdecompositiorvariablesa, b, c. The equivalentmintermsof

the decompositiorvariablesinducedby symmetryrelationalongwith their cofactorsaregivenin
the table belw:

i Factor, S(a, b, ) Cofactor, f,(d, )
0 { abc} de

1 { abc, abc, abc} d

2 { abc, abc, abc} de

3 {abc} d

According to the table we can writein the fictored form as
f = (abc)de+ (abc + abc + abc)d + (abc + abc + abc)de + (abc)d
Thereis total of four distinctcofactors,andthereforethereis a 3-to-2 support-reducinglecompo-

sition. n

Instantiating(4.15)on page63 with Fs(xg, Z) we obtaina computationaform for all feasible
support-reducing decompositions of n-variable functions that are symmetric in s or fewer vari-

ables:

G(I) = 0zOy([xy(Cxg ¥, T) [Fg(Xg 2)) + OX(C(Xg ¥, ) + Fo(Xg 2))) (6.3)

The abore computationalform provides us with the decompositionsolutions which hold for
Fs(xg, Z) . We assumethat function C(xg, y, M) in (6.3) encodeghe spaceof possibles-to-t
reductions.Thus, the resultingfunction G(I') encodes setof feasiblet -outputdecompaosition
primitives(i.e. moduleswhich canbecomememberof our symmetriclibrary. As stated equation
(6.3)yieldsanon-emptysetof solutions(i.e. G(I') # 0 ), wheneerthe numberof decomposition

relationt = log(s+ 1) holds.

We canillustratethelibrary computatiorfor the symmetric3-to-2reduction.Theresultof exe-
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cuting (6.3) from within the M31 program is given in Appendix D on page 152. As the program
indicates the 3-to-2 reduction has three 2-output modules each of which forms a singleton library
for this decomposition pattern; these libraries are:

{ IXOR3, MAJ3[}, { XOR3, SAME3[}, { (MAJ3, SAME3[} (6.4)

where SAMEJ Xy, Xy, X3) = Xy XoXg + XqXoX3.
6.3 Library for a Decomposition Rttern

As therelationt = log(s+ 1) suggestsletting s = 2 in the patternfunction (6.1) doesnot yield
the support-reducingdecomposition,i.e. solving (6.3) for the 2-to-1 reduction gives us
G(I') = 0. However, therelationneitherimpliesthatthereis no 2-to-1 reductionfor any pattern
function symmetric in the tavdecompositionariables. Indeed, for the pattern functions
Fa(Xy Xa1 20, 21) = (X, Xp) L+ Sy(Xy, Xp) L+ Sy(Xy, Xp) [
Fo (X X9 2, 27) = (X, Xo) T2y + Sy(Xy, Xo) [g + Sy(Xg, X5) [y (6.5)

F2'(Xp X0 20, 21) = Sp(Xq, Xo) T2y + Sy(Xq, X9) [g + Sy(xy, Xp) L2y
the 2-to-1 reductionexists sincethesefunctionsdependonly on two cofactorcoeficients Z. Our

objective in this sectionis to develop a mechanisnwhich identifiessmallestibrary of multi-out-
put modulesthatis functionally completefor all decomposition-feasiblinctionsof a given pat-

tern s-to-t.

Whensupport-reducinglecompositiorin (6.3)yields G(I') = 0 we computedecomposition
primitives for the restricted variants of Fs(xg, Z) . They are the pattern functions which are
obtained from (6.1) by imposing a relation between values of its Z variables. Imposing such a
relation gives restricted pattern functionsin away similar to how functionsin (6.5) are restricted
forms of (6.1) (when s = 2). For these restricted pattern functions we can compute required
libraries,andthenconstructa completes-to-t library astheir union.However, insteadof deriving
eachof the patternfunctionsseparatelyandthencomputingtheir libraries,we performthelibrary
construction simultaneously for the pattern functions by extending our symbolic formulation of

decomposition.

Throughout the library computation we do not explicitly create all needed pattern functions.
Instead, we account for the different pattern functions by extending the symbolic computation in
(6.3) with an extra “term” which allows implicitly establish relations between Z variables in

Fs(xg, Z). This “term” is defined belo as a parametrized (with) constraint function:
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S
patt_cnts(Z, A) = |_| (¢ =y +ay) (6.6)
i<
Obsere that Whenﬂerdij = 1 the abwe constraint mayvaluate to 1 only iﬁi = 2,—.

In general assignmentso the A variablesin the patt_cnsti functionenforcean equalitycon-
straint between the variables of Z, and can be viewed as generators of pattern functions which
have stricterform thanagiven F(xg, Z) . By restrictingthe computatiorof (6.3)to theconditions
which satisfy such an induced relation we can relax the computational form (6.3), and provide
decompositiorsolutionsof the subclassesf F(xg, Z) . Suchdecompositiorsolutionscanbe com-

puted simultaneously for all assignment to #eariables by means of the proposition kelo

Proposition 6.1 Letformulain (6.6) encodeall possibleequalityrelationsbetweervaluesof the Z
coefficientsin termsof the assignmentso its A variables.For eachassignmento A function
G(I") can then be determined using following computational form:

G(I,A) =
0z Dy([b(g(C(xg, y, ) EF(xg, Z)) + Dx(C(xg, y, M)+ F(xg, Z)) + patt-cnst(Z, A))

The proof of the above propositionis basedon the obseration that patt-cnst(Z, A) actsasa
parametrized(via A) care-setcondition extending (6.3). Each assignmentA gives function
G(I, A) encodingall feasibledecompositiorfunctionsfor its inducedpatternfunction. Note that
an assignmenfﬁ\ whosevariablesareall of 0 givesdecompositiorsolutionsG(I", A) for the pat-

tern function in (6.6).

A characteristic function of all assignments A for which G(I', A) is not empty can be com-
puted as [T (G(I", A)); in general, the on-set in the computed function can be quite large. We
must observe however, that many of the assignments to the A variables are redundant in the
encoding patt-cnst(Z, A) — they repeat other assignments under the transitive closure of the
equalityrelationbetweenZ variables We discardsuchsolutionsby defininga universeof assign-
ments for which the transit property of the equality is satisfied:

T(A) = i<|:|<j(0(ik0(kj = 0(”-) (6.7)
The above equationprovidesus with a characteristidunction for all assignmentsalid underthe
transitve relationbetweenZ variablesUsingthis functionwe canrestrictour analysisto only to
thoseassignmentsA for which T(A) = 1 asthey subsumeredundantassignmentsthe con-
strained form ofG(I", A) is thenG(I", A) (T (A).
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To reducefurtheron the numberof assignmentd\ neededo be consideredve make another
observation analogous to the transitive relation between Z variables. The observation is based on
the fact that some of these assignments define “weaker” equality relation constraints than others.
Formally, anassignmenfA is wealer thanan B if andonly if relationé(ij < ﬁij holdscomponent-
wise between values of these assignments, and there exists at least one pair of components such

thatéxij Z Bij . For the arbitrary assignments #£oandB we define such relation symbolically as:

less-tharfA, B) = .l_l.(aij <Byj) D.l_l.(aii =B;j) (6.8)

i<j i<j
Theabove formulaencodeghe“less-than’relationbetweerntwo domainsA and B, which canbe
usedto extract the subsetof wealest assignmentérom a given setof all feasibleassignments
described byall(A) = O (G(I', A)) . Indeed, the computation

weak(B) = OA(all(A) - (all(B) Oess-thaA, B))) (6.9)
givesan encodingof all wealestpatternfunctionsin termsof B variablesfor which decomposi-

tion exists. It canbe easilybroughtto the form which dependson the A variables.Constraining

G(I', A) with wealk A) we hae all feasible decompositions.

For eachof the assignmentto A, suchthatweakl A) = 1, we now have a setof decomposi-
tions. Thesesetsprovide decompositiorprimitiveswhich canbe usedto constructibrariescover-

ing all function subclasses.
6.4 Computed Libraries

Table6.1 summarizeghe resultsof solving (6.3) for all s-to-t support-reducinglecompositions
wheres< 5. Thefirst two columnsin the table characterizéhe symmetryof the function being
decomposedh termsof the numberof symmetricdecompositiorvariabless andthe maximum
numberof distinctcofactorswith respecto thosevariables Column3 indicatesthe corresponding
achievablesupportreduction.Theremainingcolumnscharacterizéhe modulelibrariesrequiredto
realizethesedecompositionscolumn4 is the numberof possibleminimal-sizelibraries,column5
is the numberof requireds-input cellsin eachlibrary, andcolumn6 shavs a samplelibrary. The
countsin column4 includeonly librariesof symmetriccellsandassumehatlibrariesconsistingof
themodulesareindistinguishableindercomplementatiomnd permutatiorof their outputs.Some
of thelibrary modulefunctionslistedin column6 areexpressedisingthe S, notation,wherea is

a set of intgers identifying the weights of minterms in the on-set of their functions.

We can mak the follaving obserations about the results imfdle6.1:
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* Thelibrariesin thistablerepresenpre-computediecompositiomprimitivesthatmapa
structuralproperty of the functionsbeing decomposedsymmetry)into a structural
propertyof the circuitimplementatior{width reduction) Indeed thecomplexityof the
function beingsynthesizeds reflecteddirectly in the implementationthe supportof
the most complex symmetric functions (with s+1 distinct cofactors)can only be
reducedby one,whereaghe supportof the leastcomplexsymmetricfunctions(with 2

distinct cofactors) can be maximally reduced to 1.

*  Whenevers> 3 andt > [log(s+ 1) |, thelibrariesfor s-to-t reductionareuniversain
the sensethat they will yield the desireddecompositionfor all functionsthat are
symmetricin s or more variables;they are “functionally complete”for the classof
symmetridunctions Forinstancethereareexactlythreeuniversalibrariesthatenable
3-to-2 decompositionpne of which, IXOR3, MAJ3L. If t is too large someof the
decompositioroutputin the s-to-t patternmaybecomeedundantThe5-to-4 pattern
is anexampleof suchredundancywherethefourth outputfunction(denotedy ANY5
in the module) can be defined arbitrarily.

* Foragivensthenumberof librariesdecreaseandtheirsize(numberof cells)increases
with strongersupportreduction(smallert). Fort = 1, the librariesbecomeunique,up
to complementation, and conta?i— 1 cells.

* Thelibrariesin this table can be extendedto handlethe classof functionsthat are
invariantwith respectto complementatiorof their inputs by placing corresponding

inversions on the respective primitive inputs.

Whensimplesymmetriegslo notexist otherstructuralattributesof afunctionmight be present.

In particular a multipleer-like symmetry of the form
f()‘(l, Xos X3, ++ey Xopes Xop 4 15 +++1 Xpy_ 1 xn) = f(xl, X35 Xoy +evy Xop 4 10 Xopr =1 Xy _ 1 xn)
often arisesin datapathcircuits. The invariancedescribedby this relation swapstwo ordered
groups of ariables of size&k while complementing oneaviable outside these groups:
{ [Kqs Xy Xg5 +ees Xop 1 Xy, X3 Xg, -1y x2k+1[} (6.10)
In benchmark circuits the most common functions of this type can be described as a sum:

2“_1
b = Y 1% [, (xg) + X; M (xg)] OF (xp) (6.11)
i=0

. L _ R _
Wherexg is composed ok, , Xg = Ko Xg oo X and Xg = X3 X5, ooy Xy 4 40
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Using the decomposition template (6.11) we can now pre-compute corresponding 3-to-2
libraries using a procedure similar to the one we used in the case of simple symmetries. Specifi-
cally, we first express all functions admitting template (6.11) using a suitable encoding function
Fyu in whichthe dependencen the non-decompositionariabless eliminatedthroughtheintro-
duction of a set of binary encoding dogéntsZ = [{;]

2“-1

Fu(Xp Xoy ooy Xop 4 10 Z) = z [Rq Oy (Xg Xgo o Xgp) + Xq O (X3, X, .y Xy 4 1)] L
i=0
Next, notingthatthis decompositioiemplates independentf the “datapathwidth” m, we reduce
it to awidth of oneby choosinga singlerepresentatie from eachgroupof “left” and“right” vari-
ablesx:- and xg. Without lossof generalitywe may choosex,, to represemx; and x5 to repre-

g
sent ng. We then have following cofactors with respectto minterm on the X, X, and X,

variables:
: Set of equvalent
' minterms Cofactor, (FM)mi(D(lv Xa, X30)
2" -1
0 | {XX;X%g X1 X5X3} Z M (Xgy oves Xopy) L
i=0
2"-1
1 { X1 X5%g, X1 X5X3} Z M (Xgy oves Xopy) L
2"t
2"t
2 | {xq%o%g Xy XpXa} > MiXg e Xom 1) OE
i=0
2"-1
3| Xy XpXg X XoXs} > MiXg e Xom 1) LE
2"t

We canabstractdependencenthe x,, ..., X, , 1 variablesand{; 's by replacingcofactorsin the
above table with ne (i coeficients. This replacement alis us to rerite F\, as

Fr(Xy X0, X3, Z) = XX, EE(; + X1 Xy EEl' + X X3 EZZ' + X X5 [
SubstitutingF; (X1, X5, X3, Z") in (4.18) we obtaina computationaform similar to (6.3). The

solutionfor this 3-to-2 decompositioryields threepossible2-outputmodules: [X, X, + X1 %3, X4[,

(X1 Xo + X1 Xg, X1 Xo + X1 Xg[ and (X1 X5 + X1 X5, X1[. As follows from the last module,we can
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accommaodatthis type of decompositiorby meansof a 2-to-1 multiplexer anda wire. (Note that
wheneer k = 1 template(6.11) admits 3-to-1 reductionusing just a 2-to-1 multiplexer.) It is
interestingto notethat restrictingour decompositiorpatternto threedecompositiorvariablesas
we did above allows usto avoid computinganexactsymmetrystructureof theform (6.10)to iden-
tify x;, X, andx,. Thesethreedecompositiorvariablescanbeidentifiedby quantifyingout con-

trol signalx, from f,,(x) which gves a function symmetric ir, andxs.
6.5 Summary

For functionsthataresymmetricin someinputs,we have pre-computedibrariesrequiredin the
implementatiorof their decompositiorpatterns.Thesedecompositiorpatternscapturethe struc-
tural propertiesof functionsandreflectthemin theimplementatiorstructure Thisis anillustration
of how a semanticstructureof a functioninfers“natural” decompositiorpatternsalongwith their
primitives.Sucha pre-computatioroesnot have to berestrictedto the symmetricpropertiesof a
functions,aswell is doesnot have to be limited to the pre-computatiorof decompositiorprimi-

tives; for @ample, primitves for the composition function can be pre-computed.



Chapter 7

Practical Issues

In this chapterwe discussan implementationof the conceptdntroducedin earlierchaptersWe
developaconstructve synthesisalgorithmbasedn thedecompositionemplateexploredin Chap-
ter 4 andChapter6, anddiscussts implementatiorin a prototypesynthesigool calledM31. The
tool usesthe CUDD binary-decisiondiagrampackage[110] to performthe necessargymbolic
manipulationsof Booleanfunctions.To furthervalidatethe agumentthatfunctionalstructurecan
be usedto induce a favorable implementationstructurethrough the intermediaryof suitable
decompositiorfunctionswe presentand evaluatethe resultsof synthesizingpublicly available

benchmarks using M31.
7.1 Constructive Synthesis Flav

In this sectionwe shav how the decompositioiemplate(4.12)canbe usedin aconstructve algo-
rithmic flow similar to thatof M32's in Figure3.2 on page34. Unlike the earlieralgorithm,how-
ever, the new M31 algorithm makes choicesthat are not encumberedy particular functional
representationfe.g.SOP).Instead all manipulationsarebasedon a representation-fregymbolic
form thatenablegheidentificationandpropitioususeof afunction’s semanticstructure Thealgo-
rithm operates on arvelving Boolean netark by repeatedly applying the folling steps:
1. select an unimplemented function to decompose
2. select a set of decomposition variables from the function’s support
3. select a set of decomposition primitives and introduce them as gates into the network
4

re-express the forward unimplemented logic in terms of the newly-introduced gates

102



103

Implemented Ve
logic
PathP = [V, vg, vgL with
highest logic complexity
V7

Figure 7.1: Heuristic for the selectionof a function to decomposeNumbers annotating the unimple-
mented nodesdenotetheir complexity. Node v, is chosenfirst for decompositionbecaus
it originates the path with the highest logic complexity (pathP with complexity 120)

The algorithmterminatesvhenall unimplementedunctionshave beenreducedo singleliterals,
yielding a network thatis fully decomposedh termsof library primitives. The choicesavailable

and heuristics used in each of these steps are discussed belo

7.1.1 Selection of a function to decompose

Thefirst stepin the synthesisalgorithmloop selectsanunimplementechodeto decomposeTo aid

in this selectionunimplementesodesareannotatedvith acompleity measurehatis intendedo

reflectthe size of their functions.Using sucha measure|arger functionswould be expectedto

have larger implementationcomparedwith smallerfunctions.Let G, = (V , E) be the sub-
graph of the Boolean network consisting solely of the unimplementednodes, and let

P = [V, V,, ...,v,[ beapathin this subgraphwhosestartingnode v, hasonly implemented
nodesasits fan-ins,andwhoselastnodeis a primary output. The compleity of path P is defined

N Complexity(v;) .

as the sum of the compiées of its nodesComplexity(P) = le i <

The node chosen for decomposition is the first-tier node (i.e. node whose fan-ins are already
implemented) with the largest path complexity (see Figure 7.1). This choice is motivated by the
desire to decompose logic with higher complexity first in the hope that its implementation would
be re-used later on in the decomposition of smaller functions without incurring additional area
penalties. In addition, choosing nodes based on their path, rather than node, complexity insures
thatlogic thatlies on“long” pathsis treatedfirst; this tendsto reduceoverall delaywhile allowing
for the re-use of such logic by shorter paths. Specifically, the implemented logic of larger nodes
becomes available to smaller nodes without inadvertently increasing circuit depth, since network

depth is dominated by the logic of the larger nodes. Our experiments with other node selection
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Figure 7.2: Selection of the decomposition variables

heuristics indicate that this “most complex logic first” heuristic is especialy suited to minimizing

the delay of a circuit.

As acompleity measurewe usethessizeof afunction’s BDD. While thereis a vastliterature
oncomplity measuresf Booleanfunctions[120] which canbeusedin this contect, BDD sizeis
particularly convenient asit is readily available in our implementation and seems to work well in
practice Furthermorethe significanceof this measuras in its relatve, ratherthanabsoluteyank-

ing of the unimplemented functions.

7.1.2 Selection of decompositionaviables

The next stepafter selectinga functionto decomposés to determinea suitablesubsebf its sup-
portthatwill sene asthesetof decompositiorvariablesThisis aanimportantstepin thesynthe-
sis flow as it hasa demonstrablysignificant effect on overall circuit structure.When usedin

template(4.12)the decompositiorvariablesaffect the choicesfor the decompositiorfunctionsas
well asthecompositiorfunction. Thesechoicesjn turn, affectthetopologyof the synthesizedir-

cuit. In this sectionwe describeheuristicsaimed at selectinggood decompositionvariablesto

yield support-reducing decompositions. The heuristics are tied to
* the topological properties of the partially constructed circuit, and

* the semantic properties of the remaining unimplemented logic

We describe belo how these propertiesfaict the selection of decompositioariables.

The primary criterion is the selection of decomposition signals whose gate implementation
wouldresultin thesmallesidepthincreasef theevolving Booleannetwork. Thetopologicalprop-
erties of a partially implemented circuit are therefore used to steer synthesis decisions with the
objectie of circuit depthminimization.Figure7.2 helpsusto illustratehow a choiceof decompo-
sition variablesaffectsnetwork depth.Supposehatwe would lik e to selecta setof decomposition
variables from f whose implementation has minimum impact on the network depth. Clearly,

selectinghe yg variablewould guarante@nincreasef thedepthof nodef, asyg’s connectioris
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# symm. max # max allowed # cofactors

variabless cofactors

sto-1 st0-2 st0-3

4 5 2 4 8
3 4 2 4
2 3 2

a) ranking based on the reduction ratio  b) requirements on the cofactor counts for each of
the patterns
Figure 7.3: Ranking and cofactor requirementsfor the s-to-t decompositionpatterns when selecting
symmetric decomposition variables

critical for the node. Thus, we would like to avoid selecting y . On the other hand, selecting any
subsebf variablesin the supportof f which doesnot containyg allowsusto inserta setof gates
implementing their signals without increasing the topological depth of f. The M31 implementa-
tion relies on this observation to prioritize variables whose implementation does not increase net-

work depth.

Selection of decomposition variables based purely on the structure of a partially constructed
circuit may not be enough though to produce well synthesized circuits. Therefore, in addition to
depth considerations, the M31 tool estimates the effect of decomposition variables on the decom-
positionquality basedn the semantigropertieof a function. The algorithmrelieson a synthesis
approachwhich tiesdecompositiorio the pre-computealecompositiorpatternsanferredfrom the
intrinsic structure of a function. These decomposition patterns can be efficiently located during
synthesisaccordingo the semantigropertiesof decompositiorvariables Thusthe selectiondeci-

sion is drven by the desired patterns matching the semantic structure of a function.

We have illustrated such a pre-computation step in Chapter 6 for functions with symmetric
propertiesThedecompositiorpatternsn the chaptemwerecomputedor a classof fan-in-bounded
and support-reducing decompositions. Their computation is tied to the symmetric properties of a
function, and characterized according to the s-to-t parameters. Each of the decomposition pat-
terns re-encodes s signals of unimplemented logic with t decomposition functions, thereby
achieving an s-to-t reduction We canrankthesereductiongelatingvaluesof s andt parameters.

Part (a) of Figure7.3depictssuchrankingfor s< 4. Requirement®n the decompositiorpatterns
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arestatedin termsof the cofactorcountsin part(b) of thefigure. The M31 algorithmselectssym-

metric decompositionariables which maximizes this ratio, subject to the depth constraints.

In general, a function may not always possess semantic properties matching pre-computed
decompositiorpatternsThe M31 tool in this caserelieson a heuristicfor the selectionof decom-
position variables using the global structure of its BDD representation. The heuristic is based on
studiesin [78, 84] indicating that in a well ordered BDD variables which contribute to the logic
complexity the most are positioned closer to the root of a BDD. The resultsin [78] also suggest
that when BDDs are constructed for practical designs these variables correspond to the input sig-
nals connecting to the delay-critical circuit parts. Clearly, such a heuristic is sensitive to the vari-
able order in a BDD, suggesting that different circuits can be synthesized simply varying the
ordering of BDD variables. Using this heuristic M31 selects the smallest set of decomposition
variablesenablingsupport-reducinglecompositionAs follows from table (4.10)page60 on such

selection is alays possible when thari-in constraint is renved.

7.1.3 Computation of decomposition functions

For a givensetof decompositiorvariablesthe decompositioiemplate(4.12) providesa choiceof
decompositiodunctions.Whenthe semantiqropertiesof thedecompositiorvariablesmatchpre-
computedpatternsthesechoicesare readily known. Thus, decompositiorsignalscan be imple-
mentedby picking oneof the patternsandinstantiatingit. In the casewherethe semantigroper-
ties of the decompositionvariablesdo not correspondo ary of the pre-computegatternsM31

computes decomposition functions on the fly using our symbolic formulation of decomposition.

In general, we would like to achieve decomposition with as few decomposition functions as
possiblej.e.wewouldlike to keept small.Hencethe M31 implementatiorwould selectan s-to-
t patternwhich givesthefewestnumberof outputsignals.Suchanobjective resultsin fewer con-
nections to the remaining logic. The number of decomposition functions required to achieve
decomposition template (4.12) follows directly from the number of distinct cofactors —for the t
decomposition functions the number of distinct cofactors induced by minterms of decomposition
variablesshouldbeat most2'. Clearly, decompositiorpatternsor which 2t is lessthanthe num-

ber of distinct cadctors are infeasible, and therefore will not be selected for decomposition.

Whenthe semantiqropertief afunctiondo not matchary of the pre-computegbatternsthe
decomposition functions are computed on the fly, and then constrained by the available library
primitives.Theconstrainings performedby intersectinghe G(I') functionwith thelibrary prim-

itivesencodedasfunction L (T";) for eachdecompositiorfunctioni (1<i<t).Usingl; coefi-
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cients corresponding to the i th decomposition function (i.e. coefficients of the i th column in the
" matrix), the L,(I";) functionencodes-input(n < s) library primitivesunderpermutatiorand
complementation of their inputs, treating each of the encoded functions as an s-input primitive.
Each of the L(";) encodings is constructed during alibrary read, and therefore need not to be
computed during synthesis. It is possible that the available library of primitivesis too stringent to
implement afeasible s-to-t reduction, i.e. the library constraining gives G(I') = 0. In this case
M31 relaxes the s-to-t reduction by increasing the t parameter. If no s-to-(s—1) library-con-
strained solution exists, M31 introduces decomposition functions as new unimplemented nodes

that will become implemented on the subsequent iterations.

Since within afeasible s-to-t pattern the decomposition functions are not unique, we select
them according to a cost function. In the M31 this cost function is implemented as a very simple
routinewhich evaluatesdecompositiorfunctionsby estimatingthe effect of new gatesonthe net-
work. The cost function considers increases in the network depth, area, and the number of fan-in
connectionghatresultfrom thenew gates.Thedecompositioriunctionwhich amountdo smallest
increasan thesenumbergprioritizedin the givenorder)is thenselectedSincesomeof the gates
correspondingo thedecompositioriunctionsmayalreadybein thenetwork astheresultof earlier
iterations; the cost function also accounts for this sharing. When M 31 introduces decomposition
functionsasthe unboundnodeshe costfunctionis changedandit considergan-incountsandthe

SOP sizé of decomposition functions.

The outlined heuristic for selecting decomposition functions can have many other variations.
For example effect of the decompositiorfunctionson [forward] unimplementedogic canbe esti-
mated more accurately. In particular, decomposition functions can be selected also trying to con-
sider the extent to which logic of decomposition functions is shared across other unimplemented
nodesin the Booleannetwork. Anotherpossibilityis to selectdecompositiorfunctionsto improve

semantic properties of the remaining unimplemented logic.

7.1.4 Logic e-expression
After the decompositiorfunctionshave beenselectedve have to performonemore stepto com-
pletethedecompositiorof afunction. This steprequiresheselectionof acompositiorfunctionh.

Thecompleteflexibility which arisesin selectionof h is describedy meansof intenalsin Chap-

1. For the functionsof few variablethe SOPsizetendsto provide betterestimatefor
their circuit implementation than the BDD size.
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ter4. As follows from the discussiorin thatsectionwe areprovidedwith avastnumberof choices
when picking h. This selectionproblemis directly relatedto the minimization of incompletely

specified functions, which has been addressed in literatuegious contets.

The mostmatureaccountof the minimizationof incompletelyspecifiedfunctionsis presented
in thefield of two-level synthesisResearchin this areaspansseveral decadesTwo-level minimi-
zation of incompletely specified functions has been also studied in multi-level synthesisin the
attemptto bypasdimitations of algebraiadivision[11, 40, 119].In morerecentyearsthe problem
of minimizing Boolean functions has re-emerged in the context of BDD minimization with don’t
cares. The effort in this subject originates from the efficient minimization operators restrict and
constrin, introducedby Couderi34] in 1989;morerecentreference®n this subjectinclude[29,
61, 102, 106].

In spite of the number of available solutions to the minimization problem they al suffer from
thelimitationswhich make theminapplicableto our selectionof h. Their biggestlimitation is that
they arenotawareof the objectvesspecificto our decompositionemplateln particular they may
producean h whichdepend®nthedecompositiorvariables Of courseto avoid thiswe maydoa
pre-computation step which first abstracts decomposition variables according to (4.4), and only
then do the minimization. Such an approach, however, introduces additional computational effort
which couldbequite costly We have thereforedecidedo developanefficientalgorithmfor select-

ing h which is avare of the problem nature.

Our agorithm is shown in Figure 7.4. Given decomposition functions g(xg) = (9g - 9p)
and the original function f(xg, Xy,) , it selects h vacuous in the decomposition variables Xg- The
algorithm is based on the observation that the collection of all 7k products gl(xg) .. Egt(xg)
(wheredotsdenoteeithercomplemente@dr not complementedunction) canbeviewedastheele-
mentary functions t; of an orthonormal basis. The complete flexibility in selecting h is then
describedvy the orthonormalexpansion discussedn Section2.3.2.To ensurehatthe selectech

is independent of the x, variables, each subfunction f, in the expansion must be a cofactor of f

g
with respect to a minterm fromy; this requirement is due to Lemr2d.

The algorithm in Figure 7.4 presumes an ordering on the g, ..., g, decomposition functions
andis invoked asre-expreséf, 1, g, 1) wherel denoteghe spaceof Xg minterms,g is avector
of decomposition functions g, ..., g;, and 1 isthe index of the first decomposition function in
the vector. The algorithm builds the composition function h recursively. On each of its recursive

callsit tries to refine the minterm space of decomposition variables x, with the decomposition

g
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function  re-expresgf, P, g4, ..., 0y, 1) {

if  Omm(mmOPO f =f) then Il'if P is a subset of an eqaience clasg
return fm; /I then return its cafctor;

assert (i<t); Il ensure feasibility of decomposition;

if P<g, orP<g; then Il'if g; is redundant in the subspaee

return re-expresgf, P, g4, ..., g;, 1 +1); // then adance tog; , ;;
hy « re-expresgf, g, [P, g4, ..., 9;, i+1); //find subfunction oh rooted aty, ;
h1 ~ re-expresgf, g (P, dg -, G i+1); /I find subfunction oh rooted aty; ;
return y; Chy +vy; [hy; I/ return partially constructen;

}

Figure 7.4: The re-expressalgorithm to selectcompositionfunction when decompositionfunctions are
given

functions.As soonasthe algorithmdetectsa partition P which is a subsebf anequivalenceclass
it returnsits cofactor This checkis performedby thefirst statemenin thealgorithm.As therecur-
sion unravels the cofactor gets conjoined with the y; signals, re-encoding its factor P. The result
of theexecutionis acompositiorfunction h whosesupportis the outputsignalsof thedecomposi-
tion functions and x,, variables. The algorithm also has an assertion statement which fails if the

decompositionemplateof Figure4.2-acannotbeachieved,i.e. no compositiorfunction h exists.
Example 7.1 We illustrate executionof the re-expressalgorithm, continuingwith Example4.8.
For their function

f(a,b,c d, e) = abd+ae+adc+ bed + bce
and a pair of decomposition functions

ab+ab+bc

91
9

we usere-expressto computea compositionfunction h. The algorithmcomputesh recursvely.

a+bc

On eachrecursve call it refinesthe mintermspaceof the decompositiorvariablesa, b, andc,

trying to identify factorst;(a, b, ¢) (seeFigure7.5-a).As therecursionunravelsit re-codeshese
factorswith the y; variablesassigningheir phasesiccordingo therecursiortree(seeFigure7.5-
b). The result of this computation is composition function:

h(y; ¥p, d, €) = yd+Yy,y,e+y Y8 n

In generalunlike to theFigure7.5example therecursiortreemaynotbebalancedAn unbal-
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1
9, \
{ abc, abc, abc} { abc, abc, abc, abc, abc}
0, N‘ a, &A
{ abc} {abt, abc} {abc, abc} { abc, abc, abc}

a) partition of minterm space into factorg@express

0 e d d+e
Yo / Yo /
Y1 /
yiY,e+dy; +y,y,e

b) composition function creation during recursion unraveéiaxpress

Figure 7.5: Composition function selection irre-express for the 3-to-2 reduction

ancedrecursiontreeis theresultof flexibility which arisesin the selectionof h. Thealgorithmis
alsosensitve to the orderof the decompositioriunctions— differentorderingmay resultin differ-

enth functions.

Using the re-express algorithm, M 31 attempts to re-express functions of all unimplemented
nodesin the network. There-expressiorprocesss performediteratively for the logic of all nodes
which admit support-reducing decomposition for the given set of decomposition functions. Only
nodeswhosefan-innodeshave beenalreadydecomposedndnodesvhosesupportis asupersebf
the decomposition functions support are considered. Such a complete forward re-expression of
logic maximizesnodesharingin multi-outputcircuits. It is worth notingthatothercriteriaarealso

possible in the selection of composition functions.
7.2 Implementation Issues

Although the symbolicformulationof decompositions soundin its theoreticalfoundation there
aresomekey issueghatneedto beaddresseduringits implementationThey arediscussedh this

section,and are essentiafor the M31 implementationWe begin by introducingan algorithmto
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function  compute_patteit, Xg: Xp) {
while U #0 do { // while minterm space ofg is nhot empty;
selectm O U ; // select one of the remaining minterms;
fi « f,=1; /l compute equialence class containing,
t, — Ox,(f)); /I and use it as aétort; (cf. Corollary7.2);
FF+t L /l extendF;
U-UL; /I 'subtract minterms of computeaictort; ;
i —i+1; /I increment distinct ceictor count;
}
return F;
}

Figure 7.6: Algorithm to create pattern function F(xg, Z) for a given f(xg, Xp)

computethe patternfunction F(xg, Z). It is usedas a key to storeand retrieve pre-computed
decompositiorpatternsrom a cache.The manipulationof BDDs requiredin the implementation
of the symbolicdecompositiorin the constructve synthesiss thendiscussedThe sectioncon-

cludes with the implementation of theoéving Boolean netark.

7.2.1 Computation of patten function

The symbolicformulationof decompositiorusesthe patternfunction F(xg, Z), definedin equa-
tion (4.15).1t is constructedor a specificsetof decomposition/ariablesxg from a givenfunction
f (xg, X;,)- Theconstructiorefficiengy of this functionis animportantfactorin the overall synthe-

sis flov, and we therefore focus on a method forats feneration.

The construction of F(xg, Z) can be envisioned as a process which replaces identical cofac-
tors (with respect to minterms from the space of the decomposition variables) of a function with
distinct variables ¢; . A straightforward way of realizing such construction identifies all distinct
cofactorsby examiningthemoneatime. Sucha procedurehowever, is guaranteedo be exponen-
tial in thenumberof decompositiorvariables We have thereforedevelopeda muchmorepractical

algorithm, which ideally meets our synthesis demands.

Our agorithm, called compute_pattern, is depicted in Figure 7.6. It is based on the efficient
identificationof equivalentmintermclassesFor a givenfunction f, anda partition of its variables
into Xg andxy, , it computeghe patternfunction F(xg, Z) asF. Thealgorithmfirstinitializesthe

minterm space U of the decomposition variables Xq to the constant 1 function; it also initializes
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F to theconstan® function.Eachiterationi in thealgorithmcomputesa new factort; , andadds
theproductt; [Z; to F. Oneachiterationi theon-setmintermsof thefactort; arealsosubtracted
from the space U . The process continues until all minterms from U belong to one of the factors

t,,i.e.U becomes empty

When using this algorithm the computation of F(xg, Z) requires r number of iterations,
where r isthe number of distinct cofactors. Although there is an associated computational effort
with each of the iterations, our experiments show that it is amortized greatly when the number of
iterations is small. Such behavior of the algorithm is especially suited when the decomposition
reliesonthedecompositiorvariablesyielding smallcofactorcounts,andthereforea smallnumber
of iterations.Furthermoreif the feasibility of decompositiordepend®n a certainthresholdr on

the number of distinct cattors, then the number of iterations in the algorithm is bounded by

Thevalidity of thecompute_patteralgorithmrestson theability to efficiently computeequi-
alentmintermsets.Theresultis basedon atheoremandcorollary, bothgivenbelaw. Let C; bean
equialenceclassof mintermsinducedby the equalityrelationof cofactors.Thenwe have follow-

ing theorem:

Theorem 7.1Theon-selminterm3)fti(xg) formasubsebftheequivalencelassC; in f(xg, Xp)
if and only if for a minterrm such thatt;(m) = 1 following relation holds

ti(%g) < (Fr(%g Xp) = f(xg X)) (7.2)
Theproof of thistheoremis givenin AppendixA. A consequencef this resultprovidesuswith a

computation of an equalence clas€; for a gven mintermm:

Corollary 7.2 Givenfunctionf(xg, X;,) andamintermm fromthespaceof Xy thecomputation
th(fm(xg, X)) = f(xg, Xp)) (7.2)

yields an equivalence cla€ containing minterrm.

The above resultfollows immediatelyfrom Theorem?.1 by forcing fm(xg, X)) = f(xg, X;,) tobe
independendf x,,. In the compute_patterralgorithm this corollary is usedto selectfactorst;

composed of the equilence classes; .

7.2.2 Decomposition cache
Up to this pointwe have studiedthe significanceof the patternfunction F(xg, Z) in thecontet of
our symbolicformulationof decompositionThis function, however, hasanotherimportantappli-

cationin the synthesidlow. Encodingsemantigoropertiesof a decompositiorcorefor a function,
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original functions  pattern functions lookup table decomposition so-
f(x) F(xg, Z) lutions G(I')

~—
decomposition cde

Figure 7.7: Mapping involved in caching of decomposition solutions

it providesa key in the efficient storageandretrieval of decompositiorpatternsThe patternfunc-
tion may point eitherto the pre-computegbatternspor to the patternsavhich werecomputedbon the
fly during a synthesisun. Thusthe decompositiorsolutionsG(I") for a given patternfunction
needto be computednly once.lt turnsoutthatthe entireprocesof storingandretrieving decom-
position patternsusingthe patternfunction hasa very efficientimplementatiorin the framework
of BDDs. Theimplementationis easilyrecognizedisa corventionalcache andwe thereforerefer

to it asdecomposition cde

The topmost view of the mapping involved in the decomposition cache is depicted in Figure
7.7.1t hasthreestepsof indirectionrequiredto locatethe G(I') encodingof decompositiorfunc-
tion. The first mapping step constructs the pattern function for a given f and a set of decomposi-
tion variables. The pattern function is constructed using the algorithm compute_pattern. The
unigue table used by the decision diagram algorithms ensures that identical functions not only
have same BDDs, but they are also physically the same — they reside in the same memory, and
thereforehave sameaddresses husthe addres®f the patternfunctionprovidesakey for locating
its decompositiorsolutions,allowing usto consultthe decompositiorcachein constantime. The
decompositiortachethengivesa BDD addresdor the G(I') functionthatencodeshe decompo-
sitionfunctions.Notethatnofunctionf pointsto thepatternfunction F, in thefigure.Sucha pos-
sibility arises when a decomposition solution is been pre-computed earlier but has not yet been

consulted.

Observe that the order in which minterms are selected from U in the compute_pattern algo-
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rithm affectsthe constructedunctions;differentfunctionsmaybecreatedor the samef (xg, Xp,) -
Suchambiguitymayresultinto a falsecachemiss.The M31 tool avoidsthis ambiguityby imple-
mentingcompute_pattersuchthattheresultingpatternfunctionis the samefor structurallyiden-
tical f(xg, Xy,) functions, i.e. it is canonical in this sense. This canonicity is achieved by first
fixing anorderonthe x

g
which hasleastindex i . Thisway the cachehit is guaranteedvhenthe patternfunctioncomputed

variablesandthen,on eachiteration,selectingminterm mi(xg) from U

during synthesisandthe patternfunctioninsertedin the cacheearlierrepresenthe samesemantic
property

The M31 tool implements the decomposition cache by partitioning it into tables according to
the s andt parametersThuswith eachs-to-t thereis anassociatedachetable.Suchpartitioning
enables fast lookup of G(I") according to adesired s-to-t pattern. When the program completes
its execution it gives the user the option of saving the state of each decomposition cache. It can
thenbereconstructedn subsequentunsof the programsothatthe computeddecompositiorsolu-

tions do not hee to be re-computed on each run of the program.

7.2.3 BDD management

In the Section7.2.2we have demonstratethe effective applicationof BDDsto computatiorreuse.
Thereis alsoan overheadassociatedvith their manipulation.The foremostreasonfor this over-

headis that the size of BDDs may becomevery large, therebyimpactingsoftware performance.
The modified decompositiontemplateaddresseshis arising compleity by imposing practical

decompositiortonstraintsn the decompositiorandcompositionfunctions.The constructve syn-

thesisflow also provides us with the implementationspecific techniqueswhich significantly

improve performance of M31; tigeare described belo

Separate unique tablesTheuniquetableof aBDD manageguaranteethateachnodeis unique;
specifically that thereis no othernodelabeledby the samevariableandwith the samechildren.
This allows sharingof BDD subgraphdetweenfunctionsfrom the sametable. However, as a
resultof suchsharingBDDs and their computationgmay interferewith eachother causingthe
efficiengy of their operationgo degrade.For example,a goodvariableorderof onefunction may
causeanincreasen the BDD sizeof anotherfunction,andvice versa.This obseration motivates
usto partitionthe memoryspaceof BDDs into separateiniquetables.In the M31 implementation
this partitionis achieved by identifying threealgorithmiccomponentsvhoseBDDs arerelatively

independent from each other
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1.
Network functions

F(Xg%) Ng, 2)
3

Decomposition cachd ~~ F(Xg 2), G(MU | ~'Symbolic decompo-
< sition functions

Figure 7.8: Interaction between unique tables in M31

The M31 partition of BDDs into unique tables is depicted in Figure 7.8. Each of the three
unique tables corresponds to a block in the figure labeled with its functional content:
1. Networkfunctionsf. BDDs of thefunctionscorrespondingo the networkfunctions.It
also defines auxiliarg variables to enable construction of m(ag, Z) functions.
2. Decompositioncache Functionsrepresentedoy the unique tables of this block
correspondto the decomposition cache. Functions in this table form tuples
EF(xg, Z), G(IN)LC, WhereF(xg, Z) is used as a key to accesfl) .
3. Symbolicdecompositiorfunctions The uniquetable of this block encompasseall
functions and auxiliary variables involved in the symbolic formulation of

decomposition. It also contains the library functidnér;) .

Thearrowns betweerblocksin the tableindicatetheir interaction.Theseinteractionsarisedur-
ing synthesisandmayrequirefunctionsfrom onetableto be expressedn thedomainof variables
from another table. To realize such translations M 31 relies on a routine which performs construc-
tion of anew BDD in lineartime (in the numberof nodes).The completeinteractionbetweerthe
unique tables is described easily in the order of the constructive synthesis flow. For a given net-
work function f and its decomposition variables Xg M31 constructs pattern function F(xg, Z)
using the compute_pattern algorithm. In the next step M31 checks the decomposition cache to
determine if function G(I") for F(xg, Z) isbeen already computed. Since the decomposition
cacheusesa differentuniquetable,the F(xg, Z) functionneedgo betranslatedn the domainof
thistable.In caseof a cachemisssymbolicdecompositiorof afunctionis performedrequiringa
translationof F(xg, Z) into thedomainof table3. After computingthefunction G(I') , it needgo
be inserted into the decomposition cache together with its key F (xg, Z). Thisinvolves atransa

tion of the EF(xg, Z), G(IN)C tuple to the domain of the decomposition cache (table 2).
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Variable order. The M31 implementationis aware of the potentially detrimentaleffect of a poor
variableorderingin a BDD. It thereforeaddressethis problemusing reorderingheuristicspro-
vided by the CUDD packagd110], aswell ascarefulallocationof variablesfrom within thetool.
Thesemethodsareappliedto the BDDs of network functions,aswell asto the functionsinvolved
in symbolicdecompositionM31 tamgetsgoodvariableordersfrom the first stepsof synthesislt
alsotriesto minimizetheuseCUDD orderingroutinesastheir executionis typically time consum-
ing.

The variable order of the network functions is significant not only from the perspective of a
BDD size,but alsobecausdt is partof a heuristicto selectdecompositiorvariables(Thus,differ-
ent variable orders may lead to different circuit implementations.) M31 deduces a good variable
order for node functions from the structural properties of the provided network. The deduction is
achieved by traversing the network in depth-first-search order starting from the primary outputs,
and on each traversal step picking a fan-in node which is furthest from the primary inputs. When
the provided network is too shallav to deducesuchstructure M31 usesthe orderof variablessup-
plied in the netlist. If the total number of BDD nodes exceeds a CUDD'’s pre-defined limit the

dynamic \ariable reorderinbis triggered.

As the network evolves during synthesis the node functions also change. They become re-
expressed in terms of the new variables. It isimportant to pace these new variables in the proper
positions in a BDD, or the size of BDDs may increase unreasonably. The M31 implementation
maintains a good structure of BDDs by identifying proper locations for newly introduced vari-
ables.Indeed thesenew variablescorrespondo the outputsignalsof newly introduceddecompo-
sition functions, and they re-encode decomposition variables. Thus, it is reasonable to conclude
that when new variables are placed in the former location of decomposition variables the re-
encodedDD inheritsthe structureof theoriginal BDD. Usingthis obsenationM31 placesnewly

introduced wariables at the position of the bottom decompositamiables.

The significance of placing new variables in the proper position isillustrated on two practical
examples; namely, on carry-out function ¢, of a 16-bit adder, and on the p,, function for the

mostsignificantbit in a 6-bit partialmultiplier. For theexampleof the ¢, . function,its BDD vari-

out
ables are ordered by placing the most significant bit variables closest to the root, creating the

a5<by5<... <ay<by<c,, order To performdecompositiorof this function,four decomposi-

1. this dynamic reordering can be disabled on the command line
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Figure 7.9: Effect of the new variables location on the BDD size of composition function

tion variables were selected — ag, bg, ag, b8 , and implemented with two majority functions intro-
ducing two new variables y, and y,. After re-expressing ¢, , with these two decomposition
functions we evaluated effect of placing the new variable pair at different levels of BDD. The
curve plotting the position of new variables against the resulting BDD size is depicted in Figure
7.9-a.0nemay easilyobsene thatasthe new variablesget placedfurther away from thelocation
of decomposition variables the BDD size increases. This effect is even more pronounced for the
p;, Multiplier function.Figure7.9-bdepictsresultof choosingdifferentlocationsfor thetwo new

variables implementing the three signals of the partial bit-produdib,, a, [(b; anda, [b, .

Ourexperimentsvith M31 have furthervalidatedeffectivenesf the outlinedheuristicfor the
location of new variables. Virtually all BDDs of the composition function constructed in this way
with there-expressfor the support-reducinglecompositiorare smallerthanthe original function.
Thus, on each iteration of the constructive synthesis algorithm the representation of unimple-
mentedogic decreasesesultingin themonotonicreductionof BDDs. Suchareductionalsoelim-

inating the need for reordering BD@nables.

Underapproximation of decomposition solutionsWhenthe symbolicformulationof decompo-
sitionleadsto alargeBDD for G(I') , we canreshapét by underapproximatings solutionspace.
Theresultof suchunderapproximatioiis a muchsmallerBDD which encodegewer decomposi-

tion functions.Although suchunderapproximatioeliminatessomeof the feasibledecomposition
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solutions thislossis not significantsinceexaminingall feasiblesolutionsis likely to be anexpen-

sive process.

In M31 the underapproximation is invoked when the number of nodesin G(I") exceeds cer-
tain threshold,! and before constraining with the L(l;) library functions. The CUDD package
provides several routines to obtain a compact BDD using this approach. In the M31 implementa-
tion this underapproximatiors achiezedusingCUDD functionCudd_SubsetShortPaths . It
extractsa densesubsefrom aBDD with theshortespathsheuristic. Theresultof this operations

a compact BDD with the lge on-set.

7.2.4 Ewlving Boolean netvork

The evolving Booleannetwork modelsthe stateof the constructve synthesigrocessThus,aside
from thetraditionalrealizationof a Booleannetwork, its nodesalsohave attributesto capturethis
state.Thesestateattributesareassociatedvith eachnodein the network, anddeterminetheir eli-

gibility for decompositioron eachiteration of the constructve synthesisalgorithm.In what fol-

lows we describe the significance of these additional atégh

Figure7.10-adepictssmallevolving Booleannetwork. Its nodesarecoloredaccordingo their
states. Asit follows from atable in Figure 7.10-b, each node can have up to four states; they are
encoded with two binary variables: f i xed and act i ve. Initialy only input nodes are marked
with the implemented state O. Other nodes are unimplemented and marked @, or should not be
decomposed and marked . A node may get marked > either in a pre-processing step, or it may
or during synthesisf it is deemedindecomposabldueto someconstraintsThe @ markdenotes

anactive nodewhichthealgorithmis currentlydecomposingA nodeobtainsits state@ only if all

State attributes .
Node Meaning
Fixed Active
o 0 0 unimplemented, not ave
0) 0 1 unimplemented, acte
@) 1 0 implemented
O 1 1 undecomposable

a) sample network b) attributes in the network and their meaning

Figure 7.10: Evolving Boolean network and its state attributes

1. a threshold of f& thousand nodes
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of its fan-innodesaremarkedeitherO or >, i.e. they arefixed. Any nodemarked @ mayeventu-
ally turn O, if for some reason synthesis process decides not to decompose it further. These
semanticslefinea transitionrelationbetweerthe statef the network nodes Therelationreflects
an advancing wavefront of the constructive synthesis algorithm, and is described in terms of the

following state transition graph:

e >0 0

As the graph suggests, all nodes in the final ogtware markd eitherO or .
7.3 Experimental Analysis

Thegoalof this sectionis to empirically evaluatethe conceptsntroducedn thiswork. Theimple-
mentationof theseconceptsn M31 allows usto conductexperimentswith thebenchmaricircuits,
andevaluatetheir practicalvalue.ln our experimentaknalysisve useSIS-1.2asareferenceoint

to judge quality of the M31-synthesized circuits.

7.3.1 Setup

We evaluatethe synthesigjuality of theM31 andSIS-1.2programausingtwo technologylibraries:
themcnc standardibrary,1 andits supersetncnc+. We createdhe menc+ library by extending
themcnc library with 3-inputexclusive-or, 3-input majority, and 2-to-1 multiplexer gates.These
primitives were addedto createa “functionally complete” library enabling support-reducing
decompositiorwith respecto thevariablespossessingimplesymmetry andalsomultiplexer-like

symmetry

Using these two different libraries, ncnc and ncnc+, the programs were evaluated on the
same set of MCNC combinational benchmarks [123]. These benchmarks vary in the extent of
symmetry they have. The detailed symmetry profiles of variable partitions for the benchmark cir-
cuits are given in Table 7.1. The table lists the number of symmetry groups of various sizes for a
representative sample of the MCNC benchmark circuits. For example, the z4m  benchmark with
7 inputs and 4 outputs has 5 groups of 2 symmetric variables and 4 groups of 3 symmetric vari-

ables(countedindependentlyor eachoutput). The symmetryratioslistedin thelasttwo columns

1. The standardmcnc library is provided with SIS-1.2,and it containssimple and
complex aoi/oai @tes with up to four inputs.
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Table 7.1: Symmetry-induced partition of variables in benchmark circuits

Circuit Symmetry group counts of sizen Syg?()etry

Name Inputs [Outputs| 1 | 2 | 3 | 4 | 5| 6| 7 | 8| 9 |=210| Min | Max
rd53 5 3 3 1.00| 1.00
rd73 7 3 3 1.00| 1.00
rdg4 8 4 4 1.00| 1.00
9symml 9 1 1 1.00| 1.00
parity 16 1 1|/ 1.00| 1.00
z4ml| 7 4 51| 4 0.33| 1.00
pml 16 13 416|713 1 0.25| 1.00
count 35 16 63| 2|1 1|11 |1}|1|1]|7]|020]0.25
pcler8 27 17 24119 2 | 2| 2|2 | 2|1 1| 0.17| 1.00
pm4 16 8 311010 5 0.17 | 1.00
lal 26 19 22|131|5|2|1|1]1|1 0.12| 1.00
sct 19 15 24 1 34| 6 | 13 0.14 | 1.00
comp 32 3 48 0.17 | 1.00
c8 28 18 671 2| 1|1 |1|1]1]|2 0.17 | 1.00
t481 16 1 8 0.12| 0.12
x4 94 71 ||175/ 50|39 | 27| 4| 9 0.11 | 1.00
my_adder 33 17 135| 17 0.06 | 1.00
ape’ 49 37 ||220{ 26| 12| 4| 1| 2 | 8 0.06 | 1.00
i2 201 1 13 3 5 || 0.05| 0.05

of thetablegive aroughmeasuref symmetryin thelogic specificationandarecomputedasthe
reciprocalof the numberof symmetrygroupsfor theleastandmostsymmetricoutputs A symme-
try ratio of 1 corresponds to a fully symmetric function (one symmetry group containing all vari-

ables) whereasainn-inputfunctionthatlacksary variablesymmetrieshasa symmetryratio of 1/n.

The benchmarks were provided either as two-level or multi-level specifications. M31 con-
structedsymbolicrepresentationom thesespecificationdeforecommencinghe synthesigpro-
cess. SIS was run with scri pt.rugged. Using this script, multilevel circuits were
synthesizedrom boththe original specificatiorandfrom collapsedwo-level forms;theresultsin
Table 7.3 report the best variant. For the nmy _adder and conp netlists, only the multi-level
forms were used since SIS-1.2 was unable to generate their two-level forms due to their large
sizesForthe parity  circuitsSIS-1.2wasalsonotableto completdts synthesisvithin onehour

of the xecution.

7.3.2 Results
In Table7.2andTable7.3we characterizehe quality of the circuits synthesizedy M31 andSIS-

1.2in termsof theirtopologicalpropertiegnodeandwire counts numberof logic levels,andaver-
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Table 7.2: M31 synthesis esults: without and with the pre-computed symmetry library

avg.top.wire

non-mcnc gates

Cir cuit gates wire count | logic levels length aoi/oai (menc+)
mcnc |mcnc+| menc |menc+| menc |menc+| menc menc+| menc [menc+| maj3 | xor3 |mux21

rd53 26 10 56 33 6 3 1.34 | 1.15 5 0 2 2 0
rd73 62 8 125 24 10 3 1.76 | 1.25 11 0 4 4 0
rdg4 71 18 151 45 11 5 1.85 | 1.27 13 6 4 3 0
9sym 72 13 144 36 14 5 2.07 | 1.08 15 0 4 4 0
parity 15 8 30 23 4 3 153 | 1.04 0 0 0 7 0
my_addef| 206 98 355 | 278 17 5 2.76 | 1.29 54 0 74 8 0
pm4 188 47 373 | 108 19 8 2.39 | 1.50 27 4 5 7 0
comp 98 78 198 | 157 17 9 231 | 1.44 13 6 24 0 0
z4ml 18 6 39 18 5 3 151 | 1.67 3 0 3 3 0
t481 23 23 46 40 5 5 1.21 | 1.20 0 0 2 0 0
pm1 29 29 77 77 4 4 1.56 | 1.56 1 1 0 0 0
c8 103 66 216 | 148 5 5 152 | 1.45 0 0 0 0 25
x4 320 | 235 | 644 | 518 8 8 237 | 2.25 44 16 0 0 51
count 91 81 219 | 195 7 6 190 | 1.88 16 5 0 0 11
pcler8 117 78 251 | 194 8 7 1.61 | 1.79 16 10 0 0 12
lal 59 59 119 | 119 6 6 151 | 151 2 2 0 0 0
sct 59 52 117 | 107 7 6 1.79 | 1.72 3 2 0 0 3
apx7 358 | 154 | 998 | 325 14 10 199 | 2.17 | 134 24 0 0 8
i2 95 90 311 | 302 9 9 1.19 | 1.18 10 6 0 0 5
Avg. 105.7| 60.6 | 235.2| 1445| 9.2 5.7 179 | 149 | 193 | 4.3 6.4 2.0 6.0

Table 7.3: SIS-1.2 synthesisasults: without and with the pre-computed symmetry library

; - avg. top. wire o non-mcnc gates
Cir cuit gates wire count | logic levels glen%th aoi/oai (mcnc+5q
mcnc {mcnc+| mcnc {mcnc+| mcnc mcnc+| mcnc |mcnc+| mcnc {mcnc+ maj3 xor3 | mux21]
rd53 21 21 47 48 8 8 1.98 | 1.98 7 7 0 0 1
rd73 40 44 86 92 17 16 | 2.83 | 2.80 7 8 0 0 2
rdg4 77 76 184 166 13 11 215 | 1.79 27 20 0 0 2
9sym 120 | 120 | 310 | 309 13 13 | 219 | 2.19 37 36 0 0 1
parity 15 15 15 30 4 4 1.00 | 1.00 0 0 0 0 0
my_addef| 156 | 156 | 285 | 285 35 35 491 | 491 19 19 0 0 0
pm4 172 | 150 | 399 | 341 19 19 4.08 | 3.63 49 36 0 0 5
comp 85 85 168 | 168 13 13 | 2.04 | 2.04 16 16 0 0 0
z4ml 22 22 47 47 10 10 | 249 | 251 8 7 0 0 2
1481 23 23 38 38 5 5 1.21 | 1.21 0 0 0 0 0
pml 32 32 64 64 8 8 1.59 | 1.59 3 3 0 0 0
c8 65 65 168 168 10 10 254 | 254 31 31 0 0 0
x4 231 229 514 | 510 17 16 295 | 2.95 79 77 0 0 2
count 90 90 203 | 203 20 20 | 5.39 | 5.39 24 24 0 0 0
pcler8 69 61 140 128 12 12 332 | 361 14 10 0 0 4
lal 65 68 132 | 140 12 12 | 2.08 | 2.09 9 9 0 0 4
sct 52 52 108 | 108 31 31 6.44 | 6.44 11 11 0 0 0
ape’ 151 151 331 331 15 15 3.10 | 3.10 41 41 0 0 0
i2 81 81 293 | 293 8 8 131 ] 1.31 9 9 0 0 0
Avg. 82.4 | 81.1 | 185.8| 182.5| 14.2 14 282 | 279 | 205 | 19.1| 0.0 0.0 1.2
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Table7.4: Characteristic of the M31 and SIS-1.2 cicuits as estimated by SIS-1.2 after they wer
mapped intomcenc library

Benchmark Area Delay M31/SIS ratio
Circuit SIS-1.2 M31 SIS-1.2 M31 Area Delay
rd53 50 56 170 143 112 0.80
rd73 98 75 3556 174 0.76 0.49
rdg4 205 107 26.4 226 052 0.86
9sym 310 84 358 189 027 053
parity 75 75 12.4 155 1.00 1.25
my_adder 285 667 57.3 26.0 2.34 0.45
pm4 410 289 48.8 42.3 0.70 0.87
comp 168 240 24.0 25.3 1.43 1.01
Zami 50 59 253 145 1.18 057
1481 53 56 118 11.9 1.06 1.01
pmi 87 72 111 108 0.83 0.97
c8 175 187 275 185 1.07 0.67
x4 522 624 383 222 1.19 0.58
count 216 272 58.6 233 1.26 0.40
pcler8 142 235 235 16.9 1.65 0.72
fal 146 166 225 156 114 0.70
sct 113 129 57.9 16.2 114 0.28
apex? 332 358 336 29.2 1.08 0.87
i2 296 295 21.7 17.9 0.99 0.82
AVG. 196.4 212.0 31.05 10.08 .08 0.65

agetopologicalwire length)aswell astheir utilization of thelibrary primitives(countsof theused
comple aoi/oai gatesprovided by the menc library, and of the addedsupport-reducingyates).

This characterization is done for the circuits synthesized usingrmth andmcnc+ libraries.

Since the gate count and the number of logic levels give only a rough estimate of the circuit
quality we also estimated physical properties of the synthesized circuits. To collect their physical
characteristics the circuits synthesized by M31 were evaluated within the SIS-1.2 environment;
they werefirst library-mappedandthentheir characteristicsverecollected.Sincethetechnology
mapperin SIS-1.2doesnot utilize the extra gatesin mcnc+, we have limited the mappingprocess
to the ncnc library. The results obtained from this mapping process are given in Table 7.4. The

table characterizes each of the circuits in terms of SIS-reported area and delay

7.3.3 Enaluation

The obtainedexperimentaldataenablesus to make somekey obsenations.We first analyzethe
resultsin Table7.2andTable7.3. As theresultsin thesetablesshaw, circuits synthesizedy M31
usingmenc+ library have mary fewer logic levels, muchlower averagetopologicalwire lengths,

andfewer connectionsvhencomparedo SIS-1.2.Suchan improved synthesigquality confirms
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thata judiciouschoiceof library primitives,coupledwith a carefully-tuneddecompositiorproce-
dure,yieldsmuchbettersynthesigjuality thangenericdecompositiongn termsof arbitraryprimi-
tives.Indeed theimprovementis mostpronouncedor thefunctionsrich in symmetriesit reduces

gradually as synthesized functions become less symmetric.

The synthesis quality of the M31 program is very much dependent on the library used. This
high degree of variation is a direct implication of the tight integration of decomposition with an
outfitted library. On the other hand, no such extensive variation can be observed for the circuits
synthesized with SIS-1.2 due to the serialization of technology-independent and technol ogy-

dependent transformations.

Comparison of the gate types used by each of the tools shows that SIS-1.2 makes very little
use of the extra support-reducing gates added to the MCNC library. M31, on the other hand,
instantiates these gates extensively as it repeatedly applies support-reducing decomposition. The
utilization of extra gates by the M31 program is roughly proportional to the amount of functional
symmetriegpresenin acircuit beingsynthesizedSucha correlationis theresultof applyingpre-

characterized decompositions to the symmetric decomposérables.

Theruntime of M31 for the synthesizedenchmarkss underoneminute;for thecircuitswith
many symmetries the tool completed its synthesis in afew seconds. The experimental runs show
that the utilization of the decomposition cache is a significant factor contributing to the improved
efficiency. The run time increases when there are fewer symmetries due the increased computa-
tional effort in selecting decomposition variables and decomposition functions. In this case selec-
tion of decompositiorfunctionsis thenmoreoftendoneon the fly, andis moreexpensve astheir

encoding function tend to be ¢gar.

The results in Table 7.4 characterize synthesized circuits in terms of their physical properties.
Overall,thedatashavs thatM31 circuitshave amuchbetterdelay while their areais only slightly
increased. We should point out that the conp and pari ty benchmarks, for which M31 has
slightly larger delay SIS-1.2, were synthesized from completely different starting points using
these tools: while SIS-1.2 used the original multi-level form as a starting point, M31 synthesized

the netlist from a flat form.

We mustemphasizéhatall of the synthesizeatircuits have atleastsomesymmetriesmaking
them good candidates for the M 31 implementation. Thus, these benchmarks are especially suited

for the M31 synthesis. In particular, all these circuits were synthesized using support-reducing
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Figure 7.11: Schematics for thed73 circuit, synthesized with SIS-1.2 and M31

decompositiorselectingat mostfour decompositiorvariables We areawarethoughthatthereare
many functions which may not have apparent semantic structure, or whose structure is not
accounted in the M 31 implementation. For these circuits support-reducing decomposition using a
small number of decomposition variables may not be a feasible decomposition technique. An
example of such functions is a class of non-symmetric unate functions. Their decomposition is
likely to require a different decomposition template than the one used in the current M31 imple-
mentation However, our examinationof the multi-level MCNC benchmarkshows thatthe major-
ity of circuits in the suite can be fully synthesized using support-reducing decomposition with a
fan-in bound of four. The table in Appendix D on page 157 provides data for the amount of logic

synthesized under these constraints usiegc+ library.

7.3.4 Highlights
Ourfurtheranalysisalsopointsto someimportantobsenationsandfeaturesof the M31 synthesis;

they are listed belw.

Circuits synthesizedby M31 often exhibit goodstructuralpropertiesreflectingtheir semantic
regularity. Thisisillustrated in Figure 7.11, comparing r d73 circuits synthesized by SIS-1.2 and
M31. The M31 circuit is more compact than the SIS-1.2 circuit; it is also composed of larger

blocks, simplifying its layout. As the figure suggests capturing semantic properties of a function
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Figure 7.12: A 16-bit adder circuit generated by M31

may hae a profound ééct on synthesis quality

Thereis asignificantextentof logic sharingin the M31 circuits. Thisis dueto theconstructve
synthesis flow in which the gates of partially implemented circuits are made available on the sub-
sequent iterations of the forward, yet undecomposed, logic. Ther d73 circuitsin Figure 7.11

illustrates this point — each of its non-outpatag hasanout of at least 2.

The results of the M31 synthesis also show that carefully planned automatic synthesis may
leadto new circuit structuresvenfor thoroughlystudiedfunctions.In Figure7.12we give a 16-bit
addersynthesizedby M31. Its schematiaepictsanuncorventionalvarianton the carry-lookahead
adder with only five levels of logic. It computes its carry chains without using their conventional
generatandpropa@gteencodingFor moredetailedinsightinto its structurewe referthereadeito
AppendixD onpagel54.In Table7.5we characteriz¢his classof n-bit addersfor n = 4, 8, 16,
32, 64. The area and delay measurements were reported by SIS-1.2 after it mapped each of these
adderdnto themcnc library. Thetableillustratesa virtually logarithmicincreaseof their delayin

the number of hits.

Although the support-reducing and fan-in-bounded decomposition template used in the M31

Table 7.5: Characteristics of the adders synthesized by M31

Word length, n Gates count Logic levels Area Delay
4 16 3 109 13.5
8 40 4 273 17.9
16 96 5 667 26.0
32 231 6 1575 25.9
64 526 7 3572 311
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implementation is by no means complete for al circuits, it is able to synthesize a wide range of
practical functions, leading to compact implementations. Examples of such functions include
many arithmetic circuits: adders, counters, rotators, etc. Functions which do not admit our con-
straineddecompositioriemplatedirectly canbe synthesizedby re-codingthemin alargerdomain.
We have done such a re-coding in Section 5.6 on page 90 for a 16-bit multiplier function. The
resulting partial multiplier functions are rich in symmetries. The re-coded function was then syn-
thesized with M31, yielding a 16-bit array style multiplier. The schematic of the synthesized cir-
cuit is depicted in Appendix D on pafg6.

7.4 Summary

In this chaptewe shaved how a symbolicformulationof decompositiorcanbeincorporatednto
a constructve synthesidlow. The constructve synthesisalgorithmbasedon this formulationhas
beenimplementedas part of the M31 symmetry-basedynthesigool. The implementatiorrelies
on binary-decisiordiagrams providing a basicmechanisnto manipulatefunctionsin the unre-
stricted functional domain. An empirical evaluation of M31 shaws that linking functional and
implementationstructureshrougha carefully-planneddecompositiorin termsof pre-computed

decomposition patterns is arfegftive synthesis paradigm.



Chapter 8

Conclusions

In this work we addressedhe problemof multi-level circuit synthesiswith a novel, non-tradi-
tional, synthesisapproachthatinfers circuit structurefrom the semantigropertiesof a function.
Thelogical progressiorf reasonindeadingto this approachs summarizedelon. Themaincon-

tributions of the dissertation are then listead ¥énclude with ne directions for future wark.
8.1 Summary

We began our explorationby addressingurrentadvancesn ICs, wherewires, and hencecircuit
structure becomencreasinglymoreimportant.In responséo thesenew challengesve developed
aconstructve synthesisapproactthatis cognizantof the structuralimplicationsof decomposition
during circuit synthesis.To testthe effectivenessof the approachan algorithmthat follows the
constructve synthesigparadigmwasimplementedn the M32 program.M32 manipulatesum-of-
productsexpressionsisinga variantof algebraidivision; themaingoalin its implementatiorwas
to understandhe implicationsof this novel constructve synthesidlow (e.g.its ability to control
implementationstructure)as opposedo fine tuning its individual steps.The exercisehelpedto
pointoutthearbitrarines®f algebraiadivision asa decompositioriool sinceit bearsnorelationto
the natureof the functionsbeingsynthesizedUnrestrictedBooleantransformationspn the other

hand, are infeasiblexeept for small-scale problems.

We conjectured that a middle ground can be found: a Boolean decomposition strategy that
relates structural properties of the functions being synthesized to the structural attributes of the
implementation network. To validate this conjecture we began the formulation of a theoretical

framework for library-aware constructive logic synthesis. In this framework the decomposition

127
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choices are described symbolically, enabling their natural software implementation in the modern
technologyof binary decisiondiagramsWe appliedthis formulationto the synthesif functions
with symmetries, and showed that significant improvement in circuit quality is possible without
undueruntime complity. Theimprovedquality of thesynthesizedircuitsis theresultof acoor-
dinated strategy that ties functional structure (Symmetriesin this case) to appropriately outfitted

decomposition patterns through a decomposition procedure thedris af both.

8.2 Contributions

The primary contribtions of this dissertation are summarized Welo

* Constructive synthesigparadigm: Weintroducedaconstructivesynthesiparadigmas
an alternativeto conventionakynthesislts algorithm performsdecompositiorin the
contextof a given library of decompositiorprimitives. The algorithm considershe

structural implications of candidate decompositions.

* New theoretical decomposition framework: We developeda solid theoretical
foundatiorfor library-awarestructuralogic synthesislt restsonasymbolicformulation
of decompositiorthatcoversall decompositiorthoicedn constructivesynthesisi.e. it
allows the derivation of all circuits realizing a given function.

e Exploration of semantic structure: We showed that rigorous techniquesin
decompositiorexploiting the semanticstructureof a functional specificationleadto
improvedsynthesigjuality—theyallow aguidedexploratiorof complexdecomposition
formswhile reducingheruntime complexityof thesynthesislgorithms Theapproach

was validated for functions with symmetries.

* Symmetryidentification: We classifiednewformsof functionalsymmetriebasecn
groupswapsanddevelopedewalgorithmsfor theiridentification.We alsoperformed
a comprehensive study of the symmetries in publicly available benchmark circuits.
* Practicality of the approach: We showednew ways for leveragingthe modern
technologyof binarydecisiondiagramsn asynthesisystem.Theexperimentatesults
showedthatcircuits synthesizedvith our prototypeimplementatioroften havebetter

delay characteristics than circuits generated by conventional synthesis tools.
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8.3 Future Work

The contributionsof this dissertationpf coursedo not give a completeanswerto the multi-level

synthesis problem.arious &tensions of this wrk are possible, some of which areayi belov.

Further exploration of semanticproperties: Thesymmetnyinsightsdevelopedn this
dissertatiormay get further exploredin structure-awaréunctionaldecompositiorto
yield “natural” decompositiorpatternsTheregularstructureof datapath-typeircuits
make such explorationsparticularly appealing.Beyond symmetriesthere are other
semanti@ropertie®f afunctionwhichcanbeexploredoimprovesynthesiguality.For
exampleunatenessf controllogic maygetexploredto limit thedecompositiorspace,
and to infer structure of the implementation circuit.

Libraries of larger granularity: In theimplementatiorof our synthesisalgorithmwe
havdimited decompositioprimitivesto thosewith asmallfan-in.Sucharestrictioncan
belifted to explorethe effectof largerdecompositiorblockson circuit quality. These
blocksmaycomein avariety of netlisttopologiesforming a classof implementations
for a block. As the constructive synthesisprocess progressesan instantiated
representativef the classmay get replacedwith otherclassmemberswhosenetlist
topologyis moreappropriatén view of the evolvedBooleannetwork;for examplea
netlistthathasmoreinternalsignalsavailableto theforwardlogic maygetinstantiated

instead.

Extraction of a certain semanticcore: Therearemanyfunctionswhichdonotappear
to havemuchsemanticstructureHowever slightmodificationgo theirrepresentations
mayyield afarimprovedsemantistructureWe haveillustratedsuchamodificationon
a multiplier function by expressingt in termsof the n? partial bit-products.There-
expressedunction was constructedn termsof the internal signalsof the provided
network,promptingthe question:How doesoneidentify portionsof a networkwhich

satisfy a certain semantic structure?

New decomposition templates: We have illustrated a symbolic formulation of
decompositiothatimposegracticafan-in-boundingandsupport-reducingonstraints.
For the decompositionof somefunctions, however,theseconstraintscould be too
limiting. Thus otherdecompositiotemplateshouldbeexploredForexamplesupport-
maintaining or support-increasinglecompositionemplatesllow usto re-encode¢he

functionin termsof newsignalsandtherebyimproveits semanticstructure Although,
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suchdecompositiotemplatesio notreducethecircuit width oneachof thesuccessive
levels,they simplify synthesison subsequeniterationsof the constructivesynthesis
algorithm.

Enumeration of decompositionsimplementatiordetailsof thesymbolicformulation
of decompositiortanbefurtherexplored.For example the M31 approactto caching
decomposition solutions may be well suited for enumerating decomposition

possibilities, instead of selecting them greedily.
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Appendix A

Theorem Proofs

Chapter 2 Proofs

LemmaA.1 (Lemma2.1) For agivenfunction f (y, z) andabasisfunctiont;(y), thesubfunction

f.(y, z) is vacuous iry and satisfies
ti(y) O (y, 2) < f3(y, 2) <t;(y) + f(y, 2) (A.1)
if and only if it is equal to the cofactor f _(y,z), whee m is a mintermon y sud that
t,(m) = 1.
Proof: ( O ). Supposéhat f; satisfiefA.1) andis vacuousn the x variablesWe maythenhave
derivation:
ti(y) Of (v, 2) < f,(2) <t (y) + T (v, 2) (A.1) theorem constraint
0 (t(y) Of (y, 2)) < (f;(2)),_< (&) + Ty, D)
cofactor containment pperty (Rhble2.1)

= (), TEY, D)= (F(2) < GO+ (F(Y: 2Dy
cofactor distrilutivity (Table2.1)
- 10f (y,2) < f,(2) < 1+ f (Y, 2) cofactor definition
= f.(y,2) = ,(2) relation < definition
Thus, f;(z) is the unique cafctor f (y, z) .
(O ). Cofactor f_(y,z) isvacuousinthe x variables according to its definition. We must also

shav that f(y, z) satisfies bounds (2.6). The dettion belov establishes thisatt:

mUf(y,z) D mOf (y,z) =0 cofactor approximation property (Tabkl)
< mUf(y, z) Of (y,z) + mOf (y, z) OOf (Y, 2) = O O expansion
< (mOf(y, z) Of (Y, 2) = 0) O(M K (y, 2) OOf (Y, 2) = 0) monotonicity of +

The dervation holds for an mintermm such that;(m) = 1. We must therefore ka:
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a ; mUf (y, z) Of (. 2) = 0501 ; M (y, 2) Of (v, 2) = 05
ms.t.tj(m) =1 ms.t.t;(m) =1

monotonicity ofr

= (4,(y) Of(y, 2) < f (v, 2)) O(f (v, 2) < tl(_y) + f(y, 2)) (2.3)identity
The last step in the deation corresponds to (2.6) ]

LemmaA.2 (Lemma2.3) [I(x), u(x)]xi = [I(x)xi, u(x)xi]

Proof: ( O ). Wefirst shawv thatif afunctionis containedn [I(x), u(x)], thenit is alsocontained
in [1, (x), u, (x)] . Omittingdependencenthe x variables supposehatthereis somefunctiong

suchthatg O [I, u], , andg O [l ] . Accordingto the interval cofactordefinition theremust

X Ux
alsobefunction f in [I, u] suchthatg = f, . Sincel < f <u, the containmenpropertyof the

cofactoroperationalsoimpliesthat|, < f, <u, . Thishowever, contradictsour original assump-

tion thatg O [| ]. Hence, functions ifil (x), u(x)], must be also contained i, , u, ] .

%' Ux,

(O ). We now shaw thatif afunctionis containedn [I ] thenit is alsocontainedn [I, u], .

x Ux,

Suppose that there is functignsuch thagg O [| ] andg O [l, u], . This implies that

Of(f, =90 fO[l,u) (A.2)

For the functiong, on the other hand, folldng dervation holds:

Ixi Sgsu, O X EIXi <x gsx [uxi monotonicity of
O X EIXi +X EI).(i <x [g+X EI).(i <X [UXi +X EI)_(i monotonicity ofr
0 x Dxi +X D).(i <x [g+x D)_(i <X Euxi +X Eu).(i X; EIXi <X Euxi condition
Olsx +x EIXi <u Shannon expansion

Thelaststepof thederiationgivesusfunction f = x; (g + x; O, inthe[l, u] interval suchthat
f. = g. Thishowever, contradictgA.2) requiringthatno suchfunction f is containedn [I, u] .

Therefore, functiorg must be inl, u]Xi. "
LemmaA.3 (Lemmaz2.4) [1,(x), u;(x)] n [I5(x), us(x)] = [I;1(X) +15(x), us(x) Cux(x)]
Proof: We shawv thatfunction f is containedn [, +1,, u; Cu,] if andonly if it is containedn
[11,u;] andin[l,, u,] by means of follwing derivation:

(I;sf<su)O,sfsuy) interval definition

o (+f=1)0(f+u =1)0 (2.3) identity
(I,+f=1)0(f+u,=1)
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< (I +H)yQl,+f)=1)0 monotonicity of product
((F+up) Of+uy) =1)
< (I O0,+f=1)0(f+u, (b, =1) distributivity
e (I +l,sf)O(f<suy EUZ) (2.3) identity
The last step of the deation corresponds td; +1,, u; [u,] . "

Theorem A.4 (Theorem?.6) Thefunctioninterval Ox[1(x), u(x)] , definedin (2.11)on page26,
representghe setof all functions f (x) O [I(x), u(x)] thatarevacuousn x; . In otherwords,for

all functions f (x) that ae vacuous inx; it must be that:

FO) O Ox[1(x), u(x)] = £(x) T I(x), u(x)]

Proof: ( O ). We needto prove thatevery vacuousn x; function f(x) from the abstractednter-
val Ox[I1(x), u(x)] is containedin [I(x), u(x)]. This canbe doneby merely shaving thatthe
abstractednterval is containedn the original one.Indeed the factfollows immediatelyfrom the
establishedn (2.12)identity Ox;[I(x), u(x)] = [Ox1(x), Oxu(x)], implying that f(x) is also
contained in[I(x), u(x)] .

(O ). Supposehatvacuousn x; function f(x) is contained[l(x), u(x)] . The necessargondi-
tion of thetheoremrequiresusto shav thatfunctionit is alsocontainedn the abstractednterval

Ox;[1(x), u(x)] . Since f(x) is vacuousin x; it must be that f).(i(x) D[I(x),u(x)]).(i and
fxi(x) O [1(x), u(x)]xi . Thesetwo cofactorsare equal,andthereforeaccordingto definition of

the internal product and (2.12) must be contained in [x;[I(x), u(x)]. Furthermore,
f(x) = fxi(x) = fxi(x), implying f(x) O Ox;[1(x), u(x)] . ]

Corollary A.5 Lety becomposedrom a subsebf variablesof x . For aninterval [1(x), u(x)]
and all functionsf (x) vacuous iny it must then be:

£ 0 Oy[1(x), u(x)] = F(x) T I(x), u(x)]

Proof: ( O ). Accordingto the TheoremA.4 sufficiengy proof making an intenal vacuousin a
singlevariableleadsto its shrinking.Applying this stepiteratively for eachvariablein y we must
thereforeobtainaninterval containedn the original intenval. This implies thatvacuousin the y

variables functionf (x) from Oy[I(x), u(x)] must be also ifl(x), u(x)] .

(0O ). Suppose that vacuous in the y variables function f(x) iscontained [I(x), u(x)] . The nec-
essaryconditionof thetheorenrequiresusto shawv thatfunctionis alsocontainedn theabstracted

intenal Oy[l(x), u(x)] . The proof is done by induction on the numberaifables iny :

(Basis.)The casewheny is composef a singlevariableis beenestablishedsa necessary
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condition to Theorem 4.
(Induction.)Suppose now that the condition holds for= (y4, ..., Y;) , i.e.

f(x) 0 Oy[1(x), u(x)]

According to (2.12) we may re-write above relation as

f(x) O [Oyl(x), Dyu(x)]

If function f(x) is alsovacuousn variabley, , ; thenaccordingto reasoningof basispartit

must be that
f(x) 0Oy 4 1[Dy1(x), Oyu(x)]
Applying (2.12) and commutativity of the abstraction operation we have:
F(x) 0 Oyy; 4 1[1(x), u(x)]
This induction completes proof of the necessary condition. "

TheoremA.6 (Theorenm2.7) Let f(x), c(x), and g(x) be functionsas describedabove.Any

functiong(x) such that
g(x) O [F(x) T(x), f(x) +c(x)]

Proof: Supposéhatg(x) is acompletelyspecifiedunctionselectedy arbitrarily assigningdon't

cares off (x) . Then follaving deriation holds:

c-(g="1) care set definition
- cs(g=f) implication property
=c(gOf) =0 (2.3) identity
- c(gOf +gOf) =0 0 expansion
~cmOf+cyOf=0 distributivity
- cOf@=00cOf lg=0 monotonicity of-
= (cOf <g)d(gs f +7T) (2.3) identity

This two-way derivationshavs that g(x) isin theinterval if andonly if it canbe obtainedfrom

f (x) restricted tac(x) , thereby preing the result. "
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Chapter 4 Proofs

TheoremA.7 (Theoreny.1)

-1 -1
G(r) = Dzmy%lgmz m;(xg) dy = v)Ezc(.)mEk DZ my(xg) dy = V)Eo(.)%(A 3)

Proof: The computationaform of this theoremis proved by re-writing (4.16). The computation

corresponding to thewer bound in that equation can bganded as:

Ot 2°-1
C(xg Y. ) [F(Xg 2) Ell_l { z yi; Ly (Xg)}DEDz M;(xg) L, D
1=1 i =
f-t ! 0
= 5 (Xg) y = V)DEDZ m; (Xg) EZO(.)D

0
Multiplying out the abwge two summation, and applylng annihilation we get

2°-1
= Z mi(Xg) ay=y;) EZO(i) (A.4)
i=0

We can similarly re-write complement of the upper bound part in (4.16).

C(xg,y,r)+F(x Z)
= C(Xg y,F)EF(X Z)

2°-1 2°-1

- Z mi(xg) [(yEyi) Dl_l (mi(Xg)"'Zo(i))
i=0 =0

2°-1.2°-1
= DZ mj(xg) Ly =, )DE(m(x 9 *+ Lo(i))
i=0 J =
Multiplying out each summatlon W|tm|(xg) + Zo(,) gives

2°-1 2°-1
= DZ mj(xg) My (xg) Ly = ;) +m;(xg) Ly = v)Ezo(.)D
i=0 j =
Re-arranging terms in abe e&pansion we obtain

2°-1]2°-1
=11 S myixg) Qy =y +my(xg) Ty =v)) Loy | + mi(xg) Xy =¥;) o)
i=0[j=0
P %] )
Absorbing terrrmj(xg) Hy= yj) [Lo(i) We hae



137

2°—1| 2°-1

= |_| Z mj(xg) E(VEVJ') +mi(Xg) ty=y;) EZO'(i)
i=0|j=0
i#]

Factoring out themi(xg) [y =y,;) EZo(i) terms we hae
2’-1 2°-1
= ] M) =10 Do 3 myxg) Iy sy,—)]
i=0 J =0

Multiplying out eachof the 2° summationsn the above expansionwe find that all termsin the
square braakts are annihilated bmi(xg) dy=y;) Ezc(i) terms, g¥ing
2°-1

=Y mixg) Ay =) Log) (A.5)
<0

Substituting results of (A.4) and (A.5) into and (4.16) weeh@.1). "
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Chapter 5 Proofs

TheoremA.8 (Theorenb.1) If two ordered disjoint variable groups, G; = Xy, ..., xp[ and
Gy, = WYy, vees ypE, are symmetridn functionf, thenvariablesx, and y, mustbe symmetridn

function

f* = 06,\xg, Gy\yy(f)

Proof: Thetheoremproofis doneby contradictionSupposegroupsG, andG, aresymmetricin
f, andvariablesx, andy, arenotsymmetricin f*. SymmetrybetweenG, andG, impliesthat

the cofictor matrix

foo | £+

Fonm,0= ni
AL I

must be symmetric, where n = 2P_1 . Since in the symmetric matrix we have

i, j[fi,j = fj’i] it must also be true that

PRISEIDNIN
i<j i<j

Herethe left andright handsidescorrespondo the boxed summationof cofactorsin the upper
right andlowerleft cornersof matrix F [G,0 (G, Sincex,; andy, occupy themostsignificantbit

positionsin their respectre groupsit is shouldbe clearthatthesesumsdefinethe cofactorsof f *:

f*)_(lyl = _E_fixj
i<

XY z fj,i

i<

f*

But thisimpliesthat f*>'<1y1 = f*xly1 contradictingtheassumptionthat x;, andy,; arenotsym-
metricin f*. Thereforex; andy, mustbe symmetricin f*. It is easyto shav thatthe same

holds true for ay corresponding pair ofariablesx; andy; . "
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Chapter 7 Proofs

TheoremA.9 (Theorem?7.1) Theon-setmintermsof t, (xg) forma subsebf theequivalencelass

Ciin f(xg, X;,) if and only if for a minternrm such thatt;(m) = 1 following relation holds

ti(Xg) < (F (g Xp) = F(Xg X))

Proof: ( U ). Firstwe shaw thatif on-setof t; is a subsebf anequialenceclassthantherelation

t, < (f,,=f) mustholdfor ary mintermm onthe x, variablessuchthatt,(m) = 1. Let M, be

a function whoseon-setcorrespondo the equi/alegnceclass C;, andlet f; be cofactor with

respecto mintermsfrom the class.Without lossof generalitylet usalsoassumehatfor the given

t, relationt; < C; holds. & then hae epansion:

(f =f)=fOf + f Of definition of=
=(Mgfg+... + M i+ +M f OO+ (Mo + fo) O.. OM; + f;) O.. AM, + f,) [

orthonormal epansion

m)

= (Mpfot .. +Mfi+ .+ M f )OO+ (M + ..+ M+ L+ M+ fo) OF;
O.OMg+ ... + M _ + M, +...+ M) OOf
O.. QMg+ ... + M+ ..+ M, + ) O
orthonormality ofM,’s
= Mg fy=f)+...+MOf+f)+...+M Qfy=1) distributivity, absorption
> M, annihilation, monotonicity of

Sincet; < M,, and functionM; corresponds t&€; the relationt, < (f , = f) must also hold.

(O ). We now show that if subset t; iscontainedin f = f _, then t; isaalso contained in some
equivalenceclassC, inducedby theequalityof f’s cofactors. Supposehereis nosuchC; , imply-
ing that there must be a pair of minterms m and m'’ in the on-set of t; such that mO C; and
m' DCj (i#]). Let also assume thdf = f,, andfj = f-

Using to the cofactor containment property, and earlier established expansion the
m' < (f =f ) relation gves us:

1<s(MgOfg+ ...+ M Of + .+ MJ- ij +.. o+ M O ) OF ) +
(Mg+ fo) 0. OqM; + fj) O.. OM; + ) O.. OQM, + ) O )
Applying distritutive property of a cafctor and using orthogonality &fl;’s, we hze:
1<f; Of + ) OF,
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This hawever is impossiblesince f; # fj accordingto the original assumptionThe contradiction

implies that all minterms in the on-settofmust belong to a single egalence class. L]
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Appendix B

Modelling BooleanNetwork Optimization With Inter vals

The time spanningresearchin the field of synthesishas seenmary approachego exploring
degreesof freedomin Booleannetworks. As a resultthere exists a vastvocalulary identifying
degreesof freedomwith variousflavors. Thesevarying approacheso describingflexibility have
commonnaturethough:They explore conditionswhich cannotoccurin the network. During opti-
mization of a Booleannetwork theseconditionsdescendrom previously imposedoptimization
constraintsA commontype of suchconstraintaassumeshatonepartof a network hasbeenfixed
while the otherhasbeenoptimized.In suchascenaricdheformerpartof anetwork givesriseto the
degreesof freedomin the optimizationof alaterpart.In thediscussiorbelon we shav how inter-

vals (described in Chapter 2) can capture fundamengatéeg of freedom described in literature.

Single-node flexibility

A commonstepin the optimizationof Booleannetworksis to minimizethelocal function of each
nodeusingdon't caresderivedfrom theervironmentof anode.lt wasshowvnin [4] thatdon't cares
allow to make nodefunctionsvacuousdn its redundanfan-insignals.Traditionallythedon't cares
of a Booleannetwork aredividedinto threegroups:satisfiabilitydon't cares(SDC), obsenability

don't cares(ODC), andexternaldon't cares(EDC). Both SDCandODC arerelatedto the circuit

structureandareimplicit. They includesignalpatternswvhich cannever occurin the network. On

the otherhand,EDC areexplicitly providedby a userin termsof the externalsignals.Thesethree

types of dort cares are described belo

Satisfiabilitydon't caresreferto the impossiblecombinationsof variablevaluesfor the nodes
which topologically proceed some given node. For a given node function f; and its output signal
y; » they arerepresentedsa sumof don't carefunctionsy; 0 f; for nodesencloseetweerpri-
mary inputs and a node been optimized. Suppose that the following set of equations defines a

Boolean netwrk:

S = X%y + Xg Xy
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§2- Y1
\\\ 3 — y4
X111, Y2 ) = ] s
ODC, = XX, + X X5+ X Xo /
2 1727 A2 T A3 2 B | Y7
o T v
fo O[O, X X5 + X X5 + X3] ‘ ot Vs

Figure B.1: Example of observability don’t cares forf2; they show thaty, is redundant

K = XgXg+ XgXg
r = 8K+ X X;XgX4K + X1 XoX3X,
When simplifyingr , its SDC is
d = (sO (XX, + X1X5)) + (LT (X3%X,)) + (KO (X5Xg + X5Xg) )
Valuesof functionr atthesepointscanbeassignedarbitrarily. Specifically the complemenbf d
is a care set function, and thereforeaccordingto Theorem2.7 ary new r is in the intenal
[r Cd, r +d]. One such function in the intevisr = ks+ kst .

Observability don’t cares complement satisfiability don't cares in that they provide flexibility
for single-nodeoptimizationin termsof theimpossibleconditionsof a network partwhichis topo-
logically ahead of a given node. They allow the global function at a node to change without this
changdbecomingobsenableatthe network outputs. Thesedon't caresareillustratedfor theexam-
ple circuit givenin [97] usingthe concepbf intervals (seeFigureB.1). Thecircuit couldbeacom-

plete implementation of a function, or a subcircuit of some combinational block.

Suppose that we would like to minimize node y., in terms of the network part which is topo-
logically aheacbf y, . To computethe ODC for this nodewe will first computecharacteristi¢unc-
tion F(x4, X5, X3, ¥5) of Booleanrelationdescribingflexibility in selectingf, . Thecharacteristic

function of the Boolean relation is then usedxwaet ODC for the node.

The care set arising from this netil part is represented as a function helo
C = (Y1 =(X:%3)) yz = (X1X3)) Ly, =(y, +¥5) U
(V5= (Yo +Y3)) UYg= (V4 Y5) Ly, = (Vs +V5))
When selecting f, the describedcare set must be obeyed, while the global functions
f’é = Xy +X,+X3 and f; = Xy + X, + X5 presered. The consisteng musthold for all signal
valuesof yg and y,. Theserequirementsare ensuredby selectinga characteristicfunction

F (X1, X5, X3, Y,) from the interal belav:
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Uye Y7[(f:55 Ye) [(f; =y,) Lk, (ng Ye) E(f;E y7) + ]
Substituting our functions and abstractiragiables we obtain:
F (X X X3, Y5) O [Yo + XXy + X Xy + X3, Yo + X Xy + X1 X5 + X5] (B.1)
Theinterval containsa singlecharacteristidunction of a Booleanrelationrepresentindlexibility

in selectingf,. (As we will obsere later such uniquenesss not incidental when computing
ODC.)

The definition of observability don’t cares requires the values of y, to bear no effect on the
output values, or, in other words, on the interval consistency. Therefore, al points of the observ-
ability don't caresmustbeablemapto both y, andy, . By abstractingy, from theBooleanrela-
tion we etract all such dor’'cares:

According to these dontares
f, O[(xX,) (ODC,, X;X, + ODC,]
or equvalently
fo O[O, X X5 + X X5 + X3]
implying thaty, can be selected as constant 0, and is therefore redundant.

Finally, minimization of alocal node function f; with the external don't cares d(x) is per-

formed by first gpressing eternal dont cares in the domain of a noddan-in \ariables as

de(y) = Dx(dg(x) T (x) = f1(¥)))
and then combiningthe re-expresseddon’t careswith either ODC or SDC. The effect of such

inclusion of EDC is anxpanded interal providing more minimization fbebility .

Multi-node flexibility

In thelastexamplewe usedBooleanrelationsto computeobsenability don't cares.The computed
Booleanrelationdescribeda setof all compatiblefunctions f , ; they represenéallowablefunction-

ality for a node.Suchcomputationextendsnaturallyto computingflexibility for a nodesubset,
arisingdueto theimpossibleconditionsof theforwardnodesThus,the network is partitionedinto

a cascade of wsubnetwrks, fixed and optimized, as illustrated in Figure B.2.

The two interconnected blocks in Figure B.2 depict a hierarchical representation of some

Booleannetwork. Supposéehatthefunctionalityof the z signalsis providedasafunctionof the x
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A(X,Y) B(y, 2)

Xl A b B 2 A(x,y) = Oz(F(x, 2) + B(y, 2))
= [2(F(x, 2) (B(y, 2))

OOOOOO0OoOoOoOon
F(x,2)

a) hierarchical connections of a network b) flexibility for block A, when block B
andF(X, z) are given

Figure B.2: lllustration of Boolean relations in capturing flexibility of a Boolean network

signals, and that block B is fixed while A is been optimized. Cerny [27] formulated all possible
implementation®f A for suchaninterconnectiohin termsof Booleanrelationsin the context of
Boolean equations. His approach uses the characteristic function of a Boolean relation to model
consistent behavior of inputs and outputs for a given block. Let A(X,y), B(x,y) and F(X, z) be
such functions for the blocks A, B, and a complete network, respectively. Cerny shows that al

implementations ofA are &pressed in terms @& andF as
A(x,y) = Oz(F(x, z) + B(y, 2)) (B.2)
All functions compatible withA are \alid implementations oA.
Theequation(B.2) derivesdirectly from theinterval solutionto A. Indeed,whenB is viewed
as a care set function fér the intenal solution forA is:
A(x,y) O Oz[F(x, z) [B(y, 2), F(x, Z) + B(y, )] (B.3)
Equation (B.2) then follws directly from the proposition beio

Proposition B.1[27] If B(y, z) is characteristic function for a completely specified blB¢cthen
[z(F(x, z) [B(y, 2)) = Oz(F(x, z) + B(y, 2))
Accordingto this propositionthecharacteristiéunction A is unigueandcanbeobtainedwith two

differentcomputationaforms. Note that this is consistenwith the solution (B.1) for the earlier

ODC eample — the intelal also contains only one function.

The notion of Boolean relations, however, breaks when we reverse the problem solving for

block B in terms of block A. Savoj showed that expressing implementations for B with Boolean

1. However in his approachblock B also dependson X. This requirementis not
arbitrary as it ensures that Boolean relations are well-formed when solviBgrfaéerms ofA.
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relations is not adequate [97, p. 61]. The reason for the insufficiency of Boolean relations is that
they maybecomenot well-formed,which mayallow implementation®f block thatB arenotcon-
sistentwith A. Cerry avoidsthis problemby allowing B dependon the signalsof x . Suchexplicit
dependence on x ensures that the Boolean relation of B(x, Y, z) is well-formed. However, this
way block B isredundant in x as any of its signals are also allowed to pass through block A.
Chapter 4 addresses this problem expressing flexibility for each individual output in block B by
means of intervals. The the notion of intervalsis also used in Chapter 4 to express more general
flexibility where only signal dependence between the blocks A and B is known, allowing them

change simultaneously
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Appendix C

Symmetry Structures

Symmetry structures br C432
Below we give symmetrystructuredor eachof the sevenoutputsin thec432 circuit. They illus-

trate hierarchical symmetries which arise in datapath circuits.

1 4 102108 1 4 8 102108112 1 4 8 14102108 112115

sy

Qggu S

output 223GA(89) output 329GA(133) output 370GA(163)
10E8.26 ivariant permutations 10E5.55 imariant permutations  10E5.55 imvariant permutations

11 17 21 27 102108112115

output 421GA(193)

40319 ivariant permutations
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1 4 8 1463 69 73 79 102108112115 11 17 21 27 50 56 60 66
YRVl VYAV VAV VU Ve VAR VAR VA
L [ L | L L

Gl Gy
@ (J
L
output 430GA(193)

2879 irvariant permutations

1 4 8

14 89 95 99 105 10210811211537 43 47 5350 56 60 66 63 69 73 7976 82 86 92

[ [ ] L] L L] [ ] L]
@, O O
[ ]
output 431GA(194)
23 invariant permutations
1 4 8 14102108112115 50 56 60 66 63 69 73 79 76 82 86 92 89 95 99 105
AR R VRV VR VR VR VRV VR VAR VRV VY
L L] ] ]
@, O
[ ]
output 432GA(195)

3 invariant permutations
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Symmetry structures br C499 based on its high-keel decomposition

Symmetries of the circuit are described, relying on the signal naming from [57].

The M1 module implements syndrome equations. We first give symmetries for some of its
internal signals:
Do:{IDggp Doy IDgg D15 1D 1D17,1D1g 1D1g 1Dy 1Dyq, 1Doo, 1Dos}
D;:{1Dgy, I Dgs 1 Dgg 1Dq3 1Dy 1 Do, Dy, D7, 1D, 1D g, 1 Dggy I Dy}
D,:{1Dgy [ Dgg I Dyg 1D14 1D 1D D g IDyg 1Dy 1Dog, 1 Dog, 1Dy}
D3:{1Dgz D7 1Dq1, 1D 1Dog 1 Dyg, [Doy, 1 Dyo, 1Dy, 1D g, 1 Dgg I Dy}
Dy {1D1g 1Dyg Doy IDog 1D IDgqs 1Dy IDgg I Dggs 1 Dy 1 Dy | g7}
Dg:{1D17 1Dyq, IDys, Dy, IDgg Doy 1D 1D 145 1Dy D13 1Dy I Dys}
Dg:{ID4g IDyy, IDyg D3, 1D 1 Dgg 1 Doy 1 Dz, 1 Dgg, 1 Dgg, 1D 1D 14}

Thesearemulti-phasesymmetrieqi.e. symmetriesvhich hold underary phaseassignmentto the

group \ariables). The remaining inputs to this moduleenhthe follaving symmetries:

Ho:{R ICp} H,{R IC,} Hy{RI1C,} He:{R ICg}

Hi{RIC} Hs:{R IC5} Hg:{R 1Cg} H,{R IC.}
D; andH; form multi-phase symmetries:

So:{Dg: Co} S,:{D,, C,} $;{D4 Cy} Se:{ Dg Cg}

S;:{Dy, C4} S;:{D3 C3} S5:{ D5, Cs} S;{D7 Ca}

The S, syndrome signals ke the follaving symmetries in th12 module:
Eoo'{ Sy S1,$% S, Ss, Se; S} Ei6{ Sy S, S, S5 Sy S5 S6 S7)
Eo1:{S0 S 2 S3,S4 S5, S S7) E17{S0 S S5 S3 54 S5, S S7)

Eg2{ S0 S1: S S5 S S5 S S7d E15{Sp S1. S S3.S4. S5, S5 S7}
Eos:{So S1. S2 S3. Sy S5, S S7} E16{So S1. 5 S350 S5, S S7}
Eos{ So S1. S2 Sz, S0 S5, S60 S7} Exo{Sp S1: $2 S5 84 S5, S6 S7}
Eos:{So S1. S0 S5 54 S5, 6 S7) B2 {So S1.%2.85 % S5 S S}
Eoe{ S0 S1. S5 S3. 54 S5, S S} Exo{Sy S1.52 S S S5, S S7}
Er (5555 5 5 55 Ep(% 555 5 5 5 S)



Eos'{ S0 Su 2 S5 S S5 S S
Eoo{S0 S1.52.53.54. S5, S S7
E10{So St S S35 S5, S5 1)
E11:{S0 S1.52 S5, 54 S5, S S7)
E12{So 15253 50 55 5. S7)
155 5% % 8.5 5 59
E14{S0 518, S5 54 S5 56 S7)
E15{So St 52 S5 84, S5, S5, S7}

ODOOZ{ Eoo | DOO}
ODOli{ Eop | DOl}
OD o2 { Egz I Do}
ODg3{ Ega [ Do3}

ODgg'{ Egg | Dggt
ODg'{ Egg I Do}
OD;y{Ep D1}
OD4:{E 1, 1D44}
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Exs{S0 S0 S5 84 S5 S6 S}
Eos{So Si. S S5 Sa S5 Se0 S7b
2650 S S5 S5 50 5 S5 1)
Exri{S0 815 S35 S5, S S7}
Exs{So S1. $2 S5 84 S5, S6 7}
Exg{So St S2 S5 S S, S6. S7}
E3p{S0 515253 54 S5 S S}
B3 {0 S1. 52 S5 54 S5 S S7}

The E; andID; signals form the follving multi-phase symmetry groups:

OD;6{Eqg I Dqgt
OD,7:{Ey7 1D}
ODg{E;g 1Dy}
ODg{E;q 1Dy}

OD24:{ Eop D24}
OD25:{ Eog | D25}
OD6:{Eze | Dot
OD,7:{ Ey7 1Dy}
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Symmetry profile for C6288 expessed in terms of its partial poduct

Symmetryprofilesin thetablebelon aregivenfor a16-bitmultiplier in termsof its partialproduct

signals.Eachrow in the tableidentifiesa list of group variablesthat are symmetricusing n(s)

notation, wheren is the number of groups of size

Output

Symmetry Profile

545GAT(287)

1(2)

1581GAT(423)

1(2)

1901GAT(561)

1(2) 1(3)

2223GA(700)

1(2) 1(3) 1(4)

2548GA (840)

1(2) 1(3) 1(4) 1(5)

2877GA(983)

1(2) 1(3) 1(4) 1(5) 1(6)

3211GA(1128)

1(2) 1(3) 1(4) 1(5) 1(6) 1(7)

3552GA(1275)

1(2) 1(3) 1(4) 1(5) 1(6) 1(7) 1(8)

3895GA (1423)

1(2) 1(3) 1(4) 1(5) 1(6) 1(7) 1(8) 1(9)

4241GA(1572)

1(2) 1(3) 1(4) 1(5) 1(6) 1(7) 1(8) 1(9) 1(10)

4591GA(1722)

1(2) 1(3) 1(4) 1(5) 1(6) 1(7) 1(8) 1(9) 1(10) 1(11)

4946GAT(1876)

1(2) 1(3) 1(4) 1(5) 1(6) 1(7) 1(8) 1(9) 1(10) 1(11) 1(12)

5308GAT(2031)

1(2) 1(3) 1(4) 1(5) 1(6) 1(7) 1(8) 1(9) 1(10) 1(11) 1(12) 1(13)

5672GA (2187)

1(2) 1(3) 1(4) 1(5) 1(6) 1(7) 1(8) 1(9) 1(10) 1(11) 1(12) 1(13) 1(14)

5971GA (2309)

1(2) 1(3) 1(4) 1(5) 1(6) 1(7) 1(8) 1(9) 1(10) 1(11) 1(12) 1(13) 1(14) 1(15)

6123GA (2368)

1(2) 1(3) 1(4) 1(5) 1(6) 1(7) 1(8) 1(9) 1(10) 1(11) 1(12) 1(13) 1(14) 1(15) 1(16)

6150GA (2378)

1(2) 1(3) 1(4) 1(5) 1(6) 1(7) 1(8) 1(9) 1(10) 1(11) 1(12) 1(13) 1(14) 2(15) 1(16)

6160GA (2383)

1(2) 1(3) 1(4) 1(5) 1(6) 1(7) 1(8) 1(9) 1(10) 1(11) 1(12) 1(13) 2(14) 2(15) 1(16)

6170GA (2388)

1(2) 1(3) 1(4) 1(5) 1(6) 1(7) 1(8) 1(9) 1(10) 1(11) 1(12) 2(13) 2(14) 2(15) 1(16)

6180GA (2393)

1(2) 1(3) 1(4) 1(5) 1(6) 1(7) 1(8) 1(9) 1(10) 1(11) 2(12) 2(13) 2(14) 2(15) 1(16)

6190GA (2398)

1(2) 1(3) 1(4) 1(5) 1(6) 1(7) 1(8) 1(9) 1(10) 2(11) 2(12) 2(13) 2(14) 2(15) 1(16)

6200GA (2403)

1(2) 1(3) 1(4) 1(5) 1(6) 1(7) 1(8) 1(9) 2(10) 2(11) 2(12) 2(13) 2(14) 2(15) 1(16)

6210GA (2408)

1(2) 1(3) 1(4) 1(5) 1(6) 1(7) 1(8) 2(9) 2(10) 2(11) 2(12) 2(13) 2(14) 2(15) 1(16)

6220GA (2413)

1(2) 1(3) 1(4) 1(5) 1(6) 1(7) 2(8) 2(9) 2(10) 2(11) 2(12) 2(13) 2(14) 2(15) 1(16)

6230GA (2418)

1(2) 1(3) 1(4) 1(5) 1(6) 2(7) 2(8) 2(9) 2(10) 2(11) 2(12) 2(13) 2(14) 2(15) 1(16)

6240GA (2423)

1(2) 1(3) 1(4) 1(5) 2(6) 2(7) 2(8) 2(9) 2(10) 2(11) 2(12) 2(13) 2(14) 2(15) 1(16)

6250GA (2428)

1(2) 1(3) 1(4) 2(5) 2(6) 2(7) 2(8) 2(9) 2(10) 2(11) 2(12) 2(13) 2(14) 2(15) 1(16)

6260GA (2433)

1(2) 1(3) 2(4) 2(5) 2(6) 2(7) 2(8) 2(9) 2(10) 2(11) 2(12) 2(13) 2(14) 2(15) 1(16)

6270GA (2438)

1(2) 2(3) 2(4) 2(5) 2(6) 2(7) 2(8) 2(9) 2(10) 2(11) 2(12) 2(13) 2(14) 2(15) 1(16)

6280GA (2443)

1(2) 2(3) 2(4) 2(5) 2(6) 2(7) 2(8) 2(9) 2(10) 2(11) 2(12) 2(13) 2(14) 2(15) 1(16)

6287GA (2444)

1(1) 2(2) 2(3) 2(4) 2(5) 2(6) 2(7) 2(8) 2(9) 2(10) 2(11) 2(12) 2(13) 2(14) 2(15) 1

6288GA (2447)

1(1) 2(2) 2(3) 2(4) 2(5) 2(6) 2(7) 2(8) 2(9) 2(10) 2(11) 2(12) 2(13) 2(14) 2(15) 1

(16)
(16)
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A function which has no involution symmetries
Below we give an examplefunctionwhosesymmetrycannotbe representedvith our swap-based
symmetry structures; its SOP representation is

ab+ac+af +aj +bc+be+bk+cd+ci+dk+ej+ fi +gi+hj+km

The semantic structure of the function is captured in thenoipgraph:.

It is constructedsuchthatits verticesare adjacentf andonly if their variablesbelongthe same
cube of the SOP representation. In thele notation [55] the symmetry of this function is
(abc)(dfe)(ghm)(ijk)

which is clearly not representable with traiable svaps. The xample is due to Madv [79].
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Appendix D

Synthesis Data

Symmetric library computation

Below the module libraries are computed for the 3-to-2 symmetric decomposition:

m31> symm_modules 3 2
Creating Lower bound...bdd size 47
Creating complement of Upper bound...bdd size 47
ORing Lower bound and complement of Upper bound...bdd size 101
Creating G for all pattern functions...bdd size 37
Decoding library solution...bdd size 4
Module libraries are:
{M1}, {M2}, {M3}

Total of 3 functionally complete module libraries

where modules are:

M2 =< xO0*x1*x2 + x0*x1*x2’,

X0*x1" + X0™*x2" + x1'*x2’ >
< 5(0,3), S(0,1) >
M1 = < XO0*x1*x2" + x0*x1'*x2 + x0'*x1*x2 + x0'*x1™*x2’

X0™*x1" + X0™*x2" + x1'*x2’ >
< 5(0,2), S(0,1) >
< X0*x1*x2 + x0™*x1*x2’,

XO*X1*Xx2' + X0*X1*x2 + X0*x1*x2 + x0*x1*x2’ >
< 5(0,3), S(0,2) >
Total 3 module types
m31>

M3

The output shws that there is total of three libraries, each composed of a single 2-output module.
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Below the module library are computed for the 2-to-1 symmetric decomposition:

m31> symm_modules 2 1
Creating Lower bound...bdd size 13
Creating complement of Upper bound...bdd size 13
ORing Lower bound and complement of Upper bound...bdd size 23
Creating encoding condition for the pattern functions...bdd size 13
Adding encoding condition...bdd size 53
Creating G for all pattern functions...bdd size 16
Deriving feasible pattern functions...bdd size 4
Creating transitive closure...bdd size 5
Deleting subsumed pattern functions...bdd size 4
Deriving weakest pattern functions...bdd size 5, 3 subproblems
Computing complete library......bdd size 4
Module libraries are:
{M1,M2,M3}
Total of 1 functionally complete module libraries
where modules are:
M3 = < x0*x1 + x0™*x1’ >

=<5(0,2) >
M2 = < x0*x1’ >

=< S(O) >
M1 =<x0" +x1'>

=<5(0,1) >

Total 3 module types
m31>
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Structur e of the synthesized 16-bit adder
The 16-bit addersynthesizedy M31 has5 levels of logic. It splits computationof the evenand
odd sumbits into two independensubcircuitslts carry signalsarecomputedasa treeof majority

gates. Such a tree isvgh belav for thec, ¢ signal.
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The largest carry trees in the adder correspond to the C, 5 and C, g signals; their corresponding depth is
[log(14) ] = 4 and log(16) +1 = 5. Tree of the remaining carry signals share subtrees of ¢, and

C1¢- This sharing is illustrated in the figure beldt depicts computation of odd logic in the adder
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Synthesized 16-bit multiplier

Schematidor a 16-bit multiplier synthesizedvith M31. Its circuit hasaregular, arraystyle struc-
ture composef the majority andthe exclusive-or gates.The circuit has738 gatesincluding 256
2-inputAND, 224 3-inputXOR, and224 3-inputMAJORITY; it has31 levelsof logic onits long-
est path.

T
1

/s
¥

:

LT

T




157

Amount of synthesized logic

Thetablebelow givesdatafor theamountof logic synthesizedvith fan-in-boundedboundof four) andsup-
port-reducingdecompositiorusingM31 on the flattenedmulti-level MCNC benchmarklin the synthesiof

thesebenchmarkshemenc+ library (seepagel19of Chapter7 for its description)wasused.Thefirst three
columnsin thetablecharacterizeabenchmarkn termsof its name humberof inputs,andnumberof outputs.
Columns4 and>5 give BDD sizesof thelargestnetwork nodesbeforeandafterrunningM31. Column5 gives
numberof nodesthatwerenot completelydecomposetty M31 dueto thefan-inandsupport-reducingon-

straints. The last column provides percentof logic synthesizedwith M31 measuredusing formula
((|F0| - |F|)/|FO|) (100%; |Fy| and |F| in the formula denote,respectiely, sizesof shared

BDDs for the original logic and the final remaining unimplemented logic.

Circuit Largestggg of a node #of not fully % of
decomposed| synthesized
name inputs | outputs before after nodes logic
9symmi 9 1 24 4 0 100.0
alu2 10 6 86 86 3 4.3
alu4 14 8 135 135 5 3.0
apx6 135 99 107 23 2 97.5
ap’ 49 37 42 6 0 100.0
bl 3 4 4 3 0 100.0
b9 41 21 34 6 0 100.0
c8 28 18 13 4 0 100.0
cc 21 20 11 4 0 100.0
cml38a 6 8 6 4 0 100.0
cml50a 21 1 34 3 0 100.0
cml52a 11 1 16 3 0 100.0
cml62a 14 5 17 4 0 100.0
cml63a 16 5 14 4 0 100.0
cm42a 4 10 4 4 0 100.0
cm82a 5 3 7 4 0 100.0
cm85a 11 3 14 4 0 100.0
cmb 16 4 12 4 0 100.0
comp 32 3 47 6 0 100.0
cordic 23 2 48 4 0 100.0
count 35 16 21 4 0 100.0
cu 14 11 18 15 1 81.7
des 256 245 65 44 120 54.9
dalu 75 16 139 157 16 18.8
example2 85 66 28 17 1 97.9
f51m 8 8 20 20 4 16.4
frg2 143 139 59 70 7 90.4
i1 25 16 21 4 0 100.0
i2 201 1 1481 4 0 100.0
i3 132 6 32 4 0 100.0
i4 192 6 132 4 0 100.0
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Largest size of a node

Circuit BDD #of not fully % of
decomposed| synthesized
name inputs | outputs before after nodes logic
15 133 66 34 4 0 100.0
k2 45 43 222 331 25 14.4
lal 26 19 22 4 0 100.0
majority 5 1 7 6 0 100.0
mux 21 1 36 3 0 100.0
my_adder 33 17 49 4 0 100.0
pair 173 137 177 224 71 50.2
parity 16 1 16 3 0 100.0
pcler8 27 17 28 4 0 100.0
pml 16 13 12 4 0 100.0
rot 135 107 905 723 28 38.9
sct 19 15 25 4 0 100.0
1481 16 1 78 4 0 100.0
terml 34 10 197 9 1 99.2
too_lage 38 3 865 502 3 43.7
ttt2 24 21 32 21 2 85.6
unrey 36 16 12 4 0 100.0
vda 17 39 113 108 30 325
x1 51 35 316 50 3 92.0
x2 10 7 16 11 2 59.6
x3 135 99 167 42 2 94.9
x4 94 71 31 6 0 100.0
z4mi 7 4 10 4 0 100.0
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	1558
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	14.4
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	28.0
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	4
	1.00
	1.00
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	1
	1
	1.00
	1.00
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	16
	1
	1
	1.00
	1.00
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	7
	4
	5
	4
	0.33
	1.00
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	13
	4
	6
	7
	1
	3
	1
	0.25
	1.00
	count
	35
	16
	63
	2
	1
	1
	1
	1
	1
	1
	1
	7
	0.20
	0.25
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	27
	17
	24
	19
	2
	2
	2
	2
	2
	1
	1
	0.17
	1.00
	pm4
	16
	8
	3
	10
	10
	5
	0.17
	1.00
	lal
	26
	19
	22
	31
	5
	2
	1
	1
	1
	1
	0.12
	1.00
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	19
	15
	24
	34
	6
	13
	0.14
	1.00
	comp
	32
	3
	48
	0.17
	1.00
	c8
	28
	18
	67
	2
	1
	1
	1
	1
	1
	2
	0.17
	1.00
	t481
	16
	1
	8
	0.12
	0.12
	x4
	94
	71
	175
	50
	39
	27
	4
	9
	0.11
	1.00
	my_adder
	33
	17
	135
	17
	0.06
	1.00
	apex7
	49
	37
	220
	26
	12
	4
	1
	2
	8
	0.06
	1.00
	i2
	201
	1
	13
	3
	5
	0.05
	0.05
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	rd53
	26
	10
	56
	33
	6
	3
	1.34
	1.15
	5
	0
	2
	2
	0
	rd73
	62
	8
	125
	24
	10
	3
	1.76
	1.25
	11
	0
	4
	4
	0
	rd84
	71
	18
	151
	45
	11
	5
	1.85
	1.27
	13
	6
	4
	3
	0
	9sym
	72
	13
	144
	36
	14
	5
	2.07
	1.08
	15
	0
	4
	4
	0
	parity
	15
	8
	30
	23
	4
	3
	1.53
	1.04
	0
	0
	0
	7
	0
	my_adder
	206
	98
	355
	278
	17
	5
	2.76
	1.29
	54
	0
	74
	8
	0
	pm4
	188
	47
	373
	108
	19
	8
	2.39
	1.50
	27
	4
	5
	7
	0
	comp
	98
	78
	198
	157
	17
	9
	2.31
	1.44
	13
	6
	24
	0
	0
	z4ml
	18
	6
	39
	18
	5
	3
	1.51
	1.67
	3
	0
	3
	3
	0
	t481
	23
	23
	46
	40
	5
	5
	1.21
	1.20
	0
	0
	2
	0
	0
	pm1
	29
	29
	77
	77
	4
	4
	1.56
	1.56
	1
	1
	0
	0
	0
	c8
	103
	66
	216
	148
	5
	5
	1.52
	1.45
	0
	0
	0
	0
	25
	x4
	320
	235
	644
	518
	8
	8
	2.37
	2.25
	44
	16
	0
	0
	51
	count
	91
	81
	219
	195
	7
	6
	1.90
	1.88
	16
	5
	0
	0
	11
	pcler8
	117
	78
	251
	194
	8
	7
	1.61
	1.79
	16
	10
	0
	0
	12
	lal
	59
	59
	119
	119
	6
	6
	1.51
	1.51
	2
	2
	0
	0
	0
	sct
	59
	52
	117
	107
	7
	6
	1.79
	1.72
	3
	2
	0
	0
	3
	apex7
	358
	154
	998
	325
	14
	10
	1.99
	2.17
	134
	24
	0
	0
	8
	i2
	95
	90
	311
	302
	9
	9
	1.19
	1.18
	10
	6
	0
	0
	5
	Avg.
	105.7
	60.6
	235.2
	144.5
	9.2
	5.7
	1.79
	1.49
	19.3
	4.3
	6.4
	2.0
	6.0
	Table�7.3: SIS-1.2 synthesis results: without and with the pre-computed symmetry library

	rd53
	21
	21
	47
	48
	8
	8
	1.98
	1.98
	7
	7
	0
	0
	1
	rd73
	40
	44
	86
	92
	17
	16
	2.83
	2.80
	7
	8
	0
	0
	2
	rd84
	77
	76
	184
	166
	13
	11
	2.15
	1.79
	27
	20
	0
	0
	2
	9sym
	120
	120
	310
	309
	13
	13
	2.19
	2.19
	37
	36
	0
	0
	1
	parity
	15
	15
	15
	30
	4
	4
	1.00
	1.00
	0
	0
	0
	0
	0
	my_adder
	156
	156
	285
	285
	35
	35
	4.91
	4.91
	19
	19
	0
	0
	0
	pm4
	172
	150
	399
	341
	19
	19
	4.08
	3.63
	49
	36
	0
	0
	5
	comp
	85
	85
	168
	168
	13
	13
	2.04
	2.04
	16
	16
	0
	0
	0
	z4ml
	22
	22
	47
	47
	10
	10
	2.49
	2.51
	8
	7
	0
	0
	2
	t481
	23
	23
	38
	38
	5
	5
	1.21
	1.21
	0
	0
	0
	0
	0
	pm1
	32
	32
	64
	64
	8
	8
	1.59
	1.59
	3
	3
	0
	0
	0
	c8
	65
	65
	168
	168
	10
	10
	2.54
	2.54
	31
	31
	0
	0
	0
	x4
	231
	229
	514
	510
	17
	16
	2.95
	2.95
	79
	77
	0
	0
	2
	count
	90
	90
	203
	203
	20
	20
	5.39
	5.39
	24
	24
	0
	0
	0
	pcler8
	69
	61
	140
	128
	12
	12
	3.32
	3.61
	14
	10
	0
	0
	4
	lal
	65
	68
	132
	140
	12
	12
	2.08
	2.09
	9
	9
	0
	0
	4
	sct
	52
	52
	108
	108
	31
	31
	6.44
	6.44
	11
	11
	0
	0
	0
	apex7
	151
	151
	331
	331
	15
	15
	3.10
	3.10
	41
	41
	0
	0
	0
	i2
	81
	81
	293
	293
	8
	8
	1.31
	1.31
	9
	9
	0
	0
	0
	Avg.
	82.4
	81.1
	185.8
	182.5
	14.2
	14
	2.82
	2.79
	20.5
	19.1
	0.0
	0.0
	1.2
	Table�7.4: Characteristic of the M31 and SIS-1.2 circuits as estimated by SIS-1.2 after they were...

	rd53
	50
	56
	17.9
	14.3
	1.12
	0.765306
	0.521951
	0.270968
	1
	2.34035
	0.704878
	1.42857
	1.18
	1.0566
	0.827586
	1.06857
	1.1954
	1.25926
	1.65493
	1.13699
	1.14159
	1.07831
	0.996622
	0.80
	0.76
	0.52
	0.27
	1
	2.34
	0.7
	1.42
	1.17
	1.05
	0.82
	1.06
	1.19
	1.25
	1.65
	1.13
	1.14
	1.07
	0.99
	rd73
	98
	75
	35.6
	17.4
	0.76
	0.49
	rd84
	205
	107
	26.4
	22.6
	0.52
	0.86
	9sym
	310
	84
	35.8
	18.9
	0.27
	0.53
	parity
	75
	75
	12.4
	15.5
	1.00
	1.25
	my_adder
	285
	667
	57.3
	26.0
	2.34
	0.45
	pm4
	410
	289
	48.8
	42.3
	0.70
	0.87
	comp
	168
	240
	24.0
	25.3
	1.43
	1.01
	z4ml
	50
	59
	25.3
	14.5
	1.18
	0.57
	t481
	53
	56
	11.8
	11.9
	1.06
	1.01
	pm1
	87
	72
	11.1
	10.8
	0.83
	0.97
	c8
	175
	187
	27.5
	18.5
	1.07
	0.67
	x4
	522
	624
	38.3
	22.2
	1.19
	0.58
	count
	216
	272
	58.6
	23.3
	1.26
	0.40
	pcler8
	142
	235
	23.5
	16.9
	1.65
	0.72
	lal
	146
	166
	22.5
	15.6
	1.14
	0.70
	sct
	113
	129
	57.9
	16.2
	1.14
	0.28
	apex7
	332
	358
	33.6
	29.2
	1.08
	0.87
	i2
	296
	295
	21.7
	17.9
	0.99
	0.82
	Avg.
	196.4
	212.9
	31.05
	19.98
	1.08
	0.65
	7.3.3 Evaluation
	Figure�7.11: Schematics for the rd73 circuit, synthesized with SIS-1.2 and M31

	7.3.4 Highlights
	Figure�7.12: A 16-bit adder circuit generated by M31
	Table�7.5: Characteristics of the adders synthesized by M31
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	17.9
	16
	96
	5
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	26.0
	32
	231
	6
	1575
	25.9
	64
	526
	7
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	31.1
	7.4 Summary
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	6150GAT(2378)
	1(2) 1(3) 1(4) 1(5) 1(6) 1(7) 1(8) 1(9) 1(10) 1(11) 1(12) 1(13) 1(14) 2(15) 1(16)
	6160GAT(2383)
	1(2) 1(3) 1(4) 1(5) 1(6) 1(7) 1(8) 1(9) 1(10) 1(11) 1(12) 1(13) 2(14) 2(15) 1(16)
	6170GAT(2388)
	1(2) 1(3) 1(4) 1(5) 1(6) 1(7) 1(8) 1(9) 1(10) 1(11) 1(12) 2(13) 2(14) 2(15) 1(16)
	6180GAT(2393)
	1(2) 1(3) 1(4) 1(5) 1(6) 1(7) 1(8) 1(9) 1(10) 1(11) 2(12) 2(13) 2(14) 2(15) 1(16)
	6190GAT(2398)
	1(2) 1(3) 1(4) 1(5) 1(6) 1(7) 1(8) 1(9) 1(10) 2(11) 2(12) 2(13) 2(14) 2(15) 1(16)
	6200GAT(2403)
	1(2) 1(3) 1(4) 1(5) 1(6) 1(7) 1(8) 1(9) 2(10) 2(11) 2(12) 2(13) 2(14) 2(15) 1(16)
	6210GAT(2408)
	1(2) 1(3) 1(4) 1(5) 1(6) 1(7) 1(8) 2(9) 2(10) 2(11) 2(12) 2(13) 2(14) 2(15) 1(16)
	6220GAT(2413)
	1(2) 1(3) 1(4) 1(5) 1(6) 1(7) 2(8) 2(9) 2(10) 2(11) 2(12) 2(13) 2(14) 2(15) 1(16)
	6230GAT(2418)
	1(2) 1(3) 1(4) 1(5) 1(6) 2(7) 2(8) 2(9) 2(10) 2(11) 2(12) 2(13) 2(14) 2(15) 1(16)
	6240GAT(2423)
	1(2) 1(3) 1(4) 1(5) 2(6) 2(7) 2(8) 2(9) 2(10) 2(11) 2(12) 2(13) 2(14) 2(15) 1(16)
	6250GAT(2428)
	1(2) 1(3) 1(4) 2(5) 2(6) 2(7) 2(8) 2(9) 2(10) 2(11) 2(12) 2(13) 2(14) 2(15) 1(16)
	6260GAT(2433)
	1(2) 1(3) 2(4) 2(5) 2(6) 2(7) 2(8) 2(9) 2(10) 2(11) 2(12) 2(13) 2(14) 2(15) 1(16)
	6270GAT(2438)
	1(2) 2(3) 2(4) 2(5) 2(6) 2(7) 2(8) 2(9) 2(10) 2(11) 2(12) 2(13) 2(14) 2(15) 1(16)
	6280GAT(2443)
	1(2) 2(3) 2(4) 2(5) 2(6) 2(7) 2(8) 2(9) 2(10) 2(11) 2(12) 2(13) 2(14) 2(15) 1(16)
	6287GAT(2444)
	1(1) 2(2) 2(3) 2(4) 2(5) 2(6) 2(7) 2(8) 2(9) 2(10) 2(11) 2(12) 2(13) 2(14) 2(15) 1(16)
	6288GAT(2447)
	1(1) 2(2) 2(3) 2(4) 2(5) 2(6) 2(7) 2(8) 2(9) 2(10) 2(11) 2(12) 2(13) 2(14) 2(15) 1(16)
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	Appendix D
	Synthesis Data
	Symmetric library computation
	Structure of the synthesized 16-bit adder
	Synthesized 16-bit multiplier
	Amount of synthesized logic
	9symml
	9
	1
	24
	4
	0
	100.0
	alu2
	10
	6
	86
	86
	3
	4.3
	alu4
	14
	8
	135
	135
	5
	3.0
	apex6
	135
	99
	107
	23
	2
	97.5
	apex7
	49
	37
	42
	6
	0
	100.0
	b1
	3
	4
	4
	3
	0
	100.0
	b9
	41
	21
	34
	6
	0
	100.0
	c8
	28
	18
	13
	4
	0
	100.0
	cc
	21
	20
	11
	4
	0
	100.0
	cm138a
	6
	8
	6
	4
	0
	100.0
	cm150a
	21
	1
	34
	3
	0
	100.0
	cm152a
	11
	1
	16
	3
	0
	100.0
	cm162a
	14
	5
	17
	4
	0
	100.0
	cm163a
	16
	5
	14
	4
	0
	100.0
	cm42a
	4
	10
	4
	4
	0
	100.0
	cm82a
	5
	3
	7
	4
	0
	100.0
	cm85a
	11
	3
	14
	4
	0
	100.0
	cmb
	16
	4
	12
	4
	0
	100.0
	comp
	32
	3
	47
	6
	0
	100.0
	cordic
	23
	2
	48
	4
	0
	100.0
	count
	35
	16
	21
	4
	0
	100.0
	cu
	14
	11
	18
	15
	1
	81.7
	des
	256
	245
	65
	44
	120
	54.9
	dalu
	75
	16
	139
	157
	16
	18.8
	example2
	85
	66
	28
	17
	1
	97.9
	f51m
	8
	8
	20
	20
	4
	16.4
	frg2
	143
	139
	59
	70
	7
	90.4
	i1
	25
	16
	21
	4
	0
	100.0
	i2
	201
	1
	1481
	4
	0
	100.0
	i3
	132
	6
	32
	4
	0
	100.0
	i4
	192
	6
	132
	4
	0
	100.0
	i5
	133
	66
	34
	4
	0
	100.0
	k2
	45
	43
	222
	331
	25
	14.4
	lal
	26
	19
	22
	4
	0
	100.0
	majority
	5
	1
	7
	6
	0
	100.0
	mux
	21
	1
	36
	3
	0
	100.0
	my_adder
	33
	17
	49
	4
	0
	100.0
	pair
	173
	137
	177
	224
	71
	50.2
	parity
	16
	1
	16
	3
	0
	100.0
	pcler8
	27
	17
	28
	4
	0
	100.0
	pm1
	16
	13
	12
	4
	0
	100.0
	rot
	135
	107
	905
	723
	28
	38.9
	sct
	19
	15
	25
	4
	0
	100.0
	t481
	16
	1
	78
	4
	0
	100.0
	term1
	34
	10
	197
	9
	1
	99.2
	too_large
	38
	3
	865
	502
	3
	43.7
	ttt2
	24
	21
	32
	21
	2
	85.6
	unreg
	36
	16
	12
	4
	0
	100.0
	vda
	17
	39
	113
	108
	30
	32.5
	x1
	51
	35
	316
	50
	3
	92.0
	x2
	10
	7
	16
	11
	2
	59.6
	x3
	135
	99
	167
	42
	2
	94.9
	x4
	94
	71
	31
	6
	0
	100.0
	z4ml
	7
	4
	10
	4
	0
	100.0
	Bibliography
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